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P R A E F A T I O .

A.mplitudo fcientiarum ftatico - mechanicarum eft unum e 

praecipuis impedimentis, quae in illarum ftndio progredi cu­

pientibus iter jam retardant ac remorantur, jam penitus inter­

cludant. Tot enim i uventis ftint hae fcientiae hactenus am­

plificatae, totque novis progreflibus et accefilonibus illae 

indies adaugentur et promoventur, ut, qui vel primos ordines 

in iis ducere fllji propofuerit, in latiflime patentem cam­

pum debeat excurrere; tot opera diverfa et diaria confulere, 

ut raro unus iit futurus, qui illa conquirere poffit et pervol­

vere. In hac porro inventorum ubertate multa occurrunt 

peculiari ftudio exquirenda; multa ad criticae normam expen­

denda, et recto acutoque examine diiudicanda, quo minus 

utilia ab utilibus, falfa a veris, et incerta a certis probe di£- 

cernantur.

a 2 Indu-



I V  P R A E F A T I O .

Indubium eft, partem puram fcientiarum ftntico - mecha­

nicarum ad tantum perfectionis gradum jam effe perductam, 

ut fere nihil fit, quod expectari pofiit aut debeat: feu enim 

aequilibrii, feu motus principia confideres, ad tantam funt ea

univerfalitatem promota, ut nihil amplius defiderandum videa-
\

tur. Interea certum eft, pleraque principia a multis harum 

fcientiarum doctoribus aut ex alienis et minus genuinis prin­

cipiis effe derivata, aut methodo inconvenienti expofita: apud

omnes vero invenies univerfam motus theoriam indeterminatis
t

et vacillantibus infinite parvorum notionibus principiisque fu- 

perftructam, confequenter evidentia illa et certitudine deftitu- 

tam, qua difquifitiones mathematicae fe tantopere folent 

commendare.
i

Quodfi autem partem aJplicfttam Cci^ntiarum ftatico - me-

chanicarum feorfim attentius expendamus, in qua generalia 

principia aequilibrii et motus in parte pura ftabilita ad vires in 

natura re ipfa exiftentes applicantur; imperfectio ejus omnem 

expectationem fuperabit, nifi nos ad difficultates fere infupera- 

biles continuo reflectamus, quae in excolenda hac parte fe 

perpetuo offerunt. T o t fane tantisque tenebris veritas involuta 

hic delitefcit, tam abdita, et ab oculis noftris tam longe re­

mota, ut, fi vel adproximare ad illam cupias, multo pluribus 

nobilioribusque obfervationibus et experientiis te opus habere 

facillime fentias, quam ad hunc ufque diem facere capereque 

licuit., Atque hinc factum eft, quod pleraeque adplicationes

hypothe-



lirpotliefibus pliyficis lint fuperftructae, quae jam nulli genui- 

n o , jam» admodum levi fundamento innituntur, jam etiam 

inter fe plurimum diffentiunt, et faepenumero cum veritatibus 

et principiis extra omne dubium politis evidenter videntur 

pugnare.

Haec funt, quae me ad elaborationem hujus operis exci­

tarunt, in quo quaecunque hactenus in univerlis fcientiis 

ftatico- mechanicis praeclare acta funt, ita exponere confutui, 

ut inde plurimum et utilitatis tyrones, primam, ut ajunt, ha­

rum fcientiarum ftudio manum admoventes, et commodi 

Doctores, iucrique ipfae fcientiae queant capere, unde fe- 

quens totius operis ratio et oeconomia fponte fe obtulit.

1. Praemitto in hoc primo opufculorum volumine ele­

menta calculi differendo-integralis, et geometriae fublimioris, 

in quorum expolitione ita verfor, ut cuncta ex evidentiflimis 

analyfeos finitorum notionibus et principiis elementaribus de­

ducam, notionibusque infinite parvorum, quorum jufti ofores 

funt recentiflimi geometrae, perfectiflime excluiis, omnia ad 

genuina principia methodi exhauftionis veterum revocem, qua 

de re uberius in introductione differo.

2. His jam elementis fuperftruam omnes difquifitiones 

ftatico - mechanicas, quas fequentia volumina complectentur. 

Dabo operam, u t , inchoando a primis ftaticae et mechanicae 

principiis, quaecunque ufu aliquo et utilitate fe commendare 

vifa fuerint, in diverfis diJJertationibus criticisque commenta-

a 3 tionibus
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WI V R A E P A T l O .

tionibus folide aeque ac facciiicte exponantur ilhiftrenturque. 

Et ideo, ubicunque per naturam objecti licuerit, conabor or­

dinem notionum propofitionumque fcientificum, et rigorem 

in condendis demonftrationibus geometricum fervare. In or­

dinandis vero differ Lationibus ad id fo lum  attendam, ne ulla 

innitatur principiis, quae nondum fint expofita et evicta. Non 

enim aedificium hic ad omnes leges architecturae exactum  

ftruere, fed materiam duntaxat conquirere mihi propofui, qua­

lem amplitudo et dignitas ejusmodi aedificii poftulat: nihil

ergo refert, quo ordine fmgulae ejus partes expendantur, modo 

materia pro fingulis, quoad licuerit, folida determinetur.

5. Eapropter adplicatam ftatico-mechanicarum fcientiarum 

partem, et in fpecie doctrinam de aequilibrio virium in ma­

chinis machinarumque motu p e c u l i a r i i e i '  d i f e u i i a m .  Syiiemata 

hypothelibus phy Ii cis fuperitructa, ne fine neceffitate fim in­

finitus, breviter recenfebo; tum fmgula tali examini fubiiciam, 

quod ad explorandam veritatem fulTiciat. Quamobrem non 

illa folum, quae hactenus fant inftituta, experimenta confu- 

lam, fed alia quoque copiofa et exquifita in fubfidium vo­

cabo, quorum pleraque in machinis jam exftructis capere 

conftitui.

4. In fecundo itaque volumine, quo ad omnis generis 

difquilidones tyrones praepa,rem, agam de generalibus corpo­

rum viriumque in illa agentium proprietatibus; virium aequi­

librio, earumque compofitione et refolutione; centro aequilibrii 

*, in



P R A E F A T I O . v u

in genere, et centro gravitatis ejusque inveftigatione in fpecie; 

motu punctorum aequabili et inaequabili; motu mafiarum pro- 

greftivo pendente a datis viribus; lapfu corporum gravium per 

plana inclinata, et lineas curvas; denique de momento iner­

tiae, motuque maflarum circa axes fixos, et motu oscillato- 

rio pendulorum. In tertio autem volumine evolvam, ob ean­

dem caufam, principia generalia tam aequilibrii, quam motus 

in machinis fimplicibus et compolitis, ita ut hinc ad aequili­

brium et motum pro determinatis viribus facillimum fit tranfi- 

re, feliciffimoque fuccefiu principia utriusque conftabilire, 

modo leges virium in natura exiftentium, quas eae fibi nullis 

calculis praefcribi patiuntur, ex obferyationibus et experimen­

tis colligere liceat.

Tuiun jam erit Lector benevole judicare, utrum haec 

aliquid, an nihil meriti habeant. Si nihil inter ea novi, quod 

meum fit, inveneris; fpero tamen fore, ut obferves, me alio­

rum meditationes haud temere congeffifie, fed plerasque ita 

excoxifie, ut meae effe videantur.

Dabam Lipfiae iyma. 7bris. An. 1799.
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I N D E X  C A P I T U M  

IJST H O C  V O L U M I N E  C O N T E N T O R U M .

C a p u t  I  De difcrimine et differentiis functionum, earumque expli­
catione per feries*

C a p u t  I I  De natura et inventione rationum differentialium.

C a p u t  I I I  De palmariis quibusdam adplicationibus calculi difteren- 
tialis ad theoriam functionum.

'C a p u t I V .  De praeceptis fundamentalibus calculi integralis, inte- 
grationeque functionum rationalium.

C a p u t  V \ De integratione exponentium irrationalium formae gene­
ralis xm & x (a -4- b xn 4  ̂c X*11)»’. _

C a p u t  V I .  De integratione exponentium transcendentium; trans­
formatione exponentium irrationalium in rationales * integra- ̂ b
tioneque per feries.

C a p u t  V I I  De integratione exponentium aequationumque diffo- 
rentialium primi altiorisque ordinis plures variabiles complec~ 
tentium.

C a p u t  V I I I  De generalibus quibusdam curvarum proprietatibus.

C a p u c  I X .  De curvis quibusdam fpeciatim.
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I N T R O D U C T I O
IN CALCULUM DIFFERENTIO - INTEGRALEM.

I.

I ^ h c o r e m a  elem entare, cujus demonftratlonem in (129. § .)  dedi, eft 

unum e praecipuis principiis generalibus methodi exhaujlionis veterum 

geometrarum. Demonftratio aequalitatis duorum quantorum illi princi­

pio rite fuperftructa tantam parit evidentiam e t  certitudinem, tantamque 

habet vim in intelleftu  de veritate con vin cen d o, ut ea major defiderari 
non pofilt. Qui aliter fentiunt, non fatis mihi videntur naturam ejusmodi 

demonftrationum expendilTe. Inter hos M i c h e l f e n u s  eft ,  qui negat, 

methodum exhauftionis veterum per fe ad veritates m axim o, qui polfit 

defiderari, r igore evincendas fufficere (a) :  ad non e ft ,  cur in confutanda 

ejus opinionis levitate diutius imtnorer; unico exemplo utar, quo clarius 

tyron es naturam demonftratiouum hujus generis perfpiciant. Sit nimirum 

demonftranda aequalitas inter aream circuli e t  produdtum e x  ejus femi- 

peripheria in radium.

A )  Radius circuli fit r et it ejas peripheria, X  autem 2rea. Si p de­

notet perimetrum cujuscunque po’y g o n i  regularis circulo infcripti, et P 

perimetrum po lygoni fimilis eidem circulo circutnfcripti; erit evidenter 

tam *  >  p et tt <  P , quam X  >  £- p r et X  <  i  P r.

B) Sint D =  P —  r  et d r= rr  —  p differentiae inter peripheriam cir­

culi et perimetros po lygono rum  in ( A ) ;  erit P =  D-f-7r, et pr=7r — d:

igitur in ( A )  erit etiam X, —  -  J*-- et X - < j — ---- J—

b 2 C) Cla-

Beytrage zw Bef«rderung des Studiums der Mathematik. Jtes Stiick. S. i«?3,194,



X I N T R O D U C T I O .

C) Clarum porro e f l ,  reftas aequales 'differentiis D ,  d i a  (B) eo 

minores fieri,  quo propius p o ly g o n a  in ( A )  accedunt ad circulum, neque 

difficulter demonftratur, pro quavis cogitabili  lineola recta z  talia p o ly ­

gona in (A )  effe poffibilia, pro quibus quaevis rettarum D ,  d minor fit

lineola z ,  confequenter etiam — — < j < j  — •— •
2 2 2 2

D ) Porro nulla eft cogitabilis tam parva fuperficies e ,  pro qua et 

quovis dato radio r non fit poflibilis ejusmodi fineola refta z ,  quae det 

£ r z l < e .  Cum enim abfurdum fit de fuperficie e cogitare ,  quin in hac 

tria punfta exiftant, quae nec in una recta jacean t,  neque in unum pun- 

ftum  confluant; evidenter patec , pro quavis quanfcurrilibet parva fuperficie 

e pollibiie effe triangulum, puta altitudinis a et bafeos b, quod minus fit 

fuperficie e ,  nimirum \  a b <  e. Quantumcunque porro parvae fint lineo­

lae b, a ,  cum illas cum punftis confundere non liceat;  neceffe e ft ,  ut 

pro dato quovis radio r polii bilis fit quarta proportionalis z  ad r, b, a, 

quo fiat r : b ^ = a : z ,  hinc r z  =  b a ,  et - ^ r z r r r ^ b a ;  proinde etiam

i  r z  <  e.

E )  Quare evidens 4eft, femper effe poffibilem lineolam re& am  z ,  
pro qua dimidium i  r z  reftangun r z  minus fit quavis utcunque parva 

fuperficie e per ( D ) : igitur erunt poffibiles rettae D ,  d, pro quibus fit

tam dimidium ^ 9 r re& anguli D r ,  quam dimidium -|d r  reftanguli d r  

minus quavis cogitabili fuperficie e per ( C ) ,  quod eft; impofiibile, quin 

fit ob (B) per (129. §.),

2. Hoc modo procedes , quotiescunque principium in (129. §.) de- 

monftratum ad evincendam aequalitatem duorum quantorum) Z, X  applicare 

volueris. Quaere ante om nia, an non dentur duo quanta variabilia U, V ,  

pro quibus femper fit Z  > X  —  U et Z <  X - f V  vel Z <  X  —  V ,  quos­

cunque valores quanta U ,  V  obtineant: tum difquire frdulo , utrum haec 

quanta ejus naturae fint,  ut quodvis illorum quolibet quanto utcunque 

parvo minus poffit fieri. Si enim haec evi&a fuerint, conft«ib:t eo ipfo, 

quanta Z ,  X  inter fe debere aequari, ita ut abfurdum fit differentiam ali- 

.quam inter illa ftatuere, utcunque parva ea effe dicatur, determinabilis, 

vel indeterminabilis ( i2 9 .§ .)>  qua'em M i c h e t f e n u s  in praecedente exem ­

plo a circulo petito fibi imaginatur.-  Videamus jam , quanta fit hujus 

methodi vis in promovenda methodo inventionis, fi illa ad differentias

fuuCtio-



funflionum  rite applicetur, quae difquifitio eo plus utilitatis habere cen» 

fenda eft, quo evidentius inde et genuinum obje&um calculi differentio- 

integra lis ,  et fufficientia methodi exhauftionis veterum ad conftabilienda 

hujus calculi principia poteft  colligi.

3. Plerique a n a lyftae , duce L e  i b n i  z i o  calculi differentialis inven­

to re ,  univerfum hunc calculum circa infinite parvas differentias quantita­

tum variabilium et fun&ionum verfari arbitrantur, cujus fyftematis prin­

cipia palmaria ad fequentia capita pofTunt revocari.

A )  Si a denotet quamcunque quantitatem fin itam , qua et major et mi-
a

nor fit affignabilis; et m fit numerus integer quiscunque; erit .—  x

pars mta quantitatis a ,  eaque eo m inor,  quo major fuerit numerus m. 

Data jam utcunque parva quantitate e poflibilis erit numerus integer m,

pro quo valor fra&ionis x s = — , confequenter etiam quaevis fra& ionum  
a a a

— — - , — etc.  Hat minor quantitate e :  fi ergo  cogitetur nume-
m m n r

rus in indefinenter c re fc e re , licebit hac via ad numerum infinite magnum 

m —  00 , nimirum omni dabili m ajorem , et quantitates infinite parvas

---- — , —— — —r ,  etc . ,  feu omni dabili m inores, mente ad-
0 °  OC 00 CO
proxim are, inter quas idcirco et 'f in itas  quantitates ejusmodi intercedet

re la t io ,  ut quaelibet quantitas infinite p a r v a ------ tam refpe&u quantita-

tis cujuscunque. fin itae , quam refpeftu infinitae parvae inferioris ordinis 

-------------- perfe&e debeat evanefcere. ̂_ n — r r00
B) Quamobrem licebit etiam datam quamcunque quantitatem varia-

X
bilem x  incremento infinite parvo —  a u gere,  quo quaevis ejus fun&io yOO
certa quantitate m utetur, nimirum crefcat vel decrefcat: quantitatem

hanc vocant Differentiale funffionis  y ,  et incrementum variabilis x  

Differentiale variabilis x ,  illudque defignant figno d y ,  et iftud f ig n o d x .  

Calculus differentialis complectitur methodum inveniendi differentialia fun- 

f t io n u m , et Calculus intcgralis methodum inveftigandi functiones, qua­

rum data fint differentialia.

C) Facillimam vero eft in hoc fyftemate differentialia Quarumvis 

funftionum  inveftigare. Cogitetur enim variabilis x  augeri incremento

b 3 infinite
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XJI i n t r o d u c t i o .

X
infinite parvo d x  — — , et  a v a lo r e ,  y* quem fu n & io  y  induat, varia-OO
bili x  in x +  d x  abeunte, fubtrahatur ipfa funftio y ;  refiduum y 1—  y  

dabit differentiale d y  functionis y  per ( B ) ,  quod fiinpliciflime exprimes, 

( i ,  perafta reduftione refidui y 1 — y ,  fummis form ae x  -}- /3 d x -{- y d  x ft 

+  <ydx34 - etc. quantitates finitas a ,  e t  fummis formae /3d x-j- y d x 2-}-£dx*

4 - etc. quantitates infinite parvas 6 d x fubftituas, ob (B et A ) .

E . gr. Si petas differentiale d y  fun&ionis y  — a x 3; erit

y 1 = r  a ( x +  d x)3 =  a x3- f  3 a x a d x +  3 a x d x2 +  a d x ’ : 

igitur y 1— y : = 3 a x 2 d x - f - 3 a x d x 2-J-ad xJ, 

feu d y  =  3 a x 2 d x

x
Pra y = r ---------- r -  autem erit

J i  —  x,

x + dx x
— r = ^ = y ’ - y = d r -

, . , ________ ( l - f - x 2) d x - f  x d x 1 ______
igitur y  ^ — x4)5 — 2 x ( i — x 2) d x — ( i — x 2)dx*

fen d v  =  - ^ ± - ^ —  •
y <1 ---X*)*

4. Nihil hoc calculo (implicitis poterat e x c o g itar i ,  feu inventionem 

differentialium datarum fu n & ion u m , feu illarum, quae incognitis fun­

ctionibus com petan t, inveftigationem confideres: verum fundamenta ejus 

acerrimo inter ipfos illorum patronos bello occafionem praebuere, ad 

quod generatim inter analyftas excitandum fovendumque notiones infi- 

nite parvorum aptiffimae effe videntur. S u n t ,  qui duce E u l e r p  omnes 

quantitates infinite parvas nihilo aequari judicant, ita tam en, ut eo  non 

obftante diverfae rariones geom etricae inter ipfas poliint intercedere. 

A liis  contra abfurdus effe videtur nihilorum calcu lus,  abfurdumque, ut 

una duarum quantitatum infinite parvarum, inter quas, utpote aequales 

n ih ilo ,  nulla intercedat magnitudinis differentia, ntupla pollit effe airerius. 

Quamobrem propugnant i i ,  omnem quantitatem infinite parvam effe quan­

tum fui ge n e ris ,  omni quidem dabili m inus, non tamen aequale nih ilo:  

nec m etuunt, ne ob negle& um  infinite parvorum refpeftu finitorum in- 

finiteque parvorum inferioris ordinis (3) calculus erroneus reddatur; error 

e n im , inquiunt, qui hic committi v id e tu r ,  eft infinite parvus, confe.

quenter



quenter omni dabili m inor,  et ideo nullus. A f t ,  ne nimiopere a fcopo  

hujus introductionis abducamur, alTumamus explorandam vim  methodi 

exhauftionis veterum in ufu differentiarum finitarum, quo evidentius 

p a te a t ,  utrum et qua ratione calculi differendo - integralis principia ad 

genuina methodi exhauftionis veterum principia poffint revo cari ,  quod 

unico exem p lo  illuftraffe fufficiet.

5- P ro  quibuslibet duobus quantis P, Q  dabitur numerus integer tn, 

quo fumtna  P —  }- Q  — -  fia t minor quavis utcunque parva quantitate e.

Sem per enim erit tertium quantam Z  p o flib i le ,  quod majus fit quo­

libet quanto P, Q  feorfim fu m to;  erunt ergo  quanta Z ,  P ,  Q  fic co m ­

parata, ut pro illis fit Z  —— f- Z  ——  P - i __ [- O  *
m ma m mz

Cum vero fit Z  —  >  Z  - L - ,  adeoque Z —  - f  Z  ~  >  Z — + Z — ^
m m 2  ̂ m m m ma

erit eo  ipfo etiam z  z ~ > P  — +  Q

I N T R O D U C T I O .  x m

m m2

Quantumcunqufc porro magnum fit quantum 2 Z ,  e t  utcunque par­

vum e ,  poffibilis erit numerus integer rn, pro quo fit 2 Z - —- ^  e :  p ro
* T I ^

eodem num ero erit ergo  a fortiori e* >  P  —  4- O —  •
rn m2

6. D ata  aequatione y 2 =  A x + B x s ad cuwam  B P C ( ig .  F ig .)  inter F lg l8  

ejus coordinatas orthogonas y  — P a , x ~ B a ,  cujus revolutione circa axem  

B E  generetur corpus rotundum  C B D ;  invenire foliditcitewi fegmenti B P P  

plano P m p n P ad axem' B E  perpendi culari abfcijji.

Solutio. I. Soliditas quaefita fit S ^ r r B P n p m P ,  quae variabili x — B a 

crefcente quacunque differentia A x ^ a b  crefcet differentia A S : =  

P m p n c s e r c :  erit AS  major cylindro bafeos P m p n  et  altitudinis a b ~ A x ,  

et fimul minor cylindro bafeos r e s c  et altitudinis a b  =  A x :  cum igitur,pro  

ratione radii ad femiperipheriam —  1 : tt*,  fit T . P a 2. A x  foliditas cylindri 

prioris, et i r . r b 2. A x  foliditas pofterioris; debebit effe femper

A S >  T ,Paz .Axj  et AS < 7 r .r b a.Ax.  
II. Sed



II. Sed per hypothefim debent ordinatarum P a, rb  abfciflls x t = B a ?  

x  +  A x = B b  refpondentium quadrata efle P a 2 : = : A x j +  B x 2, rb a =  A  (x 

■f A x )  +  B ( x - f - A x ) 2 ; igitur erit femper etiam

A S > t ( A x  +  B x2) A  x ; 

et  A S  ( A ( x  + A  x)_4- ;B (x 4 - A x ) 2) A x.

III. Si porro haec omni cafu debent fubfiftere, quemcunque valorem 

habeat differentia A x — ab; neceffe efl:, ut eadem locum habeant, fi, va­

riabili x  =  B a  in numero m partes aequales mente divifa, differentia 

A x = : a b  uni m tae parti ejusdem variabilis aequetur, adeoque ponatur
A  xA x r = ------

m

IV . Quodfi autem B a  in numero m ,  et  B b  in m + i  partes aequa­

les mente dividatur, quarum quaevis fit s = A x ,  et per fingula puncta 

divifionis cogitentur duci ft& io n es  ad axem perpendiculares, u t P m p n P ,  

r e s c r  per pun&a a , b ;  dividetur eo ipfo S : = B P n p m P  in numero m 

partes,  et B r c s e r r ^ S - f  A S  ui partes «umero m + l ,  quae fic debebunt

effe comparatae, u t ,  fi in A S  terminos ieriei A x . o , A x . i , A x . 2 , ------

A x ( m  —  i )  loco  x  fucceffive fubftituas, numero m partes fegmenti 
S = B P n p m P  ordine fis obtenturus.

V .  Hinc ergo  ( I V )  et  ex  (II) evidenter e lu cet ,  foliditatem S  pro 

quovis poflibili numero integro m in (III) majorem effe fumma omnium 

valorum , quos funftio
x  (A  x -}- B x 2) A x

fucceffive induet, fi in illa termini feriei A x . o ,  A x . i ,  A x . 2 , ----------

A x ( m — i )  loco x fucceffive fubftituantur; et fimul minorem fumma om­

nium valorum, quos in eadem bypothefi fuuftio

t < A ( x +  A x) + B ( x - j - A x ) 2) A X  

debebit obtinere. Quare habebimus

s > ? r (  A ( i  +  2 +  3-t---------- +  (tn — t ) )  A x 5)

( + B ( i * + 2* + 324-----------b  —  0 2) A x O

(  A  ( i  +  2 +  3 ------------------- j - m ) A x 2)

C ± B ( l *  +  22 - f 32 + ...................+ n r ) A x 3)

E t
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E t  fumtis fetierum fummis fiet 

S t> »(1  A  (m1 —  m ) A x 2 +  £ B'(2 mJ— 3 m 2- f  nO A X’ ) ;

S <JtC i A(m24*m) Ax* Hb £ B (2 m3 4*3 m2 +  m) A x 1).
Cum que fit A x t = —  ; erit e t ’am 

m

S A x2_+̂ t t — U;  
e t  S < x ? r A x *  +  } r B x 3 +  V ;

pro  U  =  xs ( A  +  B x )  — 4^ g irB  x1 —■— : 
f  x —  m m1

et  V  =  i i r x 3 (A  +  B x )  — +  i  t B x ! - '
in —  m*

VI. H in c ,  quia quodvis quantorum U ,  V  in ( V )  poteft fieri minus 

quolibet utcunque parvo quanto e per { 5 ) ,  neceffario fequitur effe 

S t = i i r  A x a ± f ^ B x 3 per (2).

7. Si utr.imque exprelTionem in (6. rt. IT.) per A x  dividamus, ob- 
A S

tinebimus pro quotiente fequentes conditiones, pofita differentia
A __ *A  x s =

m

A S
> * i r ( A x  + B x 5) ;

A x

^  < ^ i r ( A x + . B x * ) - j - ( A  + 2 B x ) x  —  +  B x ! 1
A x  —  m —  m*

O b primam conditionem debet neceffario extare certa differentia 

A S
A x

■t  ( A x + B  x 2) t = D ,  pro qua fit

- ^ = , r ( A x  +  B x » ) + D :  
igitur  ob fecundam conditionem

D  ^  (A  +  2 B x) x  — —  +  B x 2 ~ r  *
—  m —  m1

Q u am ob rem , cum id femper debeat fubfiftere* utcunque parva fit
x

pars m fa A x ~ ~  variabilis x ,  quamtumlibet idcirco magnus fit nu-

vttHmcn I. q merus



merus integer m } cumque femper fit numerus m pofTibilis, pro qtio x

( A  +  2 B x ) x - — |- B x 2 4 - valorem minorem quovis utcunque parvo 
m m* ^  g

valore e obtineat (5 ):  evidens eft, differentiam D inter et ? r ( A x

± B x 2) minorem quavis utcunque parva quantitate e poffe f ier i ,  confe- 

quenter funfrionem 7 r ( A x . + B x 2) effe limitem omnium m utationum , quas

exponens rationis A S : A x  fucceffive poteft fubire, fi A x = ~  indefi-

nenter decrefcat, numero m perpetuo crefcente (68. §• Elem.).

8. Pari ratione, 5 opus effet,  l iceret ufum principiorum methodi 

exhauftionis veterum ad omnes cafus extendere, ad quos fundamentalia cal­

culi diflerentio - integralis praecepta folent adplicari, quin fit neceffarium ad 

notiones infinite parvorum re fu g e re ,  quorum ne veftigium in ejusmodi dif- 

quifitionibus reperies. E x  hoc autem unico exemplo evidenter collig im us, 

pofllbile effe , ut principia calculi differentio - integralis eadem certitudine 

et evidentia g e o m e tr ic a , quam in Archimedeis difquifitionibus admiramur, 

conftabiliantur, fi obje& um  hujus calculi ita determinetur, ut ille perpe­

tuo circa folos limites verfari debeat, ad quos exponentes rationum 

A y : A x  inter differentias A y  fun&ionum y  et differentias A x  variabilium 
abfolutarum x (4. §. E le m .)  intercedentium indefinenter adpropinquent, 
differentiis A x  continuo decrefcentibus; tum ad evolutionem  eorundem 

limitum et proprietatum, quibus ii fint praediti, methodus exhauftionis 

veterum rite applicetur. Limites ejusmodi genuinum effe , idque unicum 

rationi eonfentaneum, obje&um calculi differentialis, communis eft ce le­

berrimorum Analyftarum fententia. Alii illam diferte profitentur, prin- 

cipiaque calculi differentialis ex  ipfis talium limitum notionibus d er ivan t: 

alii vero eam tacite am pleftuntur, inter quos perfpicaciifimus L a G r a n - 

g i u s  eminet. N eg at enim L q  G r  c i n g i u s  in fua theoria funftionum 

analyticarum (a) , principia calculi differentialis certitudine evidentia- 

que geometrica conftabiiiri, fi illa ipfis limitum notionibus fuperftruan- 

tu r ;  quocirca a l i c i s  m ethodo, independente ab his n otionibus, funftio-

nes

(a) Thdorie des foncLions analytiques, contenanl les principes du enicui dijfe- 
ren tiel, degngSs de toule conjideralion d'infmirnent petits ou d'dvanouijfans, 
de limites ou de J lu x io M , et riduits d l ’ a n a ljfc  algebrique dc quantitb

* finies.
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s diverforUm ordinum 'ex  quavis fun&ione primitiva evolvere docet,

cuae nihil fun{: aliud, quam limites mutationum in exponentes — — — ,
z 3 u x

A  y  A  y  1
~A  x2~~ * ~A x3" * e tc ’ differentiam continuo decrefcentem redun­

dantium: eapropter ipfe L a  G r a n g i u s  fuum calculum functionum  eun­

dem cum calculo differentiali efle pronunciat, quod III. L a  C r o i x  in fuis 

inftitutionibus calculi differentio - integralifi (a) infigniter illuftravit, L a  

G r a n g i a n t t m  calculum ad evolutionem principiorum calculi differentia- 
lis adplicans. ;

9. Verum veniam dabit V ir  celeberrim us, fi ei in re tanti momenti 

contradicam, notionesque genuinas l im itum , de quibus hic fermo eft ,  ta­

les effe ju d ice m , ;ut e x  illis principia calculi differentialis omni rigore 

certitudineque et  evidentia, cujus difquifitiones analyticae capaces funt, 

poflfint derivari, ita ut calculus h ic ,  iisdem notionibus fuperftru&us, totu$ 

elementaribus principiis analyfeos finitorum innitatur. Quicunque enim 

haftenus id praedare adnifi f u n t , in eo mihi peccalle videntur,  quod a 

definitionibus rationum differenfeialium immediate ad illarum inveltigatio- 
nem tranfiverint, e t  faepenumero in hac inveftigatione notionibus fint ufi, 

quae cum rig ore , quo principia calculi differentialis erant contiabilienda, 

nuito pafto  poliunt conciliari. Clarijjimum L ' H u t l i e r u m  inter recen- 

tiores ex c ip io ,  qui ante omnia generales limitum pro quantis rationibus- 

que variabilibus proprietates evolvere eft conatus, quo fundamenta folida 

conftabiliret, quibus invelligatio rationum differentialium poflet inniti ( b). 

A ft  utrum haec aliquid et quantum ponderis habeant, ex fequenti com- 

pientatiuncula elucebit,  quae et ipfam m ethodum, qua in conftabiliendis 

principiis calculi differendo - integralis u to r ,  et ejus vim in evincendis ve­

ritatibus illuftrabit.

c 3 10. Bina

(a) Traiic da Calcul differentia/ et integra/.

(b) E xpofilion tlenxenlaire des principes de calculs fiipericurs, qui a rcmportA

le prix p/opofs par I/  A cadem ie Royale de Sciences et Belles-Lcttrcs pour 

ji/ Annee ** Berliu.

Principiorum calculi differentialis e t  integralis expnfitio dementaris ad  

normam d i f f e r  Ultionis ab academia S c i e r i t .  R c g .  P r n J J i c a  a n n o  1 7 8 6 . praemii 

honore decoratae elaborata, T u b i n g a o ,  .
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io .  Bina extant principia maximi momenti in univerfa funftionutn 

theoria , de quorum folida demonftratione parum baftenus erant Analyftae 

folliciti: primum eft ,  quod omnis fu n & io  variabilis z  certae feriei formae 

generalis A z a - f  B z b + C  z c -{-etc . aequetur: alterum v e r o ,  quod diffe­

r e n t i a  A y  cujuslibet fun&ionis y  variabilis z  alicui feriei formae a A l  

- f  /3 A z 1 4* y A z 3 +  etc. debeat effe aequalis. Neutrum principium eft per 

fe evidens: utrumque e g o  ideo in mea analyfi ( a)  demonftrare adnifus fum» 

quo inftitutiones calculi differentio-integralis firmis fundamentis pollent 

fuperftrui. N eg le xit  hoc U  H u i l i e r  u s ,  quamvis is utroque principio ad 

«vincendum theorema Taylorianum  ufus fit, quod eo minus po/Tum ad- 
probare, quo am plior eft apud illum ufus hujus theorematis (b) .  

L a  G r  a n g i u s  contra ,  ne a nondum e v i f to  principio fuam fun&ionum 

theoriam ordiatur, demonftrare co n atu r , pro quavis funftione f x  variabi­

lis x ,  fi f ( x - f - i )  denotet v a lorem , quem illa obtineat, variabili x  in x + i  

abeunte, effe f  ̂ x -t- i) f  x -f- p i -f- q t2- r i5 -4- e t c . , ita ut in hac ferie folae 

potentiae exponentium integrorum et pofitivorum incrementi i pofiint 

contineri (c) :  aft multa mihi in hac demonftratione difplicent.

i ° .  T o t a  demonftratio aequ:vtionuni theoriae innititur, quae ob expo* 
nentes potentiarum i ,  i2, P, etc. in infinitum crefi-entes nequit hic eam 
evidentiam et certitudinem parere, qua fundamentale totius calculi fun­

ctionum principium erat demonftrandum.

2°. Porro eft tota demonftratio tantum ad impoffibilitatem potentia-
in

rum fraftarum i n evincendam concinnata, quin inde ulla ratione pof- 

fit elucere, utrum feries exprimens fundtionem f ( x - f  0  terminum ali­

quem p i  primam potentiam incrementi i complectentem neceffario 

debeat habere, cum tamen» nifi ejusmodi terminus adfit, univerfus calcu­

lus vacillet.

3°. Ponamus dem um , L a  G r a n g i u t n  folidiffime eviciffe non poffe 

fieri, ut f ( x - H )  aequetur alicui feriei formae f x  +  p i a 4 - q i b- f r i c -f*etc.,

in

(a) Unterricht in der mathematifehen Annlylis. ater Band, aufs Jahr 1791 ; und Bej- 
lage auFs Jahr 1798.

(b) Principiorum Cale. D iff. ct Integr. E xp cjitio  etc. Ja. 33 J»
(c) 'lhiorie de* fo n ciio n * analytique* etc. 10.
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In'qua exponentes fra&i occurrant: eftne ideo e v i& u m , fun&ionem f ( x + i )  

aequari feriei f x - f - p i  -f- q i a -4-r i 3 -f-etc .? m inime: nihil enim aliud inde 

fequitur, quam quod nullus exponentium a, b, c, etc. poffit effe fraftus, 

Ji fu n ffio  f ( x - { - i )  certae ferie i form ae  f x - J - p ia -{-qic4* r i c -|-etc. aequetur ;  

utrum autem re ipfa extet ejusmodi feries, nullibi demonftratum invenio.

II.  E ap rop ter ,  ut tyrones a primis vulgaris algebrae elementis ad 

adaequatam diftinttiffimamque cognitionem principiorum calculi difteren- 
tio-in tegra lis  via breviflima ducerem , expofui in primo elementorum 

hujus calculi capite palmares fun&ionum proprietates, explicationemque 

fun&ionum algebraicarum, logarithm icarum , exponentialium et trigono- 

metricarum per feries methodo fimplicifiima docui; tu m , q u a  ratione prin­

cip iorum , de quibus in (10J erat fermo, veritas poteft evinci, in ( 6 j - 6 6. § .)  

oftendi. Quod in fpecie ad theorema binomiale a ttin et, habes illud pro 

quolibet exponente rationali e t  irrationali m in ( 5 i . § . )  methodo inventionis 

demonftratum, ita ut adverfus hujus fimpliciffimae demonftrationis rigorem  

nihil polftt obiici. Cardo enim totius demonftrationis in (n. 3.) confiftit, 

ubi generatim fuppofui, arithmeticam univerfalem ita efle excultam , ut 
inde facile e lu c e a t , cur pro omni exponente m , et  quibuslibet quantis 

um u "N™
0, v ,  debe  at effe ■ ~  ; qu* de hujus principii veritate du­

bitat, neque concipere poteft ,  quo modo id demonftrare liceat; praecipua 

quaeque principia arithmeticae univerfalis, ut e. gr .  amb’n =  ( a b ) m; am an

c = a m + n, L o g r mc = :m I o g r ;  l o g - j - = I o g r — J o g s ;  et fimilia in dubium 

vo ce t  o p o rte t ,  quae utique nequeunt fubfiftere pro omnibus exponentibus,

I N T R O D U C T I O .  x i x

u
qnin fit e. gr. lo g  - ^ 7 - =  lo g  um —  Iog v m=  m lo g u  —  m l o g v ^ m

lo g  == 1 * aQ>e°q u e  neceflario - - - - —

12. Hinc jam ad ipfam expolitionem principiorum calculi differentia* 

lis in fecundo capite progredior. A n te  omnia expono adoptatas et me. 

thodo exhauftionis veterum confentaneas definitiones limitum  pro quantis 

et rationibus variabilibus (6§. 69. § . } ,  e x  quibus evidentifllme principia 

generalia fequuntur, quae ufque ad (7$. § .)  evolvo . T u m ,  praemiffa de­

finitione rationis differentialis ( 7 g. § . ) ,  aflumtoque pro ejus exponente 

l ign o  fimplicillimo, totus in eo  o ccu p o r ,  ut illas rationum differentialium 

proprietates generales paucis explicem et  ev in cam , quibus univerfus

c  3 diffe-
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differentio.ititegralis calculus innitifur ( § o ------- 102. §.)♦ ex his demuta

proprietatibus praecepta univerfi calculi differentialis per fe indidem evi- 

dentiiiime fluentia elicio (103 -  -  -  159. g .) .  Peculiarem vero operam, 

adhibui, u t  utiiverfalem eamque planiflimam methodum quaerendi expo­

nentes rationum diflerentialium functionibus incognitis debitarum doce­

rem , illamque ad ejusmodi principia revocarem , de quorum certitudine

evidentiaque dubitare fit impoflibile ( 1 2 9 -------132. § . )  Quantam haec

pritlcipia vim in evincendis veritatibus habeant, fi illa ad geom etricas dif- 

quifitiones rite applicentur, oftendi in poftremis duobus capkibus: pof- 

funt autem illa eadem facilitate perfpicuitateque ad generalia totius m e­

chanicae fundamenta conftabilienda adplicari, quin necefiarium f i t ,  tem­

p o ra ,  fpatia, celeritates, et fimilia in ftatu evanefcentiae confuierare, illa- 

que ut infinite parva vel evanefcentia inter fe comparare.

13. Hoc modo inveftigatio rationum differentialium ad duo genera- 

liflima principia analytica revocatur ( 8 2 .1 3 1 .  § 0 . V e l  enim functio y  re­

lata ad variabilem abfolutam x (4. § . )  datur, vel penitus ignoratur. 

Cafu primo ponatur in illa ubique x  +  A x  loco x ,  quo ipfo obtinebitur 

differentia A y : = y x— y .  Haec jam differentia ita transform etur, ut per- 

fpicue c o n f t e t , ipfam certae feriei formae P A x  -j- A A x ’* -j- B A x } 
-f- C A  x*  +  e tc- aequari, in qua terminus primus P A x  perfefte fit deter­

minatus, feu coefficientes A , B , C ,  etc. reliquorum terminorum nofcan- 

tur feu n on, modo ii a differentia A x  fint independentes. Quodfi enim 

reipfa fit A y  =  P A x - j - A A x 24- B A x 3- f  etc.;  erit eo ipfo € y s = P ~ p £X 

exponeus rationis deferentia Iis fun&ionis y  (82. g i .  § .) .

14. Si autem ignoretur fun&io y  variabilis abfolutae x ;  ignorabitur

quoque exprefiio illius differentiae A y .  Hoc cafu inveftigetur, annon 

exftcnt binae functiones U ,  V  differentiae A x ,  inter quas incognita dif­

ferentia A y  fic ja c e a t ,  ut pro quovis utcunque parvo valore differen­

tiae A x  fit
> U  e t  funul A y <  V .

T u m  determinentur expreffiones earundem funftionum  U, V  per x, 

A x ,  et quantitates confbautes, a quibus illae dependeant: expendantur 

eaedem expreffiones diligentiffime, ut certo c o n d e t ,  an non detur deter­

minati aliqua quantitas X ,  conftans vel aequalis certae fun&ioni variabilis x,

mcrdo



modo illa fit independens a differentia A x ;  et  an non fint praeterea 

aliae quantitates e ,  f ,  g ,  -  - —  E ,  F ,  G ,  etc. poflibiles, quae a A s  

non dependeant (licet eae ignorentur) ficque fint comparatae, ut pro 

illis  nafci deberent feries X  A x  +  e A x 3 +  f A x 3 -J- g  A x 4 -f- e t c . ,  X A x  +  

E ’A  x 2 -f-F  A x3 - f  G A x4 - f  etc. funftionibus U ,  V  aequales, quibus ini 

praecedentibus expreffionibus pro A y  fubftitutis fieret

A y  > X A x - f - e A x a +  f A x 3 +  g A x 44 - e tc .  

et fimul

A y  <! X A x  +  E  A x 2 +  F A x 3 +  G A x 4 -f-etc.

U tprim um  enim hujusmodi exprefliones fuerint dete&ae,’ certoqne 

conftiterit,  utramque fimul pro quovis quantumlibet parvo valore diffe­

rentiae A x  debere fubfiftere; certum etiam erit ,  X  effe exponentem ra­

tionis differentialis incognitae funftionis y ,  nimirum « y t = X : = X « x  

(»31- §•)•

Sic  e. gr. fuperius ( 6 ) ,  licet ignoretur funftio S ^ B P n p m P  varia­
bilis x =  B a ,  certo tamen conftat, illius differentiam A S  ejusmodi effe, 

u t pro quovis valore differentiae A x  fit A S  major cylindro bafeos P m p n  

et  altitudinis A x ,  et fimul minor cylindro bafeos resc et altitudinis A x, unde

ibidem obtinuimus ........ ,

A S  > i r ( A x  +  B x a) A x ;

i et  fimul * ,-r .Jt:-t,Q y  «‘ilJlj

v  ( A ( x + A x )  +  B (x +  A x)3)  A  x . * {  ̂ >

.*■ Quam obrem  erit etiam , ,

A S  > i r ( A x H h  B x 3) A x ;

et fimul • ‘ ' c  ' o. j

A S <  « r ( A x +  B x a) A  x  J ; 2 B x A x 3 +  B A x 3. ,

A tqn e  ex his expreffionlbus evidenter jam per (131. § . )  fequitnr, ex­

ponentem rationis differentialis incognitae fun&ionis S neceffario effe 

<S t = » ( A x + >B x z) = * ,( A x  j ^ B x a) e x ,  

quod ipfum, ob (79. 70. § . ) ,  jam fuperius (7 )  invenimus.

15. Quod ad principia in (95 -  -  -  102. §.) demonftrata in fpecie at­

t in e t ,  ea nec per fe fuiit evidentia, ut demonftratione non habeant opus5

' * j ' ' " * neque
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neque ta l ia ,  ut ignorari poffint, quin difquifitiones diiTerentio-integrales 

eo  ipfo dubiae reddantur.

Sicut e. gr. inveftigatio logarithm orum  datis numeris refpondentium, 

e t .  n u m e r o ru m  datis iogarithmis debitorum , in determinato quovis cafii 

dubia deberet re d d i, nifi conftaret, uni eidemque numero unicum logarith- 

tnum, et viciflTim cuivis logarithmo unum determinatum n um erum , inse» 

qualibus vero Iogarithmis inaequales n u m ero s ,  et numeris inaequalibus 

inaequales logarithmos refpondere: ita etiam incerta erit quovis determi­

nato cafu inveftigatio exponentium rationum di/Ferentialium pro certis fua- 

2 itionibus, e t  harum pro datis exponentibus, nifi fimilia principia pro fun&io- 

nibus et illarum rationibus difFerentialibus evincantur, ut in C95 —  98-

In (14) invenimus e S =  i r ( A x  4 ^ B x 2) pro exp o n e n te  rationis diffe* 

rentialis fun&ionis S aequalis foliditati corporis B P n p m P :  fi jam hunc ex­

ponentem ad detegendas certas proprietates ejusdem- corporis ad p lice m ; 

certitudo inveftigationis in eo p rofe & o fundabitur , quod evidenter conftet* 

illuni'exponentem. ei duntaxat funftioni ,pofl*e refpondere, quae foliditati 

corporis B P n p m P  aequatur. E t  fi inde ope calculi integralis ipfam fo- 

liditatem eliciam, ponamque iilam eiTe S =  ?r(i A x 2 +  } B  x 3) - f  G ; erit  

h a e c  determinatio ideo certa et ev id en s , quia certo conftat, dato exponenti 

* S ^ i r ( A x  +  B x 2) nullam aliam fun&ionem poffe refpondere (9 7 .0 3 .§ ) .

Deinde fi quacunque methodo exponentem s y r r a a z  'rationis differen- 

tialis functionis y  datae per variabilem z  determines; nili principia in

(99 —  102. § .)  evicta Gnt, haud licebit « zrtrr —  inde d e r iv a re , et
* a  & a  

pro exponente rationis differentialis quantitatis i  %>ettatae inftsr unius 

funftionis variabilis y  habere, quod tamen in quamplurimis difquifitioni- 

bus theoretico - prafticis folet fieri.

E a p r o p t e r  expofjtionem horum .principiorum  ( 9 5 '------ I02.§ . )  non

'utilem duntaxat, fed etiam neceiTariam effe arb itror , ineauteque illam ha- 

ftenus a plerisque Analyftis  negleftam  elie cen feo:  quodcunque fyft^ma 

am ple& aris, fimilia principia neceffario erunt tibi evincenda, nifi univer- 

fum fyftema vacillantibus fundamentis velis fuperftruere.

’• 16. Quamobrem id me in primis duobus capitibus perfpicoe oftendifle

ju d ic o ,  principia univerfi calculi d ifferentio-integralis  ex  ipfis limitum 

notionibus, independenter ab omni infinite parvorum evanefcentiumque

notione»
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n o tio n e ,  fic poffe derivari, ut illa firmiflinais fundamentis analyfeos fini­

torum innitantur, idque methodo aeque fimpfici ac univerfaii poffe prae- 

ftari. Seu enim generalem theoriam ibidem expofitam (68  —  102. §.)> 

feu illius adplicationem ad inveftigationem exponentium rationum differen- 

tialium datis quibuscunque funttionibus, algebraicis, iogarithm icis , expo- 

nentiaJibus, et trigonometricis, atque ex  his quoquo modo compofltis de­

bitarum ( 1 0 3 ------- 126. § .)  attente e x p en d a s;  feu demum methodum,

qua exponentes differentiales funftiojiibus incognitis refpondentes Inveftigo 

( 1 4 ) ,  ad examen v o c e s :  nullibi ne veftigium aut incrementorum infinite 

parvorum vel evanefcentium , aut rationum Inter illa intercedentium obfer- 

vabis, nifi notionibus adaequate determinatis, rttionlque et methodo ex- 

hauftionis veterum geom ettarum  confentaneis, quibus perpetuo u t o r , alias 

peregrinas fubftituas , de quibus eo minus mihi vel fomniare l icu it ,  quo mi­

nus eae cum ratiociniis ,  quibus lingula principia evincere conatus fum, 

poffunt conciliari.

17. Superius jam  anim adverti, functiones derivatas, quae objeftutn 

L a  G r a t i d i a n i  calculi fun&ionum conftituunt, nihil aliud e f fe ,  quam 

exponentes rationum, quas e g o  cum aliis Analyftis  in bis elementis diffe- 

rentiales v o c o :  nili ergo  de nomine litem velis m o v ere ,  facile admittes, 

circa hos ipfos exponentes eundem calculum verfari,  feo duntaxat difcrimi- 

n e ,  quod L a  G r a n g i u  s  neque  naturam illorum ex limitum notionibus 

determ inet, neque regulas, per quas ii pro datis quibuscunque fun&io- 

jaibus primitivis inveniri po liun t, ex iisdem notionibus derivet. Verum, 

licet ego  plene fim c o n v if tu s ,  id tam methodo L a  G  r a n g i  a n a , quam 

alia quoque multo fimpliciori, cujus fpecimen alia occafione dedi ( a) ,  poffe 

praeftari, modo et illa et haec uberius excolatur; non v id e o ,  cur id fit 

neceffarium, eo minus fane, cum certo c o n fie t ,  utrobique ad limitum 

principia effe refugiendum , utprimum calculus ad functiones incognitas acl- 

plicatur. L a  G r a n g i u s  euitn conatur demonftrare, vaiorem f ( x - f  i),

quem

(■) Archiv (lcr reinen unci angewandten Mathematik; herausgegebea \on C. F.Hin- 
d en b urg. Achtes Heft, «uf$ Jahr 1798.
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quem quaecunque funftio f x  variabilis x debet induere, fi ipfa variabi­

lis x  capiat incrementum j ,  ejusmodi feriei f x  i p i2q 4* i3 r e tc* 

aequari, in qua incrementum i fic poterit omni ca(u determinari, ut quivis 

terminus major evadat quam fumma omnium fequentium term inorum : at- 

que iftud principium vocat is theorema fundamentale totius fuae theoriae 

functionum, q uod, e x  e j u s ‘m ente, tacite tam in L e  i b n i z i a n o  calculo 

differentiali, quam in N e n t o  ni  a n o  caiculo fluxionum praefupponi- 

tur (b). Utrumque certum eft, et ego  ipfe ejusmodi theorema in (75 .  

77 . §.) ex genuinis principiis (independenter ab omni curvarum theoria, 

cujus principia in difquifitionibus hujus genens^aeque ac principia mecha­

nicae p e r e g r i n a  efie cenfeo) ev in co ,  tum bina inde principia generalia eli­

cio  (82. 131. §•)> eorumque uni invelligationem exponentium rationum 

differentialiun/ pro datis quibuscunque fun&ioriibus, alteri vero inventio­

nem eorundem pro funftipnibus incognitis fuperftruo, ut fuperius (13) (74) 

expofui: aft an non e x  liis evidenter e lu ce t ,  L a  G r a n g i u t n  invefliga- 

tionem fuarum funftionum derivatarum , tum praecipue, dum funttiones 

primitivae ignorantur (quod plerumque fit in adplicationibus ad geom etriam  

e t  mechanicam), genuinis principiis dodlrinae limitum fuperftruere? an 
non ergo confultius eft totum fyftema a limitum notionibus ordiri,  iisdem- 

que univerfum calculum fuperftruere ? .

18. Sed ne mihi in hac principiorum calculi differ enti ai is expofitione 

aliquid adtribuere videar, quod aliis acceptum debeo referre; dicam paucis, 

quod de hoc meo qualicunque labore fentio. . Superius jam animadverti, 

me in determinando genuino objefto calculi differentialis aliorum fenten- 

tiam am ple& i:  nihil ergo novi propono adferens, univerfum calculum

differentialem circa inveftigationem limitum rationum inter fimultanea in­

crementa funttionum variabiliumque abfolutarum, ad quas illae relatae c o ­

gitan tur , intercedentium verfari: id* enim N e  u t  o n u s  jam d o c u it ,  docent- 

que fcriptores recentiflimi, E u i  e r u s  ( c) ,  K a j i n e r u s  X a r f t e -

. ■, ni us
(b) Theorie des Fonclions si  naly liques. 14 §.

(c) Infiilutiones Calculi differentialis.

(d) Aufangsgriinde der Anatyfis des UnendUclien.
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n i u s  (e), et alii V ir i  celeberrimi. Cum autem fola germini obje&i determi­

natio ad conftabilienda principia calculi differentialis minime fufficiat; r.oti- 

dum inde fequitur, eosdem V iros celeberrimos haec quoque principia ita 

conftabiliviffe, ut ea certis et evidentibus fundamentis, notionibusque, nus­

quam . peregrinis, fed genuinis duntaxat et obje&i naturae confentaneis 

inniti debeant vel poffint cenferi. E g o  quidem contrarium obfervavi, 

et praecipue in adplicatione eorundem principiorum ad geometriam et 

mechanicam; quamobrem non tantum utile, fed et neceffarium effe 

arbitrabar, rigidiori examini omnia fubiicere; do&rinam de limitibus 

quantorum rationumque variabilium magis excolere; generaliaque illius 

principia analytica, quorum veftigia in K i i j l n e r i  et K a r j l e n i i  iiifignibus 

operibus continuo fe offerebant, ita conftabilire, et methodo quoad fieri 

potell  plana in unum fyftema redigere, ut univerfus calculus diftercn* 

t io - in teg ra l is  nomen calculi exactijjimi pofiit m ereri,  qui non tantum 

facili ampliffimoque ufu, fed etiam geom etrica fuorum principiorum 

certitudine evidentiaque fic fe c o m m e n d e t , ,  ut non Iit 'cur notiones, 

quibus is innititur, contemni et derelinqui debeant.

19. D e reliquo finis principalis, cujus gratia haec elementa con- 

fcripfi, erat,  ut tyrones ad disquifitiones ftatico - mechanicas praepara­

r em , quas fine fublimiori analyfi nec excolere l i c e t ,  neque excultas 

intelligere. Paucis multa exponere conatus fu m , quin ideo obfcurus 

fierem: omnia tam en , quae notari merebantur, explicare non poteram, 

ne arftos l im ites, intra quos me continere debebafti, transgrederer. 

Cum autem maximum in difquifitionibus omnis generis pondus habeant 

elementa calculi differentialis, et calculi integraiis reftri&i ad funttio- 

nes unius variabilis; illa et haec peculiari induftria ev o lv e re ,  et fic eno­

dare ftudui, ut adplicatio ipfurum facilis effer et commodiffima: qua­

propter integralia maxime memorabilium exponentium differentialium 

non tantum ad generalia praecepta revo cavi,  fed fingul3 plene deter­

m inavi,  quo in adplicatione ad cafus fpeciales fola fubftitutione effet

d 2 opus.

ê) Anfaqgsgriintle der mathematifehen Analyfis.

I N T R O D U C T I O .  x x v
/



opus. R e liq ua, ut e. gr. adplicationem calculi differentialis ad th e o ­

r ia m  aequationum; integrationem exponentium differentialiutn ad plures 

variabiles relatorum , etc.  breviflime a t t i g i , e t  geometriae fublimioris 

primas tantum notiones illuftravi,. Non diffiteor itaque plurima in his 

elementis defiderari, feu fola principiorum A n a ly feo s  et  Geometriae 

fublimioris c o g n it io , feu illorum ufus in difquifitionibus ftatico -  m echa­

nicis expendatur: fpero tamen fo re ,  ut quicunque h a e c ,  quae expofui,  

meditate p e rleg er in t ,  fibique familiaria reddiderint, Facile prolixiora 

aliorum Scriptorum opera intelligant, in quibus hujuscemodi doctrinae 

ex inftituto pertra&antur: in illorum autem gratiam , qui opusculis meig

f t a t i c o . mechanicis uti voluerint, de i i s ,  quae faic om ittere debebam, 

differam, ubi iis opus habuero.

x x y i  I N T R O  D U C T I O .
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V . K O N Y V T A W
1 111.... . 111 aimMim**

C A P U T  L
D  E

D I S C R I M I N E  E T  D I F F E R E N T I I S  F U N C T I O N U M ,

E A R U M Q U E  E X P L I C A T I O N E  P E R  S E R I E S .

i . D e f i n i t i o .

Quantitates, circa quas univerfa analyfis mathematica verfatur, d ivi­

duntur in conflantes et variabiles: iliae eosdem perpetuo valores

retinere cenfentur; hae vero indeterminati funt v a lo r is ,  pofiuntque quos­
vis valores recip ere ,  quin etiam nihilo aequari: priores plerumque initia­

l ib u s ,  pofteriores autem finalibus a/phabeti literis defignantur.

a .  D e f i n i t i o .

Quaelibet expreffio analytica alicujus quanti per quantitates conflan­

tes  et variabiles, quomodocunque inter fe con n exa s ,  vocatur Funttio  

earundem variabilium: Formam  fun&ionis determinat ipfe nexus inter

quantitates- conftantes et variabiles, quas funftio c o m p lectitu r ,  inter­

cedens.

3. C o r o l l a r i u m  I.

Omnis fun&io innumeros valores poteft recipere, pendentes a totidem 

poflibilibus valoribus quantitatum variabilium, quas illa continet ( 1 . 2 . § . ) ;  

quaevis funftio  eft ergo  quantitas variabilis (1 .  §.).

4. C o r o l l a r i u m  2,

Q uam ob rem , dum certae quantitates variabiles aliarum variabilium 

functiones fuerint (3. § . ) ,  debebunt aliquae in fe effe variabiles, inde- 

pendentes a novis variabilibus: quantitates hujuscemodi intelligemus de­

inceps nomine variabilium abfolutarum, ad quas,  unam aut p lures, quae­

libet funftio referri cenfebitur.

A 2 S c ho -



S c h o 1 i o n.

F g  i  S ic ,  fi y t = P Q  denotet perpendiculum ex indeterminato punfro P 

peripheriae circuli radio r t = A C  defcriptl ad diametrum A B  demiffum, 

x t r : C Q  vero partem diametri inter illud perpendiculum centrumque cir­

culi C interceptam d e f ig n e t; erunt y»  x  duae re ftae  ita inter fe con- 

n ex ae ,  u t ,  alterutra illarum crefeente vel decre cente ,  altera eo ipfo 

mutari debeat. Si jam  illae mutationes* quae ex omnibus mutationibus 

poffibilibus diftantiae x  in perpendiculum y  pofiunt redundare, in confi- 

derationim v o ce n tu r;  fpeftabitur x inftar urvius variabilis a bfo lutae, quae, 

independenter ab omni alia variabili, q u o s v i s  poftibiles valores poilit 

recipere; y  autem erit ejus funftio z= .\f(x2' —  x 2):  fi vero illarum mu­

tationum ratio habeatur, quas diftantia x debet fubire, fi perpendiculum y  

fucceilive  mutari c o g it e tu r ;  referetur x  ad y  ut funftio r * — y 2)

ad variabilem abfolutam.

5. D e f i n i t i o .

Operationes algebraicas vocant ordinarias operationes arithmeticas, 

ut funt, A dditio, S u b tra ft io ,  M ultiplicatio, D ivif io ,  E levatio ad poten­

t i i s ,  et E xtra & io  radicum ; omnes aliae operationes, quae non funt 
algebraicae, appellantur transcendmtes, Hinc funflftones atgrbraicae d\cun- 
tu r ,  quae e x  quantitatibus conflantibus et  variabilibus aut per folas opera­

tiones algebraicas, vel etiam per intermixtas transcendentes, quin tamen 

hae ipfas variabiles afficiant, inter fe connexis com ponuntur: fecus enim, 

fi aliqua transcendens operatio afficiat quantitates variabiles, funftiones 

quoque erunt transcendentes, inter quas funftiones trigonometricae, lo- 

garithm icae, et cxponentiales peculiarem merentur attentionem.

E. gr. Fun& iones a x , x Sin a ,  x  L o g  a ,  x a funt algebraicae; et 

a Sin x ,  a L o g  x ,  a* funt functiones transcendentes.

S c h o 1 i o n 1.

Palmaria principia tr igon om etrica , quorum ampliffimus eft ufus per 

univerfatn analyfm mathematicam , quibusve etiam nos in fequentibus fre- 

quentiftime utem ur, funt fequentia.

Afiumto circuli r a d i o l i ,  pofitaque ejus femiperipheria tt ; erit

1. tt~  3 ,14 15 92 65 35 8 9 79 3 etc.

2. Sin o T ^ S i n  7 r ^ o ;  S i n ^ T ^ r r i .

3 - C o f
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3. C o f o r r r :  i ; C o f  | i r ~ o ;  C o f  —  I .

4. Sin v o t a t o ;  Sin v -} n 1 ;  S i n v 7 r t = 2 .

5. Cof v o 7r ~  Cof v 7r ~  1; C c fv |-7 r  — o.
6 Tang o t  ^ = T a n g  7r — o ; T a n g £ ir := :  00.

7. Cot o t t ^ c o ; C ot t  ; Cot tt; = —  00.

8. S e c o w tr z i ;  S e c - | t  — 00; Sec 7 r ~ — I.
9. Cofec O 7r —  Cofec-n-rrr 00 ; C o f e c ^ 7 r ~ l .

Ceterum patebit ex fequentibus formulis r valorem cujuslibet funftio-

nis trigonom etricae certi arcus per hujus finum aut cofinum perf^&e de­

terminari: quodfi vero  k denotet qu^mcunque terminum progrefflonis

numericae o ,  1 , 2 ,  3 ,  4 ,  5 ,  e tc . ;  erit femper

10. Sin 2 k t  = S i n  ( 2 k  - f  0  i r r = o .

1 r. Cofin 2 k 7r^= 1 ; C o f  (2 k - f  1) t- —  1.

Si reten to  r a d i o = i ,  dentur duo quicunque a r c u s ,  aut anguli 

a , b ; erit
12. Sin a2 -f* C ° f a 2c=r 1.

13. S i n a r = / " ( l — C o f a * ) = s - y  'T g------—• ♦
v  I - f  I a u g  a»)

, 4 . C o f  a = / d  -  Sin « » ) = ^  u  +  ;  ■

15. Sin v a " i  —  Cofin a.

16.  Cofin v a ~ i  —  Sin a»

_ ^in a __ Sin a r —  a2)
J7- a °  ‘ Coliu a (1 —  Sin az/  Colin a

_ Cofin n i
18- C ot a : =

C A  P U  T  I. 5

Sin a T a  g a

19. Sec a . ^ 0p]n a • ^ ( |  —  S in a 2)

20. Cofec  a;
Sin a /  1 Colin uz)

21. Sin (a-f-b) = : S i n  a C o f  b-f- C o f  a Sin b.

22. C o f  (a - f  b ) = ; C o f  a C o f  b —  ; in a Sin b.

^  r 1 ln T a n g  •» b
23. T a n g ( a  +  b ) ^  -----f -----T — L  .I — i ang a i an,> b
24. Sin (a —  b ^ ^ S i n  a C o f  b — C o f  a Sin b.

25. C o f  (a — b ) ^ = C o fa  C o f  b +  Sin a Sin b.

A  3 26. T an g



m r t.n —  Tar,g  a ~  b26. T a n g  (a — b ) ^  - -  r--------- — ------  . ■
”  1 + 1  ang a T a n g  b

27. Sin 2 a =  2 S in a C o f  a ~ 2  Sin a ^ ( 1  — Sin aa).

28- Cofm 2 a = C o f  a2 — Sin a2. ^ 2  C o f  a2 —  iv = z i  —  2 S i n a 2.
m 2 T a n g  a

29. T a n g  2 a n - ------ -  - - -
, x — T  .ng a

r f 1 —  Cofin a
30. Sin \  a =

C A  P U  T  L

0xZ

V
3 1 .  G o f | a ~

3 2 .T a n g ia s = ^ l-j;£

2
- fC o f in  a

—  Cofin a Sin a

Cofin a 1 + Cofm a

Sit h hyothenufa trianguli re& an g u li j  y vero fint ejus catheti, 
et a, c anguli oppofiti; erit

33- h ~ - ------- : = a C o f e c a .
bin a

34. a m h S i n  a ^ y T a n g  a.

Cofm a _
35. yz=zx — --------C o t  a.

bin a

Porro fint a ,  b ,  c  tria latera trianguli obliquanguli, et A ,  B ,  C,

anguli iis oppofiti: erit

36. a ( b 2 - f c 2— 2 b c  Cofin A).

rp „ __ b Sin A
37. T a n g B -  —

38. Cofm + c 2 ~ ^ ! -
2 bx;

S c h o l i o n  2.

Functiones hae (Schol. 1.) ad radium = 1  relatae vocantur natura­

les,  nimirum finus naturales, cofinus naturales, et fic porro: relatae vero 

ad quemcunque alium radium 1* appellantur artificiales. Funfriones natu­

ra les ,  quibus deinceps conftanter u tem ur, convertentur, ubi opus fuerit, 

inartif ic ia les ,  iisdem angulis,  arcubusque fimilibus debitas, atque ad 

quemcunque datum radium r relatas, fi illae multiplicentur per radium r. 

Sic  etiam quivis arcus r a d i o l i  defcriptus convertetur in arcum fimilem 

defcriptum radio r ,  fi is ducatur in radium r.

E .  gr.



E. gr. Sint a , b  duo a n g u li ,  et fun&io y ; = r x S i n r . 2 —  \ f ( i — x C o f b )  

com plettatur  finum naturalem anguli a , et cofinum naturalem 

a n g u l i  b :  quodfi jam fun&io y  determinari debeat per finum

artificialem anguli a , et cofinum artificialem anguli b , utrumque 

relatum ad datum radium r;  poni debebit Sin art a = r  Sin nat a ,  et

C o f  art b ~ r  C o f  nat b ,  hinc Sin nat a ^ = — — ———, et C o fn a .t b = ---------
r r

2 (T N
His enimvaloribus in y  fubftitutis obtin ebim usy ~  -----— l j r

ubi Sin a et Cofin b non amplius naturalem, fed artificialem, ad radiumr 

relatum, finum anguli a> et cofinum anguli b denotabit.

S c h o 1 i o n

Saepe f it ,  ut arcubus a n g u li ,  et viciflim angulis arcus in calculis ana- 

ly tic is  fubftituantur, quod duplici modo poteft praeftari.

1. Si angulo  re6to £=: 90° pro unitate aflum to, (p denotet arcum e 

centro alicujus anguli a radio —  1 inter ejus crura defcriptum ; erit
'l (P V

a  = ---- , et (p “ i  a 7r ( i .  Schol. 1. n.)
TV

2. Quodfi autem angulus y ,  pro quo arcus infer ejus crura radi» 

5 r i  defcriptus aequetur eidem radio, pro unitate tatjquam communi om ­

nium angulorum menfura fumatur; poterit poni a =  <p, denotante a quem- 

cunque angulum , et <p arcum inter ipfius crura radio defcriptum;

fecus erit uz=zyty, et (p — ♦
y

6. D e f i n i t i o .

Alia omnium /un&iomrm divifio^eft in integras et fra ffa s. TXt aliqua 

funttio  fit integra, requiritur, ut ea nulli fra&ioni aequetur, in cujus de- 

nominatore occurrant quantitates variabiles elevatae ad potentias expo­

nentium pofitivorum.

E. gr. Funftiones b x 2 ; ; — L -  — e x 2 funt integrae; contra
in X 2

fractae funttrones funt = r a x " " r ; -  - — ^

C A  P  V  T  I. 7

c —  x

7 .  D e .



7- D e f i n i t i o .

Funftiones dividantur porro in rationales et irrationales, prout illae 

nullam aut aliquam irrationalitatem, afficientem quantitates variabiles, 
complectuntur.

I  ̂ Z' ̂
E. gr. Fun&iones a x 2: =  ax y ; ~/  z funt ratio nales: fun ftion es

>/e —  x

vero --------V - ; x “ x  funt irrationales.
c —  x

'8. D e f i n i t i o .

Fu n & io  integra et rationalis ( 6 . 7 .  § )  erit prim i f vel fecundi, aut 

te r t i i , vel generatim m ti O rdin is , feu unius, duarum , triu m , m dimen- 

J io n u m ,  prout maxima fumma exponentium quantitatum variabilium in ali­

q u o  termino fuerit 1 ,  vel 2 , aut 3 ,  v e l  generatim numerus integer m.

E. gr. Funftio  a +  x —  y  duarum variabilium x ,  y  eft im i ordinis feu 

unius dimenfionis: funCtiones autem a +  b x  y ,  c - f d x 2, —  e y 2, funt 2 di 

ordinis feu duarum dimenfionum; ■et funftio a - f b x —  c x 2 +  e x y 2 eft 3 tii 

ordinis feu trium dimenfionum.

«9 . C o r o l l a r i u  m.

Funftio integra et rationalis unius variabilis x  eft i m i ,  2ctl, 3 t i i , 4 ti, 

m ti ordinis, fi exponens maximae poteftatis variabilis x  eft 1 ,  vel 2, aut 3, 

ve l  4 ,  aut generatim numerus integer m (8- §  ).

1 0,  D e f i n i t i o .

Fun& io fra6ta rationalis (6. 7. §.)  eft fraftio propria  feu genuina, aut 

impropria: prioris numerator eft inferioris ordinis quam denominator:

n u m e r a t o r  vero pofterioris ejusdem eft aut -altioris ordinis, quam deno­

minator (8- 9- §•)•

1 1 .  C o r o l l a r i u m .

Fra£lio impropria, fi ejus numerator dividatur per denominatorem, 

refolvetur in duas partes, quarum una erit frattio propria, altera vero aut 

quantitas conftans, aut fun&io integra, nifi fors numerator fit per denomi­

natorem divifibilis, quo cafu data funftio fra&a aut conftanti cuipiam quan­

titati, aut integrae fun&ioni aequabitur.

E-
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E. gr. £ 2 ! = ! *  '_ L  , fc
b  K v 2 .__  T ------- Ub x z — i b ~  b x 2 — i 

X* +  2 x 3 —  X 4 - I __ 1 4 x 4 - 1
=  x*4-5 4-

■~x4- r.

x 3 —  3 x  J x 3 — ’ 3 x

—  1
x — 1

12. D e f i n i t i o .
Numerus dimenfwnum in quovis termino datae fun&ionis eft fumma 

exponentium , quibus quantitates variabiles in eodem termino funt prae­

ditae. Hinc repetenda eft divifio funftionum  in homogeneas et heterogeneas. 

Funft io  integra vocatur homogenea, fi idem eft dimenfionutn numerus in 

quovis ejus term ino: fun&io autem frafta erit homogenea, li numerator 

et denominator fuerint funftiones hom ogen eae, ejusdem aut diverfi ordi­

nis (8- 9. §.)• . " . •* .
1 3 .  D e f i n i t i o .

Denique notetur adhuc divifio fun&ionum  in uniformes et multifor­

mes. F un ft io  uniformis appellatur, quae pro quovis determinato valore 
quantitatis variabilis unum tantum valorem obtinet: multiformis vero

funftio  vocatur» quae pro quolibet va lore variabilis plures obtinet va- 

lores.
1 4 .  D e f i n i t i o .

Si variabilis abfoluta x ,  ad quam funftio y  relata f it ,  crefcere c ogite­

tu r ,  debebit ipfa funftio y  mutari (nimirum crefcere vel decrefcere); 

omne increm entum , quod variabilis x  fupponitur capere, vocatur D iffe­

rentia variabilis x ,  cujus fignum eft A x :  quantitas v e ro ,  qua funftio y  

mutatur (crefcit  nimirum vel decrefcit) ,  dum v a t ^ i l i s  x augetur incre­

mento i i x ,  dicitur Differentia f u n & i o n i s y ,  q u f l S B i i l i  figno A y  dein­

ceps exprimetur.

1 5 .  C o r o l l a r i u m  1.

Differentia A x variabilis abfolutae x  poteft denotare quamvis partem 

variabilis x ,  ita e. gr. ut inter omnes polfibiles partes aliquotas £ x ,  f - x ,  

$ x ,  i x ,  etc. pullp fit,  cui A x  non poffit aequari ( 1 4  §•).

1 16. C o r o l l a r i u m  2.
Quantitas conftnns C (1. § .)  nullam recipit differentiam; quocirca 

debebit poni A C ^ o  ^14. §0*

Volumen I. B  17* C o -



17.  C o r o l l a r i u m  3.

Si y '  denotet valorem , quem fun&io y  relata ad variabilem abfolu- 

tam x ,  hac in x  +  A x  abeunte, obtineat; differentia ejusdem fun&ionis 

erit A y = y x— y ,  vel A y i = y — y*, protit nimirum fu n ft io  y ,  crefcent* 

variabili, pariter crefcic vel decrefcit (14  §.)•

ig. C o r o l l a r i u m 4.

Cum tamen fit y  —  y * : = —  ( y 1 —  y ) ,  femper licebit differentiam A y  

funftionis y  relatae ad variabilem abfolutam x  confiderare inftar incre­

m e n t i , quod ipfa cap it ,  dum variabilis x  augetur incremento A x ,  ita ut, 

f i ,  x abeunte in x-f~'Ax» y  ab«at in y*» fit A y z = y l — y ,  modo differen­

tia hac ratione determinata fumatur cum fignis contrariis ,  utprimum fun- 

ft io  y  ejuscemodi effe deprehenditur, ut i l la ,  crefcente variabili x ,  debeat 

decrefcere (17 .  § ) .
19. C o r o l l a r i u m 5.

Quaelibet funttio Q data per variabilem quamcunque cenfebitur va- 

lorem (p1 =  -{- A (p obtinere, fi variabilis abfoluta x ,  ad quam illa refer­

tur (4. § . ) ,  augeatur incremento A x  ( > 8 - §■)•

20. C o r o l l a r i u m 6.
E x  his elucet m e th o d u s  gen er  a/is quaerendi expre/fionem differentiae

A y  datae cujuscunque fun&ionis y  variabilis x ;  fi enim ubique in y  fup- 

ponatur x  abire in x +  A x ,  noteturque va lor  y * , quem fun ftio  y  hoc cafu 

induat, et ab eo fubtrahatur ipfa funftio y  ; erit refiduum aequale diffe­

rentiae A y  (18. § .}
E x e m pia* 

y t = a x ;  y T^ a ( x  +  i i x ) ;

A y = j ^ *  —  y  =  a x  +  a A x  —  a x = a A x -  

y l ~ a ( x -4- A x  *;

A y = y * — y : = 2 a x A x 4 - a A x *  

y t i r a x 3 ; y * £ =  a (x  - f  A x ?
A y  r r r y 1— y  —  3 a x *  A  x + ' 3 * x  A x *  +  a A x * .

2 1 , C o r o l l a r i u m .  7 .
Quidquid fit fun&io Z  variabilis abfolutae x ,  qumtitasque conftans C,

fi x abeat  in x - f - A x ;  abibi t  f u n f t r o  y  r r Z - f -  '7 i n y xs =  Z  +  A Z-f -  C ,  e t  
u ^ r r C Z  abibi t  rn C ( Z - f  A Z j ^ u *  ( 19 . e r i t  e r g o  A y ^ = A Z ,  e t
A u P = : C A Z  ( r f r  § . }

22. C o -
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2 2 .  C o r o l l a r i u m  8.

E t  fi P , Q , R , -------Z  fint quaecunque fu n & io n es  variabilis abfolu-

tae x ,  debebit funftio y r ^ P - j - Q  +  ^H“  ---- "4" Z  obtinere aliquem valo-
rem y x= : P  - f A  p_j. Q -f-A  Q-j- R +  A R --------- l-Z  +  A Z ,  fi x  augeatur in­

cremento A X  (19. § ,) :  confequenter .erit A y  £ = A P - f  A Q  - f  A RH-------------

+  A Z  (18. Sr).

2 3 .  C o r o l l a r i u m  9.

Duae fan& iones Z ,  X  relatae ad unam variabilem abfolutam x  ne­

queunt dici aequales, nifi aequatio Z ~ X  pro quolibet valore variabilis x  

fupponatur fubliltere: quodli e rg o  x  abeat in x - f  A x ,  quo cafu funftio- 

nes Z ,  X certos valores Z - j - A Z ,  X - f A  X  indueut (19-  § . ) ;  debebit eiTe 

etiam Z - f A Z  =  X 4* A X ,  h i n c A Z : = A X .

2 4 ,  T h e o r e m a .

S i certo conflet, quanta 7j et X  ej/e independentia a variabili z ,  fjjeque 

Z = X  +  a z a - f/3z b4- y z c+ d z ' 14- etc. pro certis quantitatibus, «,/3, y,

a ,  b ,  c ,  etc. pariter indepindentibus a z  , et quovis valore ipfius variabilis z ;  

erunt quanta Z ,  X  inter fe  aequ-Xlia, et a z a +  /3 z h 4- V z c +  <Jzd -j- etc. ; = o .

JD e m  0 n ft r a t i 0.

Clarum eft ,  fun& ionem  S s = : a z a +  /3z b4 - ,y^c - f  ^zd4' etc. fi ea non 

elt aequalis n ih ilo , diverfos valores ,poffe induere, pendentes a diverfis

valoribus quantitatis variabilis z ,  et quantitatibus «, /3, 7 , ------a, b, c, etc.^

cum igitur quantum X ,  utpote independens a variabili z ,  eundem perpetuo 

valorem retinere cenferi debeat, quomodoeunque mutetur variabilis z ;  pot­

erit quantum Z ^ X - f - S ,  fi non eft 8 ^ = 0 ,  diverfos valores obtinere a 

certis valoribus variabilis z  pendentes, quod pugnat cum aflamta h y p o -  

thefi. Eapropter debet efTe- S ~ o ,  et Z : ~ X .  *

2 5 .  C o r o l l a r i u m  I .

Impoffibile efi;, ut pro quantis Z ,  X ,  P ,  Q ,  R , —  -  L ,  M , N ,  etc. 

independentibus a variabili z ,  et quovis valore hujus variabilis fit Z - f P z  

+  Q z a +  R z 3- f  ete. ^ = X - f  l - z - f - M z 2 - f  N z 3 - f  e t c . , quin fit Z = : X ;  nimi­

rum Z z = X  +  ( L — P ) z - f  —  Q ) z a +  (N —  R ) z 3+ e t c .  (24. §.).

26. C o r o l l a r i u m  2.

Fun ttio  y  ^ = A - f - B z a 4 - C z b - l - D z c -|-etc., in qua coefficientes et ex. 

ponentes fint quantitates independentes a variabili z ,  non poterit effe

B 2 aequa-
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aequnlis nihilo pro quovis vagore variabilis z ,  quin fit eo ipfo A : n : o  et

B z a - f  C z b +  D z c - f  ete. =  o ^24.

2 7 .  C o r o l l a r i u m  3.

Si exponentes a ,  b ,  c ,  d , -------- p, q, r, s, etc. ordine crefcant, cer-

tumque fit» pro quovis valore variabilis z  tam funftionem y : = z A - 4- B z a

- f  C z b H-------------b P zp+  Q  z q +  R z r - f  S z s4- e tc .  quam aliquot primos coeffi-

cientes A ,  B ,  C , ---- -  P ,  feorfim fumros aequari nih ilo;  erit eo ipfo

etiam Q  z^-f- R z r - f  S z s - f  e fc. : = o  ,  hinc Q - f  R z r’~ (i 4- S z s'-<1 +  e t c . = . o ,  

et ideo etiam proxim e fequens coefficiens Q ^ o  (26. §.)•

2 g .  C o r o l l a r i u m  4.

Quoties ergo conftiterit,  certam funfrionem y A B  z * C  z b

- f  D z c - f E z d +  etc. pro quantitatibus A ,  B, C, D, E , -------- a, b, c, d, etc.

independentibus a variabili z ,  et quovi* valore ejusdem variabilis debere 

aequari nihilo; certum e r i t ,  fingulos coefficientes A ,  B ,  C?  D, etc. aequa­

les efle nihilo (26. 27. §.)-

29. C o r o l l a  r i u m  5.

- E t  fi binae functiones P - f Q z a +  R z b4 - S z c +  e t c . ,  p - f q z a 4 - r z b
- f  SZc-j-etc. pro quovis valore variabilis z  inter fe aequales fint; erunt  

etiam coefficientes poteftatum aequalium variabilis z  inter fe aequales: 

nimirum erit P — p - f ( Q — q) z a- f  (R —  r ) z b - f ( S  —  s ) z c +  etc. t = o ;  hinc 

P — p ~ o >  Q — q = : o ,  R — r —  o ,  S'— s = : o ,  etc. (28. § 0 ;  proinde 

P — p ,  Q = q ,  R =  r ,  S “  s , etc.

30* C o r o l l a r i u m  6.

His principiis innititur methodus quaerendi feriem formae A z a - f B z b 

+  C z c4-etc .  aequalet^ datae funCtioni y  variabilis z  formam ab illa diilin- 

Ctam habenti. Si enim interea indeterminati coefficientes A ,  B ,  C ,  etc. 

e t  determinati exponentes a ,  b, c ,  e tc . ,  quales nimirum funCtio transfor­

manda poftulare vifa fu e r it ,  fumantur, afinmtaque aequatio y ~ A z a - f B z b 

+  C z c -j-etc. in aliam U r = V  ita transformetur,  ut utrumque membrum 

com pleb atur  aliquam feriem illius form ae, tum aut coaequentur coefficien- 

tes potellatum aequalium variabilis z contentarum in funCtionibus U ,  V , 

(29» §,.)» a u t ,  translati- omnibus terminis ad unicum membrum, quo e. gr. 

f iur U —  V  = 0 ,  fipguli coefficientes in U — V  ponantur aequales nihilo 

( 28* §•)> obtinebuntur hac ratione diverfae aequationes inter coefficientes

inde.
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indeterminatos A, B ,  C, etc. e t  quantitates conftantes, a quibus pendet

funttio  y ,  unde quaeri poterunt valores eoi undem coefiicientium.

3 1 .  L e m m a .

Proprietas, quae tributa quantis A,  B, C, D , ---------P numero indeter­

minato n /unitis eo ipfo etiam uno pluribus quantis A,  B, C, D, -  -  -  P- Q» 

debet convenire, conveniet quantis A , B, C, D, —  -  -  P, Q, R , 'S ,  T .  » tc.

quovis numero fu m tis , ut primum ea aliquot, e. g r. duobus tribusve, quantis
convencrit.

D e m o n f t r a t i o .

Si enim certum eft, p rop rietatem , duobus tribusve quantis A ,  B, C ,  

reipfa com peten tem , ejusmodi e f le ,  u t ,  fi ea generarim numero n quantis

A ,  B , ------- P tribuatur, eo  ipfo etiam uno pluribus quantis A ,  B , ------- P* Q

tribui debeat; debebit utique i fla com petere etiam quatuor quantis A , B, C, 

D, et ideo etiam quinque quantis A ,  B ,  C ,  D, E,- hinc etiam fex quatitis 

A , B, C, D, E, F ; atque hac ratione licebit ex  quovis quantorum numero 

ad numerum ipforum unitate majorem concludere,  quin fit poiiioile ad ta­
lem quantorum numerum n pervenire, ultra quem illam proprietatem non 

liceat extendere.

32. T h e o r e m a .

S i  a, b, c, d, etc. fin t corjficientes independentes a variabili z ,  fitque r 

quiscunque numerus integer pofitivus; pojfibiles debebunt ejp alti co>jfi:i?ntes 

et, j3, y, <f, etc. independentes a variabili z ,  pro quibus fieret (_a-f b z  +  c z 1

+  d z 3 +  etc.) ar - f  r a ~ 1 b z  +  « z 2 +  /3 z 3 -4- 7 z 4 4* etc.

D e m o n f? r a t i o.
1. Si M, N, O , ------p, q ,r ,e t c .  lint quanta indepetfdentia a variabili z ;

pofiibiles er u n t ,  prout id evidenter ex  natura multiplicationis elu' et, coef- 

ficientes u, /3 , y ,  e tc . ,  pariter iridependentes a variabili z ,  pro quibus 
fieret

(M 4- N z  4- O z 2 4- etc.) (p 4- q z  4- r z 24- etc.) =

■ p 4-(M q 4- ‘\T p) z 4- ‘* z 24- /3z 34- 7 z 4 4- e tc*

2. Q u a re ,  fumta funftione Z : = a  4 - b z 4 - c z -  4-d z 34- e t c . , exta^unt

certi coefficientes oc, , y ,  ere independentes a z ,  pro quibu* tieret

Z 2; =  Z Z  m : a* 4* 2 a b z  -j-x z 2 4"/3z 3 4- y z 4 4" e tc. ob (1).

B 3 3- E t
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3. E t  fi pro quocunque indeterminato numero n ,  'l iteris k ,  1 ,  m ,  etc. 

quantitates indenendentes a variabili z  denotantibus, ponatur Z ” t =  a" 

+  n a ll" , b z +  k z 2+  l z 3 - f  m z 4 +  e tc .;  poffibiles debebunt effe alii coeffi­

cientes x ,  P ,  T * etc. independentes a variabili z ,  pro quibus fieret 

Z,"+I r= Z " .Z ^ = :a ll + I - f  i ) a n b z - f  a z 2- f /3z 3 +  y z 4 -f- e t c . ,  ob (1 .) .
Hinc vero (2) (3} et  (31. § .)  evidenter fequitur, quod demonftrari 

debebat.

3 3 .  C o r o l l a r i u m  1*

Differentia cujustibet funttionis u ; =  A  4- B v 4- C v2 4- D v 3 4- E v 4 4- etc. 

variabilis v erit A y = = A  +  B ( v  +  Av)-f-C(v-f-A v)2- + -D (v + A v )3-K K (v + A v }*  

etc. — u (20. § . )  =(13  +  2 C v - f  3 Dv- +  4 E v 3 -J-etc.) A v-J-a A v24-/3 A v3 

4 - 7  A v4 +  etc. ,  pro quibusdam coeiFicientibus x, /3, y, etc. independentibus 

a differentia A  v (32. § .) .

34. C o r o l l a r i u m  2*
Datis quoque binis funttionibus <p =  K  +  Lw +  M « 2 4- Na/3 4- etc. 

co =  p e  +  q e 2-4- r  e3- f  s e 4 - f  e t c . , poffibiles erunt coefficientes x, /3, y, etc. 

independentes a quantitate e } pro quibus fieret (f u r K + L p e - f  « e 24-/3e3 

+  7 e 4 +  etc. (32. §.).

3 5 .  P r o b l e m a .

Invenire feriern aequalem loganthmo funttionis u ^ =  i - f z  pertinenti ad 

fyjlem a indeterminatum.

S o l u t i o .

1. Sint A, B, C, D, etc. coeffic ien tes, pro  quibus et quovis valore va- 

riabiiis z  debeat fieri.

lo g  u =  A z - f B , z 2 +  C z 34- D z 4 ------------ 1- P z r +  Q z r+I.

2. E xtare  debeount coefficientes x, /3, y, S, etc. independentes a diffe­

rentia A z  variabilis z ,  pro quibus fieret (33. § .)

A  log n (A  - f  2 B z  +  3CZ2 4- 4 D z 3 H----------\ - r ? z r~ x +  ( r - f  1) Q z r)  A z

4- x A  z 2 4“ /3,A  z 3 +  y A z 4 +   ̂A z 5 4" etc.

3. Eft autem A lo g  u =  l o g  u1 —  log u (20. § . )  :rr lo g  ( 1 4 - z  4- A z )

—  lo g C i  4- z )  C19..S.) =  l o g ( j  +  : ob (1 .)  deberet e rg o  effe

etiam

J4 c  A  P U  T  I.

A A z  B A z 2 , C A z 3 , D A z 4 ,
A l o g  u 4. — — i— ^ 4 -,— ; i  +  etc.

1 4 - z 1 ^ ^ ^ '  (1 +  z j 3 (1 +  ^

4. Quam-
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4. Quamobrem habebimus aequales feries in (2) ( 3 ) ,  quae, etiam di- 

vifee per A z  debebunt efle inter fe aequales, pro quovis  pofiibili valore 

differentiae A z ,  quod eft impollibile, quin per (25. § .)  fit

A + 2  B z  +  3 C z * - f  4 D z ’  _j_--------r P z r “ x- f  ( r + i ^ Q  z r s =  •

igitur per (28- § .)

2 B +  A —  o
3 C +  2 B = o  

4 D  +  3 C — 0
I L
I. L
I I

B — — | A .  

C +  | A »  
D — — -*A. 
r »
1 1
1 1

Q = - - P .
r + i

(r  +  i ) Q + r P = t o  

A d eoqu e feries in (1)  quaefita erit 

lu  +  l ( l + z )  =  A ( z - ' l z » + J . z » - i z * + ----------+

3 6 .  C o r o l l a r i u m  1 .

Series in (35. §0  inventa femper fubfiftet, quemcunque valorem ha- 

beat z „  po/ifivum aut n e g a tiv u m ; pro — z  loco 3 erit e r g o
y2n V 2n + I \

l ( l—z) =  — A(z + *z?+ iz3 + *z4 + ).
2 0 2 u + i y

3 7 .  C o r o l l a r i u m  2 . ,

E t  quia eft l ( i  +  z )  —  1 C* —  z ) = 1 C i ^ z ) ’ obtinebimus ex  (3 5 .

3.6. § .)  fequentem feriem;

l ( L ± f ) = 2 A r z  +  5i + 5L + £ + - . . + ^ \ .
\»i— z /  v  3 5 7 2 n - f

38 . C o r o l l a r i u m  3. j ^
Si b denotet bafin fyftematis- logarithmici., p o n a tu r q u e------   —  b j.

1 z
b — i /\  -4-7^,

erit z ^ :  ------ et ' (  -  ) = : l b —  1 :  pro. his valoribus obtinebitur ex
b -f- I \x— 2. J  r

(37* §■) fequens aequa.cio :
A _ _ _______________ _______ l _____________________  

, — 1 ( b —  i ) 3 ( b — i ) 5 , (l° —  1 7 1 S

V> + 1 +  3 (fi +  5 (b + 1  /  7 t b+  'J 7 CtC J
39. Pro.
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3 9 .  P r o b l e m a *

Invenire fericw , quae numerum z  dato iogarithmo y  in quocunque fy -  

Jlemate refpondentem exprimat.

S o l u t i o .

1.  Pro quovis Iogarithmo y  et certis coefficientibus a ,  b , c ,  d ,  etc- 

independentibus ab y  fit

z : = i 4 - a y - f b y 2- f c y 3- i - dy 4 -i---------- +  p y r 4 - q y r+I.

2. Erit differentia numeri z  confiderati inftar unius fun&ionis logarith- 

mi variabilis y  per ( 3 3 . $ . ) :

A z “ (a +  '2 b y  +  3 c y - - f 4 d y 3 -̂----------- \- r P y r~ z +  ( r +  1) q y r)  A y

4-a A y 2+/3 A y 3-f-yA y4-}-*? A y y-f- etc.
3. Cum autem fit in (2) A y — y 1 —  y  —  l z 1—  l z i = l ( z  +  A z ) —  l z

1 r 1+ ^ erit per so
A y :

A A z  A A z 2 . A  A 7 ?  A  A z 4
+  etc.

z  2 z 2 3 z 3 . 4 z 4

4. Quamobrem debebunt dari certi coefficientes k ,  J, m ,  etc. inde- 

pendentes a differentia A z ,  pro quibus et quovis valore ejusdem diffe­

rentiae per (34- §0  i» ( 2) ( 3) fieret

A zA  z  ( a - f -  2  b  y  - h  3  c  y "  ~f~ 4 ^ } 3 ~i--------------- f- (** +  * ) q y r)  — •

-f- k A z 2 - f  1A z 3 +  m A z 4 - f  n A z 5 etc. 

et ideo etiam

A a  +  2 A b y +  3 A c y 2 +  4 A d y 3 + ------ h ( r +  O A q y r
- f  k z - A z  +  l z  A z 24 - m z A z 3 +  e tc ,;

quod eft impoITibile, quin fit  (24. §.)

z = :  A a - f  2 A b y  +  3 A c y 2+ 4 A d y 3 ^----------- \- ( r - f i ) A q y r.

Ob ( i )  per (29. § . )  fiet ergo
1

a;A  a =  1

2 A b ~  a

3 A c r= b

4Adrr.c

( r + l ) A  q p

1. A  
1

1 . 2 A 2
_ 1

1 . 2 . 3  A 3

d t = - ------- 1----------
1 I . 2 . 3  4 A 4 
1 1> 1

1 !
Et
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E t  pro iftis valoribus in ( i )  fubftitutis obtinebimus fequentem fe- 

riem pro numero z ;

.— . t i _ i l  4 - y 3 « _____. ________x l ___
A  2 A j 2 . 3 . A 3 2 . 3 . 4 . . .  r A r>

z

nimirum

z - i + l f + ( L g .  i i ^ L + J l f L 4— L . . . +  -  ^ r—
A  2 A J 2 . 3  A 3 2 . 3 . 4  A 4 2 . 3 . 4 . . .  r A r

4 0 .  C o r o l l a r i u m .

Si Z = b  fit bafis fyftem atis , ad quod logarithmus y t = ; l z  pertineat;

erit y = r l z “ l b ^ = i :  igitur in (39 §.)

. ^ 1 7 , r " , T i V - . ,  1 r
b =  i-!--ir +  — n +

A  2 A 2 2.  3 A 3 2 . 3 . . . .  r A 1

* . " '
41. D e f i n i  t i  0.

In quolibet fyftemate logarithmico datur, praeter ejus bafim b , 

alter per ipfam determinatus numerus A  ( 3 8  § • ) ,  per quem feries 

S =  z  — -£z24 - t z3 —  J z 4 +  etc. multiplicata generat produ&um  aequale 
logarithmo funfclionis i  +  z  (35. S-'): numerum hunc vocant Modulum  

fy ftem a tis ,  quo dato dabitur eo ipfo etiam ejus bafis (40. §.). Logarith- 

mi naturales appellantur, quorum fyftema habet modulum unitati aequa­

lem : omnes alii iogarithmi ad quemcunque alium modulum, unitate tna- 

jorem  vel minorem, relati vocantur artificiales, inter quos praecipui 

funt Iogarithmi vulgares, relati ad bafim = :  10.

4 2 .  C o r o l l a r i u m  1 .

Denotante b ~ e  bafin logarithmorum naturalium, e r i t ,  ob modulum 

A — l (41. §•), per (40. %.)

e —  2 +  i - f —  ------  +  etc. =
2 . 3  2 . 3 . 4  2 . 3 . 4 . 5  ^

—  2,71828 182 etc.

4 3 .  C o r o l l a r i u m  2.

P ro bafi b ^ i o  logarithmorum vulgarium ( 4 i . § . )  reperietur illorum 

modulus A  per (38- § 0 » et fra&io —  , quae feorlim notari m eretu r;  erit 

e n im :

Volumen L C  < A



A ~  ^CF+r b +r S +
: = o ,  434294481903 etc, 

i - =  2, 302585092994 etc.

44. C o r o l l a r i u m 3.'

Si logarithmi l ( i - f z ) ,  L ( j - f z )  unius numeri i  +  z  ad duo diverfa 

fy  ftemata pertineant, quorum moduli fint m ,  M ;  erit l ( i - f z ) t = m S ,  

L  1 + z ) i = M S  ( 4 1 .  § . ) ;  hinc l ( i  +  z )  : L (1  4 - z )  ^  m ** M J logarithmi 
cujusvis numeri pertinentes ad duo diverfa fyftemata funt ergo  inter fe in 

ratione direCta modulorum eorundem fyftematum.

45. C o r o l l a r i u m  4.

A d e o q u e , fi A  denotet modulum logarithmorum v a lg a r iu m , ob m o­

dulum r r  1 logarithmorum naturalium (41. § . ) ,  erit 1 : A l =  lo g  nat u :  

lo g  v u lg  u pro quovis numero u (44. § . ) : igitur fiet l v u l g u  =  A  l nat  u,

et  1 nat u 1 vu lg  Q u a re ,  cognitis logarithmis naturalibus certo-
\ A

rum num erorum , reperientur" logarithmi v u l g a r e s  eorundem numerorum, 
li priores multiplicentur per modulum A logarithmorum vulgarium ( 43-S )» 

logarithmi autem vulgares quorumlibet numerorum dufti  iti fractionem

~jj£~ (43- §•) dabunt logarithmos naturales eorundem numerorum.

46 . C o r o l l a r i u m  5«

i - f  z  m 4 m 2 .. 1
Si fiat -— -  =  —  ----- —  ------  ----- r---------- ; erit z  =  -----  -----— , et

1— z  m — 1 ^m +  i j ( m — 1 )  2 m 2— 1 9
1 ( f r £ )  = 1 G ^ + 0 ( m - 0  =  a I » -  ( I O B + 1 ) + 1  ( » - 1 » : qnodfl

jam hi valores fubftituantur in (37. §.)« obtinebitur fequens admodum con­

vergens feries, pro logarithm is, quorum modulus eft A  (4 1 .  § . )

lm ^ =  J ( l ( m - f  l ) - f l ( m —  i)J

^  A G m 2—* 1 ^“3 (2 in3— (2 — i)* | 7(2m2— 0'r̂ ” etC’ ) •

i8 C  A  P U T  I.

47. Co-
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4 7 ,  C o r o l l a r i u m  6 .

Q u am o b rem , polito modulo fyftematis A t = i  (41. §•)> converfisque 

frattionibus \ , y ,  i ,  ^  » TTf’ etc. in decimales derivabitur e x  (46. 

fequens formula pro Iogarithmis naturalibus.

lo g  nat m ~  \ ( l n a t ( m +  i ) 4 * l n a t ( m — I))

, I . o o co o oooooo o
* 2 m2— I

I o- 33333333333?
* (2 m2 — i ) 3

f O 200000000000
» (2 m 2 —  i j s

, o  1428571428 57
' (2  m2— i ) 7

+ Q.  I l i l i l l l i i i l

( 2 m * — 1 j 9 

. O .  090909090909 
' ( 2 m 4— i ) 11

. o. 076923076923 
‘ ( 2 m z — 1 )13

etc. et c.

4 8 . C o r o l l a r i u m  7 .

Similem formulam pro iogarithm o vulgari numeri m ex (46.

A  A A  A
»cies, f i ,  fumto modulo A p e r  (43. § . ) ,  frattiones

A  A  3  ̂ 1 *
— , — t etc. in pure decimales convertas: erit enim 
11 1 13

1 v u l g m  =  i  (I vu lg (m  4- n  + 1  v u lg (m  — ■ 1))

1 . 0' 434294481903 
' 2 m2— i

. o. 144764827301
' ( 2 m : —  1 ) 3

o. 086858896380
- (2 m2— i ) 5

) ^062042068843
T  (2 m2 •—  1 p

C  2 +



, o  04825494^433 

' 2 m1 — I , 9

. o. 039481316536 
‘ (2 m 2 ♦—  1 ) 11

. o. o 334Q726-’818

ao C A P U T 1.

* (2 m2 —  1 ) 13

- j -  etc. etc.

S  c h  0 1 i 0 n.

Infignis eft ufus harum formularum in condendis tabulis Iogarithmi-

c i s ,  et corrigendis ampliandisque jam  conditis. Si enim pro quocunque

fyftemate quaerendi forent logarithmi num erorum  naturalium 2, 3 ,4 ,5 ,  6 7 ,

et fic p orro, ante omnia deberet determinari modulus A  fyftem atis, aut

independenter ab ejus bafi, aut per hanc datam (38. § .)-  C ogn ito  autem
1 -j* z

modulo A ,  inven ietur,  pofito ------ —  2 ,  hinc logarithmus binarii
x 1' *1 1 Zr " C;

2 per (37. § ) :  invento hoc logarithm o, logarithmi omnium aliorum nu­

merorum per (46. § .)  commodiiTime determinabuntur: fufficiet autem 

omni cafu folos logarithmos numerorum primorum m 3, tn “  5, m ^ = 7 ,
m = H ,  m ^ = I 3 ,  et ita p orro , per (46. § .)  quaerere,  cum logarithmi 
numerorum compofitorum 4, 6, 8» 9> fola additione logarith-

inorum illorum fa&oribus debitorum poffint determinari.

 ̂ . 4 9 .  P r o b l e m a .

Invenire feriem aequalem datae cuicunque quantitati exponentiali uv.

S o l u t i o .

S i t z ~ u v ; e r i t l z ^ = v l u :  fumtis ergo logarithmis naturalibus obti­

nebimus per (39. § .)  ob A : = : i  (41 .  § .)  fequentem feriem

. , , ( v l u ) 2 . ( v l u ) 3 , ( v l u ) *  ,
V ' —  i + v l u 4 - - ------ — 1“  -----  — r  — h  etc.' 2 ' 2 . 3  ' 2 . 3 . 4 '

50.  C o r o l l a r i u m .

Pro bafi u : = e  logarithmorum naturalium erit  l u ^ = I e ^ i j  adeo-

qne in (49. § .) .

+  v +  -------t ------ 1- etc.
^  2 ' 2 .  3 ^ 2 .  3.  4 ^  2 . 3 . 4 5 '

51. Pro-



5 1 .  P r o b i  e m  a.

Invenire feriem aequalem potentiae. ( l 4- x } m: = y  p m  quovis exponen- 

te m , rationali et irrationali-

S o l u t i o . .

r. Si m eflet numerus integer pofitivus, feries aequalis fun&ioni y  

haberet formam i 4 - m x 4 - < * x 24-/3x34- etc. (32. § ) i  ponamus idcirco dari 

coefficientes A ,  B, C ,  etc* pro quibus et  qu ovis  vaiore variabilis x ,  q uo­

libet quoque alio exponente m fieri deberet.
y ^ i - f m x  +  A x 2 +  B x ’  4-----------l - Q x r 4 - R x r + *.

2. Differentia hujus fun&ionis debebit effe ju x ta  (33. §•) pro quibus­

dam coefficientibus K , L ,  M, etc. independentibus a differentia A x.

•A y  (m 4- 2 A  x  4- 3 B x 2 H--------- f r Q x r _ I - f  ( r - f  i ) R x r) A x

■f K A x 34 - L A x 3 +  M A x 4 +  e tc .

3*'In (2 )  ob ( 1 )  erat A y  =  y r —  y  pro y ^ ( i 4 x ) m, y T; = : ( i + x  

4- A x ) nV Eft autem pro quovis poffibili exponente m

y 1 __ ( i 4 - x + A x ) m____ f  r , A  x .
y  __ ( i - f x ) m v  ' i + x /

ob C1) debet ergo  effe etiam 

y x , m A x . A  A xz , B A X3 ,

T  T T H h T + ( T M ? + C I + ^ +  etc' ;

e t  eo ipfo 

m y  » A y  A  x2 , B y A x J ,

A y = t + t  A x + o + 5 ? + cf+ i7«  +  etc-
4. Quare debebunt effe feries pro A  y  in (2)  (3)  p ro  quovis vaiore

differentiae A x  inter fe aequales, etiam fi illae per A x  dividantur, quod

eft impofiibile, quin per (25. § .)  fit

“ > +  2 A x - f  3 B x 2 -1--------- l - r Q x r’“ I 4- ( r +  i ) R x r = - ^ -  •
I +  x

Hinc demum et ex  ( 1 )  obtinebimus

2 A  \  4* 3 B \  + 4 C N + -------- 4 - C r + O f e * )

+  m % x -f- 2 A \  xa 4.  3 B \ x3 4- -------------  +  r Q x  x r —  O.

—  m V  — m A s  — m 4- --------------------------------- ----  m Q >

C  3 Unde

C A  P U T  L 21



3 2 C A  P U T  1.

2 A + in— m2:=o 

3 B + 2 A —  m A r o  

4 C +  3R —  m B p ro

Unde per (28 §.) fiet
__m m —  1)

( r +  l ) R  +  r Q — m Q ~ o

1 . 2

__m ( m —  i ) ( m  —  2)

p  m ( m —  1) f m —  2)  (m —  3)

R = Q .

2 
1
1
1tn — r 

~7+ ~ T '

5. Valores hi in ( 1 )  fubftituti dabunt fequentem fer ietn , in qua ter­

minus ultimus eft indeterminatus, ita ut ex  illo finguli termini poft pri­

mum = 2 1  ordine feqaentes poflint derivari,  fi fuccetfive fiat r ; = x ,  r s = 2 ,  

r := 3 >  et fic porro.

( . = » + T  x + g ^ i ) , . 4 . “ / “ - ; ) ^ - ? ? , ,

, I m ( m — i ) ( m — 2 ) - - - ( m  — r + i )  ,
■+■ -  -  -  -  H-------------- ------------------------ ■------ — x. * 1T  1 1 . 2  3 ___  

5 .3 . C o r o l l a r i u m  J ,

Cum fit ( a + b ) m~ ( i  +  x ) m. am pro x : = ~  ; prodibit pro his valo-
a

ribus e x  (51 .  § .)  fequens formula exhibens potentiam indeterminatam cu- 

juslibet binomii a + b .

(a  +  b)m ^  am ~  am ” 1 b - j - nm -  a k»

+  m ( m-  
i  . :

1 . 2
0 ( m  — 2) a" 3b 3 +

+
m(m — l) ( m  — 2) - - -  (m — r + i ) ------

1 . 2 . 3 -----------------------

53. C o r o l l a r i u m 2.

. b\

F iat  x ^ = Q = ~  et m =  —  in (5 1 .  § 0 ; reperietur inde fequens
•U v

formula, -cujus ope nonnihil commodius poterit determinari potentia e x ­

ponentis frafti  dati binomii a +  b* literis  A f B, C, D , e t c , ,  ut per fe

clarum
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clarum eft ,  fingulos terminos fer ie i ,  primum, fecu n du m , te rtiu m , quar­

tum, e t c . ,  defign antibus.

( . + l ) T = v/ + l A Q +  ! £ i B Q + E = ± * C Q +  etc.

A  >— '
B  C  D

54. C o r o l l a r i u m 3.
Unum  exemplum notatu dignum fuppeditat fun ftio  / ( a x m +  b x n)

i  b xn b x n — m
s = C a x m +  b xn)  : fi ponas Q  = = - — = = — — , u s = i ,  v = ; 2  in ( 5 3 .§ ;) ,

d X »

invenies fequentem fe r ie m : '
an — m 4n— 3 m

"  „  m , wX i  ?  1 b x  2* I . b * x  2
/ ( a x m+ b x n)  s = a  x  -|---------- 7 — — ----------- | ---------

2a2, 2 . 4a*
6 n —> ? m 8 n — 7 m

. 1 . 3 .  b? x  2 1 .  3 . 5 b4. x 2
I “  JL Z  +  ~ -  -  -  -

2 . 4 . 6 .  a a 2 . 4 . 6 - 8 •*
arn — (2r — 1) tn 

1 . 3 . 5 - - - -  ( 3 r — 3 ) b r.x  3
+ a r —  1

2 . 4 . 6  -  -   -------------     2 r a a

55. Cor ol l a r i um 4.

A liud aeque memorabile exem plum  praebet fun & io
yf(jX Xm - f  b X n )

”  ± . b xn ^ m
t=Caxm+ b x n) . Si ponas Q = -, u s= — 1 , vE=:2j obtinebis

d
e x  (53. § .)  fequentem feriem. ^

_____1________  I I .b _____ v  ____ 1 .  3 . b3_____ _
yf Caxm-f  bx11;  £ _m 1  3 m —  2 n I |  fm ^ 4 n

a . x  * 2 a . x  a 2 . 4 a  .  x  2

------------L ± S » ........... , .......................................................  £ 7 ni —  6 n I
2 . 4  6 a . x  a 

+  I - 3 - S  ------------- (2r  —  1)  br
: r t i  ( i r t i Vu  — a r n

2.4.6 —  - - 2ra a .x 3 ,
56. Pro-



56.  P  r o b 1 e m a.

AJJumta ferie  Sin — < P 4 * b ( p ' 4 _c ( p 3 4-d<£l44 ' - ‘- - 4 - p < f a n 4 ‘ (l $ ' 2n + I j' 
invenite feriem pro Cof in <£.

' S o l u t i o .

j .  Si arcus variabilis (p crefcat differentia A  (p; erit p e r  (5. §.

1. Schol.)
Sin ((P +  A <P) =  Sin (f> CofA(J> 4 - C o f  Sin A<p,

Cof((?>4“ A (p) n r C o f  (p C o f A  (p — Sin <Jp Sin A (p.

2. Cum jam per liypothefin pro quovis arcu debeat efle Sin <p : =  (p

-f  b(p2-f c<£3 +  d $ 4H--------- h p <p2 n 4-q <P2n + *:

3. Erit etiam Sin A < p = r ,A ip - fb  A($>24- c A  <p34- d  A $ 4 4- -  -  -  -  

-fqA*?2 n + s.
-

4. Porro eft C o f  A < p t = ( i —  SinA^P2) , unde evidenter elucet,

C o f  A<P aequari certae feriei ,  cujus terminus primus eft unitas, reliqui

vero  termini poft primum ordine fequentes aequales funt produftis ex

Sin A $ 2 . Sin A <p4 , Sin A(p6, etc. in quospiam coefficientes independentes

a Sin A<P2 (52. §0  : °b  ( 3) Per ( 34- §•) debebunt ergo  dari aliqui c oef­
ficientes k, I, m, etc. independentes a A <p, pro quibus fieret

C o f  A i p ^ i - f k A ^ - H A ^  +  m A cp 4 "  ̂ e tc*

5. Differentia A  Sin <£:=:Sin (<£ +  A<p) —  Sin<p debebit effe ob (2) per

( 33* §•)

A  Sin 4" 2b(P +  3c $ * 4~4d ^  - j-- - -4 -2 n p < p 2n‘“ I 4“ (2n4-i)q(£>Zn) Aty 
- f  «A<p2 +  /3 A(p3 - f y A ( p 4 +  ^ A (p 5- f  etc.

6. Si autem fin (<P4-A<P) determinetur per ( i )  (4) ( 3 ) ,  tum fubtra- 

hatur Sin ; obtinebitur pro differentia

ASin<p~Cof<?> . A C p +  (kSin<P +  bCof<p) A (p 2 +  ( lS in  (p +  c C o f ^ )  A 0 *

4- (m Sin (p +  d C o f  <£) A  (p4 4* etc*

7. Q u a re ,  cum feries (5) (6) inter fe aequari debeant, divifaeque 

etiam per A  (p femper fint futurae aequales, quidquid fit differentia A (p; 

dabunt illae per (25. §.)♦

Cof 1 4- 2 b <p 4- 3« Qf' +  4 d (p3 4---------h 2 n p <p211- 14- (2 n 4 -1) q <PZn•

24 C A  P U T  I.

57. Cor-



57. C o r o l l a r i u m  I.

E x  liac porro ferie aliam pro Siti (p fimili modo licebit elicere. S i  

enim <p crefcat differentia A<p, crefcet C o f  <p differentia A  C o f ^ = :  Cof(<p 

+ .A (p )  —  Cof(p (18. 20. § . ) ,  quae ob (56. § ..7 . n) per (33, § .)  erit

1. A C o f  <p =  (2b + 2 .3 c < p  +  3 .4 d ( p 2-J--------------h ( 2 n — -1)  2 n  p ^ 2,11- *

- f 2 n ( 2 n - f i ) q < p z 11 ~ x-\-etc.) A(p+aA<p2-f/3A<p3-f  yA<p4-f  etc.

E t  fi C o f  ((?> +  A <£) per (56. §. n. 1 . 4 . 3 . )  determinetur; e r it ,  fub- 
trafto indidem C o f  <p.

2. ACof<p=— Sin <p.A(p +  (k Cof<p — bSin<p)A<p54-(lCof<p —cSin<p)A<p*
-f- (m Cof<P —  dSin<p) A<£4 -f- etc.

A d e o q u e ,  quia feries ( 1 )  ( 2 ) ,  etiam per A(p d ivifae, pro quavis pof- 

fibili differentia A(p inter fe aequari debent, erit per (25. § .)  fa&or dif­

ferentiae A (p in ( 1 )  aequalis faftori — Sin(f> ejusdem differentiae in (2),

proinde Sin <p=;—  2 b —  2 . 3  c<p—  3 *4d<P*--------------- ( 2 n —  1) 2 n p( pa n “ z

—  2 n (2 n  +  i)q<p2n~ x—  etc.
58.  C o r o l l a r i u m  1 .

In feriebus aequalibus finum ejusdem arcus Cp exprimentibus (56. 57. §.)  

deberet ergo  effe — 2b =  o ,  et  — ( 2 n - f i ) ( 2 n - t - 2 ) r = : p ,  denotante r 

coefficientem potentiae (p 211 + 2 in ferie pro Sin(p (56. § .)  per (29. § . ) :  ig i­

tur effet b =  o ,  et r =  —  p : ( 2  n - f 0 ( 2 n  +  2 ) ,  unde neceffario fequitur, 
coefficientem b potentiae (p2 in ferie pro Sin cp (56. §.)  aequari nihiio, et 

coefficientem r cujuslibet potentiae <pzn + 2 exponentis paris in eadem ferie 

aequari debere n ih ilo ,  fi coefficiens p potentiae <P2n proxim e inferioris 

exponentisque paris eft aequalis nihilo. Series ergo in (56. § .)  affumta 

non poteft fubfiftere, nili coefficientes omnium potentiarum <p2, <p4? (p6f 

(p8, et lic porro aequentur nihilo.

59. P r o b l e m a .

Invenire feries aequales finui et cofmui dati cujuscunque arcus

S o l u t i o .

Sumtis interea indeterminatis coefficientibus C ,  E ,  —  -  Q ,  S ,  etc. 

ponatur per (56. 58- 57* §  ).

1. Sin <p:=<p + C 4>3 +  E<p*-f-------------------------- f  Q <P" + I +  S(?>2n + 5.
2. C o f  (p = r  1 +  3 C  (p- - f  5 E $4 ------ +  ( 2 n + i )  Q<?>2 n - f  (2n +3)S(p2 n + 2.

3. S in<p=—  2.3CCp-------------2n(2n4-i)Q<P2u'"1— (2n + 2) (2 n + 3 )  S(p*n+I.

Volumen I. D  la
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In fertebus ( i )  (3) inter fe aequalibus erit per (29. § . ) — 2 . 3 0 = 1 ,  

et generatim —  (2  n +  2) (2 n -f 3) S =  Q : igitur

-  1 ; et S—  - Q

aG , C A V U T I .

2 . 3  ( 2 n  +  2; ( 2 n - f - 3 )

H inc facile determinantur valores fingulorura cocfficientlum 'pro ferie

( i ) ,  et eo ipfo etiam pro altera ferie ( 2 ) :  pro iis idcirco debebit effe

0 3 . <PS <J>7 1 6>2 " + x
Sin <P ^  (D — -------- U ---------- ——  -----------—I—_ _ _ 1 ---------- --------------  — .

1.2.3 r  1.2.3.4.5 1 . 2 . . . 7  ' H L i . 2 . 3  , . . ( 2 n + i )

C o f — x — — — 1— — _______ 4 .  __________________£■'-_______
1 . 2  1 1 2 . 3 . 4  I . 2 . . . 0  * _T1  1 . 2 . 3  . . . 2 n

60.  P r  o  b l e m a .

Dato finu arcus Q invenire feriem  aequalem ipfi arcui <P*

S o l u t i o .
x

r. Sit Sin z ;  erit C o f  — z 2) * :  per (52. § .)  reperietur e r g o

fequens feries.

—  1 1 1 • z 2 1 1 . 3 ^ 1________. 1 . 3 . 5 ------ Car— Q z * ^
1 2 1 2 . 4 "1 “ > 2 . 4 . 6  -  -  ---------- 2 r

2. Ponamus ja m ,  debere fieri $  z  - f  A z 2 + B z 3 +  C z 4+ D  z s4* E z 5

-f------------------- 1- P z 2r” * +  Q z 2r +  R z 2r + I +  S z 2r + 1 4 - etc.

3* H in c ,  fi Sin crefcat differentia A z ,  debebit arcus crefce-

re differentia (33» § .)  s=r

s=:Avp —  ( r + 2  A z -J“ 3Bz 1-|-4Cz 3 4*5Dz 4-}-6 E z s-|-------- 1- (2 r— i )P z 2r-2

- f  2r Q z 2 r ' " I +  ( 2 r 4 - i ) R z 2r +  ( 2 i - f  2 ) S z ar + I +  etc.)  A z  +  « A z 2- f/3A z 3 
- f  y A  z 4 +  etc.

4. Sed eft ,  ob z ^ r S i n ^ ,  A z “ S i n ( ^ - f  A(f>) —  Sin<pt=Sin(pCofA(P

+  Cof<p Sin A (p— Sin(p> (5. §. 1. Schol.) :  quodfi ergo  C o f  Ac p,  Sin A $

exprimas per feries juxta  (59. § . ) ,  in ven ies,  pro certis coefficientibus 

k ,  1, m ,  etc. debere efie

A z “ C o f c p . A ( ? + k  Acp2 - f  IA<£>J - f  mA(?>4 - f  etc.

5- Quamobrem in (3) (4) habebimus pro quibusdam coefficientibus 

K ,  L ,  M , etc, independentibus a A<P (34. §.)

A(p:=;(1 - f  2A z  - f ------ +  (2r +  2 ) S z z r+ r)  C o f  . A<p +  KAip2+ LA<pJ+  etc.

4*  -  ' ' Hinc



H in c,  quia aequatio h aec ,  etiam divila per A Q ,  pro quavis differen­

tia A  debet iubfiftere, neceffario fequitur, unitatem aequalem fa& ori  

ipfius A $  in primo membro aequari faftori ejusdem differentiae in altero 

m em bro (24. confequenter debere etiam effe

~ =  1 - f  2 A z  +  3BZ2 +  4 C z 5 +  5DZ4 +  6 E z 5 - f  -  -  —  +  ( 2 r — 1 )  P z 2r~*

- f  2 r  Q z 2,r'“ I - f ( 2  1 + 1)  K z 2r +  (2 r - f  2 ) S z 2r+ x.

6. H ac modo nafcuntur binae inter fe aequales feries ( i )  ( 5 ) ,  quarum 
idcirco coefticientes per (29. § .)  coaequati dabunt

A ;= o ;  B =  — ; C  =  o; D = j —^ ; E = o ;

Q = o ;  r ^ 1 - 3 .................. (; r ^ =
2 . 4 . 6 ----------- 2 r (2 r 4- 0

et  pro his valoribus debebit effe in (2)

, \ . 7} , 1 3 . z s , , 1.3, .  i .  (2 r— i >z4r + I
:— t-------------

C A  P U T  I. 37

T ' 2 .  3 ' 2 . 4 . 5  1 _ 1 2 . 4 ------2 r ( 2 r 4 - i )

6 1 .  T h e o r e m a .* •
Quaelibet potentia polynomii A  z a 4- B  z b 4- C z c 4- D z d4- etc. = : Z ,  t«

A ,  B , C, D , ------a, b, c, d, etc. fint quae cunque quantitates independm-

a variabili z , aequatur alicui polynomio Jimilis formae»

D e m o n f t r a t i o *

1. Si binomium A z a 4 - B z b elevetur ad potentiam exponentis m, quis­

quis fit i s ,  rationalis aut irrationalis, debebit haec potentia aequari certo 

polynom io formae in theoremate determinatae ( 5 2 ^ . ) .

2. Supponamus p orre, quamvis potentiam polynomii X — A z a4- B z b

4- C z c 4------------HPzP habentis terminos numero n aequari alicui p o lyn o -

mio fimilis formae.

3. Sumto adhuc uno termino Q z ' ! ,  habebimus per (52. §.) pro certis 

coefficientibus x ,  /3, y, etc. independentibus a z.

( X 4- Q z  q)m= X m 4- « X m - x. Q z li 4- /3 X m “ 2. Q 2Z2 * 4- y X m “ 3. Q 3z* 1 4 -  e tc .
Cum igitur  fingulae potentiae X m, X™""1, X m“ 2, etc. aequentur poly . 

Comiis formae A  z a 4- B z b 4 - C z c 4- e tc . ,  ob (2 );  necefle eft, ut eo ipfo 

etiam potentia ( X 4 " Q zq)m aequalis fit alicui pol yn omi o fimilis formae.

H in c  jam (1)  2) 3) per (31, §.)  evidenter fequitur, quod erat demon- 

ftrandum.

D 2 - 6 2 . Co-



6 2. C o r o l l a r i u m . -  

Facile  e x  natura operationum algebraicarum c o ll ig itu r ,  quotcunque 

fun &ion es formae A  z a -4- B z b +  C z c -{-17z ri 4 * etc. feu illae in unam fum- 

mam addantur, feu fubtrahantur ab invicem , feu inter fe multiplicentur, 

aut dividantur, femper generare aliquam funftionem fimilis formae : quare, 

cum praeterea omnis potentia talis fu n & io n is ,  quisquis fit ejus exponens, 

rationalis vel irrationalis, aequetur alicui funftioni formae fimilis ( 6 i .  §.), 

liaud difficulter demonftratur, omnem functionem algebraicam unius varia­

bilis z ,  fra&a illa f i t ,  ve l  in te g r a ,  rationalis vel irrationalis, aut e x  illis 

et  liis quomodocunque com p o fita ,  aequalem eiTe aJicui feriei formae A z 4

4 - B z b +  C z c 4 - etc.

6 3 ,  T h e o r e m a .

Omnis fu n ffio , algebraica , logarithm ica, trigonom etrica , et ex  his 

qUacunque ratione compofita, unius variabilis v aequalis ejl certae feriei fo r ­

mae A v a 4- Bvb 4- C v c 4- D vd 4- etc.

D e m  o  n  fl r a  11 o .
1. D em on ftrav im us, finum et cofinum cujuslibet arcus variabilis v  

aequalem efle certae funftioni algebraicae ejusdem arcu s ,  determinatae per 
feriem variarum potentiarum hujus arcus (59* 5• SO * cum igitur omnes re­
liquae f u n f t i o n e s u t  Sinus ve rfu s , Cofinus verfus , T a n g e n s ,  Cotangens, 

Secan s, C o fecan s, certi arcus per Sinum et Cofinum ejusdem arcus per- 

fe fte  pofiint determinari (5. §. 1. S ch ol.);  certum e ft ,  omnes has funttio- 

nes todidem funfrionibus algebraicis variabilis v aequari.

E x  iisdem principiis, c b  (60 § . ) ,  patet eadem ratione, quemvis ar­

cum variabilem v aequari pofle certae funttioni algebraicae fu i f in u s ,  vel 

cofinus, finus ve rfi ,  cofinus v e rf i ,  tan g en tis ,  cotangen tis ,  fecantis ,  vel 

cofecantis,

2. Porro demonftratum eft ,  logarithmum cujusvis variabilis v —  \-\-z  

aequari certae funftioni algebraicae ejusdem variabilis (35. § .) ,  et v a e q u a r i  

certae fun&ioni algebraicae ipfius logarithmi Iv fpefrati inftar quantitatis 

variabilis (39. §.)> quod deinde ad quantitates exponentiales extendimus 

(49- §•)•
3. E x  H s vero  manifeftum f i t ,  omnem funttionem Iogarithmicam, tri- 

gonomp^ricam, et quocunque modo ex funftionibus his et algebraicis com-

* pofitam, aequari certae fun&ioni algebraicae: confequenter debet quaevis

fun & io
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fun&io variabilis v r algebraica, tr igon om etrica,  logarithm ica , et quoquo 

modo e x  his com pofita, aequat i alicui feriei formae A  v* +  B  vb - f  C vc 

+  D vd+  etc- quidquid fint coefficientes A» B, C» D, -  -  -  et exponentes '

a, b, c, d, etc. independentes a v ,  e t  quisquis fit numerus terminorum ejus 
feriei (62. §.)„

6 4 . C o r o l l a r i u m  I,
Si y 1 denotet valorem , quem funftio y : =  A v a -j-Bvb4 -C v c 4 - D v d -f-etc.. 

variabilis v indueret, fi haec augeretur quantitate cc; erit y , ^ : A ( v - | - w)a 
4 -B(v-f*ctr)b-}-C(v +  w)c -f- etc .:  igitur per (52. § . )

(  A v a4 - —  A v a-,.»4---------- L ? ( iz z l2r r ^ r I ± i I - Av”' ’-“ '
l  ' 1 1 1 . 2  - - - - - r

( u I ^ n  b - r  t r b b  —  1 ) ------- (h — r + l ) B v b~r.a>r
+  B v b+ — Bvb -“4----------1 1 . 2  .  .  . . .  7

r  =  , + c v c + - ^ -  c v  - I  ■ ct :. T  -  ' I  ' - Cf - r t  ' ) -CvC~ r' ^

V + D v J  +  A D v J - . , m + .  .  . + . V . l l . ) — r d - r  +  Q O v ^ . . '

C i  1 ' 1 . 2 -  -  - -  - r
-f etc. etc. - - - _ etc-

Haec igitur formula exh ib et  expre/ftonem generalem va lor is ,  quem 

data quaevis fun6tio y  variabilis v eo cafu deberet obtin ere , fi haec quan­

titate u  augeretur, ficut feries A  va +  B vb+  C  vc 4 -D  vd-f-e tc .  generatim 

datae cuivis fun&ioni y  variabilis v poteft aequari (63. §.).

6 5 .  C o r o l l a r i u m  2 .

Cum autem prima feries verticalis in (64. § . ) ,  eius terminis in unam

fummam c o l le f t is ,  exaequet ipfam funftionem  y ,  fecunda vero  feries ver-

.. r  .. /». j  o  a A v 3’- 1  , b B v b""i; , c C v 0" 1
ticalis aequalis fit producto «a? pro ct = -------------- [ - ------------- J-------------

. d D v d — I ,
~  p  e t c . ;  cumque tertia  feries verticalis fit indeterminata, ita

ut ex illa omnes feries v e rt ic a les ,  poft primam ordine fequentes poffint 

determinari, fi fucceffive fiat r ~ i t r ~ 2 ,  r —  3 ,  r ; = 4 ,  e tc . :  evidens 

eft, effe y Tz = y  +  a&r+ /3w2- f  y w3- M « 4 +  etc. literis /3 , y ,  <?, etc. ejus­

modi quantitates, ab ia independentes denotantibus, ut quaevis illarum e x  

proxim e praecedente eadem prorfus leg e  pofiit determinari, qua le g e  quan­

titas « determinatur ex  ipfa funftione y  ('64. §.).

D 3 66. C o .
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66.  C o  r o l l a r i u m  3.

Quidquid fit variabilis v ,  abfoluta, aut aliqua funftio  cuj uspiam varia­

bilis a b fu lu ta e x ,  neceffe efl:, u t ,  dum variabilis a b fo lu ta , ad quam futi- 

f t io  y v a r i a b i l i s  v relata fit ,  certa differentia a ugetur,  v valorem aliquem 

v _j_Av,  et y  certum valorem y 1 obtineat (19. § . ) :  ficut ergo  quaevis

data funfrio y  variabilis v alicui feriei formae A v a- f  B vb- f  C v c - f  D vri- f  etc. 

aequatur (63. §.)> fic quoque debet differentia A y  cujusvis datae functionis 

y  variabilis v aequalis effe certae feriei formae a A v - f  /3 A v1 - f  7 A v 3 

-J- 6 A  v4 +  e t c . ,  literis a ,  /3 , 7 ,  etc. quantitates independentes 

a A v ,  et per ipfam funftionem y  ita determinatas defignantibus, ut fit

I a v *-* . b B vb-1 , c C v c" ‘ , d D v d""r ,
K . a_ _  — {- — ---------- 1----------------  --  -\-------------------------------------------- -----------  e t c . ,  quaevis vero

q u a n t i t a t u m  k ,  f3 , y, tf, etc. ex proxime praecedente, nimirum /3 ex  a, 

y e x /3, £ ex  -y, et fic p orro, eadem prorfus leg e  poffit derivari,  qua quan­

titas a derivatur e x  fun&ione y  (64. 65. §.).

67. C o r o l l a r i u m  4.

Ceterum per fe l iq u e t ,  fer ies , quarum uni fun&io y  variabilis v, alteri 

v e r o  e j u s  differentia A  y  aequatur ( 6 6 .  § .) ,  feu illae conftent terminis nu­
mero finitis, feu in infinitum excurrant, valoris efle f init i,  quamdiu ipfa 

funttio y , et differentia A  v variabilis v finita eft.

,0 C  A  P  u  T  L
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D I F F E  R E N T I A L I U M .

6 8 .  D e f i n i t i o .

( Q u a n t u m  variabile Z  crefcens continno aut decrefcen? eo propius accedet 

ad determinatum aliquem valorem V ,  quo minor fuerit differentia inter 

illud et hunc valorem ; et fi haec differentia poffit evadere minor data quae­

vis  quantitate hom o gen ea; erit V  Lim es feu Terminus quanti variabilis Z  

crefcentis continuo vel decrefcentis.

6 9 .  D e f i n i  t i o .

Ratio variabilis Z : X  continuo crefcens vel decrefcens eo propius accedet 
ad aliquam determinatam rationem u : v ,  quo minor fuerit differentia inter 

illam et hanc rationem : erit autem ratio determinata u : v  Limes feu Ter­

minus rationis variabilis Z : X  crefcentis continua vel decrefcentis,  fi dif­

ferentia inter has rationes poffit evadere minor data quavis ratione.

7 0 -  C o r o l l a r i u m .

E x  (68. 69. § . )  et natura rationum geometricarum facile colligitur 

differentiam inter rationem variabilem Z : X  et rationem determinatam u : v  

poffe fieri minorem data quavis ratione, fi differentia inter exponentes
^  II

, —  harum rationum fleri poteft minor dato quovis exponente , ad-

eoque rationem u : v  exhibituram limitem rationis variabilis Z :  X  crefcen­

tis continuo vel decrefcentis ,  fi exponens prioris rationis fuerit limea ex­

ponentis rationis pofterioris,

7 1 .  T h e o r e m a *

D ato quanto P magnitudinis determinatae, et alio U ,  quod aequetur

limiti quanti variabilis Z  continuo crefcentis vel decrefcentis; erunt fraffiones
U  P X P

- 0 -  limites frattionum  variabilium - p - > - y -  *

D e m o n -

y



D e m o n ft r a t i o.

N eceffe  eft ,  u t e x t e t  differentia D ,  quae minor pofiit fieri dato q u o ­

vis  quanto, ec pro qua femper fit Z t = \ J ±  D (68. § • ) ,  confequenter
Z  __ U ___i JD_ p _ p  P D _ _

P ~ P - i p * Z ~ U  +  U 2 ± U D *

Cafu primo eft - 5 . differentia inter et - j j  y eaque poteft fieri 

minor data quavis quantitate u :  cum  enim per hypothefm p offlt  f l e r i D < P u ; 

poterit  queque fieri - 2 - <  u. Cafu altero eft g r ^ r ^ n b  differentia inter

P  P
- ^ - e t  v r -»  'eaque poteft minor evadere data quacunque quantitate u :
Zj LJ

U2a _
nam per hypothefin poterit fleri D  <p p = r — hinc etiam P D -j-u U D  < U 2u,

. c s  P D
eoque lpfo etiam j j r q r  j j p < u .

72.  C o r o l l a r i u m .

Si quantum U  fuerit limes quanti variabilis Z  crefcentis continuo vel  

decrefcentis, deturque quodcunque aliud quantum hom ogeneum  P deter­
m i n a t a e  magnitudinis; erunt rationes determinatae U : P ,  P : U  limites ra­

tionum variabilium Z : P ,  P : Z  ( 7 1 . 7 0 .  § .) .

7 3 .  T h e o r e m a .

S i quanta U ,  V  exhibeant limites quantorum variabilium  Z ,  X ,  cref- 

centium continuo, vel decrefcentium, feu  ambo crefcant fim u l, vel decrefcant,

U Z
aut crefcente alterutro decrefcat alterum ; erit quotus limes quoti ~  .

w -X.

D e m o n f l r a t i o .

Dari debent differentiae D, d, pro quibus femper fit Z = : U H h D ,  et 

+  ita ut differentiae D, d poflint minores evadere datis quibus­

libet quantitatibus hom ogeneis (6g. §.)*• habebimus igitur 

Z  _ U ± D _ _  U  . +  V D + U d  
X  V  +  d V  T  V : ± V d  *

Z  TJ
Hinc autem elucet, differentiam inter -^ ~ et - y “ feu prior quotus

.  ̂ + V D + U d
m ajor, leu minor p o ften o re ,  generatim eile  ^uae po re n t

» “ fieri
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fieri minor data quavis quantitate u. Cum enim poflit evadere D < | - u V , 

» d < J - V ,  adeoque D V C f - u V 2, d U < | u V a , du V  <3 ■§. u v * ; 

poterit etiam fieri D V 4- d U 4- d u V < u V * ;  igitur a fortiori generatim 

+  D V ^ T dU ^ f d u V < u V S  hinc - < u .

74. C o r o l l a r i u m .

Cogn itis  limitibus U ,  V  duorum quantorum variabilium Z ,  X ;  erit 
ratio U : V  limes rationis variabilis Z : X  ( 7 3 .7 0 .  § 0 .

7$. T h e o r e m a .

D a tis  quibuscunque quantis fin itis  P, Q , R, S, T ,  etc. independentibus 

a quantitate variabili w, pojjibilis erit valor hujus variabilis, pro quo fieret  

P w > Q w 2- fR o )3- f S w 4 +  T w 5+  e t c . , exijlente P  quanto jpofitivo, quidquid 

fint reliqua quanta.

D e  mo n f t  rat i o .
1. C on ftat ,  quantitatem variabilem « in determinatione produftorum 

Pw> Q o r ,  Rtc3, etc. inllar certi numeri confiderari poffe, qui nimirum aeque­

tur exponenti rationis ejusdem  quantitatis ad quantitatem pro ipfius men- 

fura aflumtam.

2. Porro certum eft ,  quovis quanto finito majus effe poflibile; et, 

datis duobus quibuscunque quantis M > v ,  poffibilem effe numerum inte­

grum  n aequalem denominatori partis aliquotae M 5  quanti majoris M, 

quae minor fit quanto v . ■

3. Iam vero pro pofitivo quanto P fupponi poffunt reliqua omnia quan­

ta Q ,  R ,  S ,  T ,  etc. effe pofitiva: fi enim in hac hypothefi fieri poteft

P  w > Q ca7,4- R w’  +  S » 4 -4- e tc . ; poterit id a fortiori eo cafu fieri, quo ali­

qua quantorum Q , R, S, T, etc. fuerint negativa. Quom odocunque autem 

dicantur crefcere,  vel decrefcere, aut alterne crefcere et decrefcere quanta 

finita P, Q ,  R ,  S , T ,  etc .;  femper erit poffibile quantum Z  majus finguiis

his quantis (2 ) ,  pro quo idcirco fieret.

Z (u2 -f- «3 +  " 4 4* e t c . ) >  Q» 24-Rw34*S w44“ etc.

4. Pro  quovis porro numero « ( t )  eft Z w 5 > Z ( a r  4- « 3 +  «r*+ etc.)
^ 2

( 1 — o»), hinc — — — > Q ^ 4 *Rw* 4*Sw4 4*etc.,  ob (3).
I N
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5. Cum  igitur  poflibilis debeat efle numerus u t= :£  , pro quo fieret
Z  c*)2

P > ( P  +  Z ) «  ob (2 ) ,  hinc Pw >  ■ ■ - j -  - ; deberet efle pro eodem numero 

etiam P » >  Q  +  R w3 +  S +  e t c . , ob (4).

76. C o r o l l a r i u m  r.
P ro quibuslibet quantis finitis (u ,  M ,  N ,  O . e t c .  independentibus a 

variabili 00 poflibilis eft valor hujus variabilis, pro quo fumma M w  +  N w 1 

-f-Ow3 +  etc. minor fieret dato quomodocunque parvo quanto /x, nimirum 

pro illo n u m e ro , pro quo edet p  u >  M  &r +  N « 3 +  O  w4 - f  etc. (75. §.).

77. C o r o l l a r i u m  2.
Affumto quoque indeterminato numero integro pofitivo r fieri poterit  

P u r >  Q  wr+ , 4 - R w r + : +  S w r + J+  etc. prQ certo valore variabilis w (7 5. §.)• 

Hinc autem facile perfpicitur, cur fit impoflibile, ut pro quantis K ,  L ,  M, 

N, etc. finitis independentibus a variabili u , et pro quovis poflibili valore 

hujus variabilis,  fumma K  wr +  L  wr + I - f  M a)r + a - f  N « r + 3-|-etc. fit valoris 

pofitivi aut n e g a t iv i , quin primus terminus K w r habeat valorem pofitivum 

ve l  negativum.

78. C o r o l l a - r i u m  3.
Fun&io Ma> +  Na>2 +  O w ’  +  etc. =  F eft differentia inter U  e t U - f F :  

quodfi ergo U, M, N, O, etc. fint quaecunque quanta finita independentia a 

variabili « ,  quae continuo decrefcere cogitetur ; erunt quantum U  et ratio 

U : i  limites, ad quos fun&io U - f F  et ratio (U  +  F ) : i  eo propius acce­

den t,  quo magis decreverit u  (76. 72. §.).

S c h o l i o n  1.
Quod hic fa&um eft, in fequentibus conftanter obfervabitur, quanta 

nimirum, quae nonnunquam heterogenea effe videntur, inter fe compara­

buntur: fic generatim differentiae omnium funttionum variabiliumque abfor 

lutarum inter fe erunt comparabiles, l icet eae quanta heterogenea, puta 

lineas, fuperficies, fo l id a , tem pora, celeritates, etc. exprimere videantur. 

Quaelibet nimirum funftio y  , ejus differentia A y , et differentia A x varia­

bilis abfolutae, ad quam illa refertur, cenferi poteft e x h ib e r e  exponentem 

rationis geometricae quanti, cui ea deberet aequari, ad quantum pro ipfius 

menfura affumtum, quo ipfo omnes expreffiones pro y ,  A y ,  A x ,  ut numeri 

abftra&i, redduntur inter fe comparabiles.

S c h 0-
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S c l i o l i o n  2.

Pari prorfus ratione poteft demonftrari, pofiibilem effe valorem varia­

bilis w, pro quo et dato quovis numero integro pofitivo m, quibuslibet quo­

que quantis pofitivis K, L, IVI,---------U , V ,  fiat wm £>K w1" " 1 +  L

-------- U w  +  V . Poflibile eft enim quantum Z  rmjus fingulis

quantis K, L, M , -------U , V  feorfim fum tis ,  pro quo idcirco ,  pofita fum-

ma K w m- I + L w m--J - f  -  -  -  -  U w + V — S ,  fieret Z 1 -f- u in~'1
2  __i")

------------ b w1 +  w°) > S :  igitur etiam —  ■ ■ •— > S ,  et a for­

tiori — ~  —  > S. Q u a re ,  cum poifit fieri w > Z + i ,  h in c w m>  Z w
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poterit  etiam fieri » m > S .

7 9 .  D e f i n i t i o .

Sit y  quaecunque fun ftio  variabilis abfolutae x ,  et A y  ejus differentia 

debita differentiae A x  (14. §  ). P o ff ib i lee ft ,  u t ,  differentia A x  continuo 

decrefcente (15 .  § . ) ,  ratio A y : A x  eundem perpetuo valorem retineat, 

(e .g r .  fi fit y  =  a x ,  hinc A y  =  a A x , e t  A y  : A x = ; a :  1 ) :  verum plerumque 
f ie t ,  ut eo cafu ratio A y : A x  continuo m utetur,  crefcat nimirum, vel de- 

crefcat. Ratio conftans, cui ratio A y : A x  differentiae fun&ionis y  ad dif­

ferentiam variabilis abfolutae x ,  ad quam ea fun&io refertur (4. § . ) ,  per­

petuo manet aequalis , v e l ,  fi haec ratio fit variabilis, l im es, ad quem ratio 

A y : A x ,  differentia A x  continuo, decrefcente , propius femper et propius 

accefferit,  vocabitur Ratio differentialis funftionis y ,  cujus exponentem 

figno e y  exprimemus. Methodus inveniendi rationes differentiales fun- 

ft ion um  eft Calculus differentialis.

go.  C o r o l l a r i u m  r.

Quantitas conftans C  nullius rationis differentialis eft cap ax , quocirca 

ponetur hujus exponens eC z= .o  (16. 79. §.) .

81.  C o r o l l a r i u m  2.
Cum  y  =  x  det A y  =  A x ,  hinc A y : A x ’~ i : i ;  p a te t ,  i t r  effe 

rationem differentialem variabilis abfolutae x ,  ejusdemque exponentem 
e x = j  (.79, • ,

8 a .  C o r o l l a r i u m  3.

Si differentia alicujus fun&ionis u relatae ad variabilem abfolutam x 

ita dependeat a differentia A x, ut pro certis quantitatibus finitis P, A, B, C, etc.

E  2 inde.



independentibus a A x  Iit A u  : =  P Ax - f -  A A x 2 +  B A x 5 +  C A x 4 -4- etc. 

(66 67. § . ) ,  hinc A u :  A x s = ( P  +  A A x - f l - A x 2+ t ' A x 3 4 -e tr . )  ; 1 ;  e r i t P ; i  

ratio differentialis funttionis u ,  et ejus exponens €U =  P (79. 73. § .) .

8 3 .  T l i e o r e m a .

Cuivis funffioni y  relatae ad variabilem abfolutant x debetur aliqua ra ­

tio differentialis, cujus exponens s y  aequalis ejl quantitati fin itae per ipfam  

funttionem y  certa lege determinatae.

D e m o n f t r a t i o .

Quidquid fit funttio finita y  variabilis abfolutae x, necePCe eft, ut extenfc 

quaepiam quantitates et, /3, y, <f, etc. pariter finitae per ipfam funttionem y  

certa lege determinatae, pro quibus fieret (66. 67. § . )  A y  = c c  A x +  j3 A  x ft 

- f y A x 34 - ^ A x 4 - f  etc.: igitur e y t = x  (82. §.).
8 4 . C o r o l l a r i u m  1»

Quaelibet funttio z  valoris finiti relata ad variabilem abfolutam x  ita 

debet efle com parata, ut ejus differentia A z  pro quibusdam quantitatibus 

finitis k ,  1, m , etc. independentibus a A x  atque per ipfam funttionem z  

p erfefte  determinatis aequetur feriei £ z A x - f k A x 2 +  l A x , ' f m A x 4 4 -e tc .

'<83- S0- , ,  .
8 5 .  C o r o l l a r i u m  2.

Quam obrem , fi e z  fuerit valoris pofitivi vel n egativ i ,  indicio id erit, 

etiam A z ~ 6 z A x 4 - k A x 2- f l A x 3-f*m A x 4 4- etc. pofitivi efle vel negativi 

valoris (84. 77- §•): cum igitur fit A z t z z z 1 — z /  adeoque z x> z  vel z * < z  

pro pofitivo vel negativo valore exponentis « z ;  neceffe eft, ut funttio z ,  

crefcente variabili x ,  crefcat vel decrefcat, prout e z  eft pofitivi vel nega­

tivi valoris (20. § .) .

8 6 .  C o r o l l a r i u m  3.
P ro y  A  x a - f  B  xb - f  C x c 4* etc. elTet a a A  x 8*"1 +  b B x b“ * 

+  c C x c’ ‘ , +  etc* et ^ e o  etiam f i y t = a A x a"‘ x+ b B x b" ,x4 - c C x c "*, -|- etc* 

(83- 66. & )
8 7 .  C o r o l l a r i u m  4.

- Sed etiam denotante v  quamcunque funttionem finitam variabilis abfo- 

lutae x extabunt certae quantkates finitae P, Q ,  R, e t c .  independentes a 

A v ,  pro quibus differentia cujuslibet funttionis u datae per variabilem v fie- 

vet A u = P A v 4 - Q A v a + R  A v 3 +  S A v 4 +  etc. (66. 67. § . ) ;  cum igitur

A v
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Av aeqnetnr alicui feriei e v A x  +  k A x 2 + 1A x3- f  etc. (84-§-)> patet, de­

bere dari alios finitos coefficientes M, N, O , etc. independentes a A x ,  pro 

quibus ob (34. §.■> fieret A  u ^ = P  6 v A x  - f  M A  x 2 +  N A x 3 +  0  A x 4 +  e tc . ,  

e t  ideo « u = P e v  (82. §.).

88* C o r o l l a r i u m  5.
Pro u ^ = A v a + B v b4 - C v c - f 'e t c .  et quavis funftione v variabilis abfo- 

lutae x efifet P ^ = a  A  va“ , I - f - b B v b“ ' 1 - f - c C v c” x - f  e tc . ,  e t  g u ^ :  P « v  
(87- 66. § .) .

8 9 .  C o  r o l l a  r i u m  6 .

Hinc generatim pofTumus ftatuere, exponentem  rationis differentialis 

cujusvis fun&ionis <p datae per variabilem z ,  fi ejus differentia pro certis 

quantitatibus p, q, r, s. etc. independentibus a A z  fit A(pz=  p A z - f q A z *  

- f r A z 3 +  s A z 4 - f  e tc . ,  debere elle e<p^=:pez, ita ut exponens e z  aut 

unitat i,  aut alicui quantitati finitae aequetur, prout eft z  aut variabilis 

abfoluta (4. § . ) ,  aut certa funftio alicujus variabilis abfolutae (83- 87- §•)•

9 0. T h e o r e m a .

Exponetis r a t io n is  d ifferent ia lis  pvoduSCi C Z  ex quacunque funftione Z  

variabilis abfolutae x in quantitatem conflantem C  aequatur produfto ex  ex - 

ponent e rationis differentialis funftionis Z  in eandem conflantem C f feu, efi 
t , C Z t = . C  eZ.

D  e m o 11A r a t i o.

Eft enim A . C Z  =  C A Z  (21. § .)  z = C e  Z  A x -f* C k  A  x 2 +  C1 A x 5 

+  C m A x 4 - f  etc. 8̂4- § 0 = igitur e . C Z z = C e Z  (82. $.).

91. T h e o r e m a .
Exponens rationis differentialis fummae Z - f C  quantitatis conflantis C  et 

cujuscuttque funftionis  Z  relatae ad variabilem abfolutam x  aequatur expo­

nenti rationis differentialis ejusdem funftionis  Z ,  feu  efi e ( Z  +  C) : =  e Z .

D e m o n  A r a t i o .
Cum fit A ( Z - f  C) — A Z  (21. §.)■:= « Z A x - f k  A x 2 4 - l A x 3 +  m A x 4 

+  etc. ( 84- § 0 > debet effe « ( Z  +  C ) = £ Z  (82. § .).

92. T h e o r e m a .
Exponens rationis differentialis fumm ae plurium funftionum  P , Q , R , ------ Z

unius variabilis abfolutae x  aequatur fummae exponentium rationum differen-

E  3 ) tialium
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tialium Jtngulis his funRionibus debitarum , feu  ejl e (P -{-Q-J-R-J------ -  +  Z )
+  +  --------£^*

D e m  onftr  at io.

P er  C22, §■) fieret: A  (P +  Q  4* R H--------------- l - Z N: = : A P 4 - A Q 4 ' A R
^______ \- A Z :  igitur pro certis quantitatibus K ,  L ,  M, etc. independen-

tibus a Ax deberet fieri A  (P 4 - Q 4 - R 4-------- } - Z ) : = : ( e P 4- e Q 4- E R 4--------
4 . 6 Z ) A x 4 - K  A x 2 + L A x 3+ M A x 4+ e t c .  (84 - § 0 » eoque ipfo «(P  +  Q  

+  - - - +  Z > = e P  +  * Q + - -  +  s Z  (82. §0- 

v 9 3 .  D e f i n i t i o .

Quam  in (79. §•) definivimus, vocetur prim a ratio differentialis fun- 

ftionis  y  r e l a t a e  ad unam variabilem abfolutam x :  tum fecunda  ratio diffe* 

r e n t ia l i s  functionis y  fit aequalis primae rationi differentiali exponentis 

p r i m a e  rationis differentialis funCtionis y : et fic generatim  quaevis m*» 

ratio differentialis funflionis y  aequetur primae rationi differentiali e x p o .  

nentis proxime inferioris , nimirum ( m — 1 'jeftm ae, rationis differen-
z 3 r r+i /

tialis functionis y ,  ita u t ,  {ignis s y ,  e y ,  e y , ------- e y ,  e y  denotantibus

exponentes rationum differentialium, primae, fecundae, te rt ia e ,  et  fic
a  3 2, t  + r r

. p o rr o ,  f u n & i o n i s y ,  f i t  g y  =  e . e y ;  e y z = e . s y ;  — -  e y  =  e . fcy .

9 4. C o r o l l a r i u m .

Conceffa methodo inveniendi exponentem primae rationis differentialis 

cujusvis aflignabilis fun ftion is ,  habebitur eo ipfo methodus determinandi 

exponentes rationum differentialium omnium ordinum (93. §.)•

S c h o l i  o n .
n

Attendat t y r o ,  n e  exprefliones Ey ,  ey n , e . y n inter fe confundat; 
n

Expreffio enim e y  denotat exponentem  ntae rationis differentialis fun- 

ftionis y :  £ y"  autem tantundem ac ( e y ) n fignificat, nimirum ntam  po­

tentiam exponentis e y  primae rationis differentialis funCtlonis y :  et £ . y "  

ictem, quod « ( y n)* indigitat, nimirum exponentem primae rationis diffe­

rentialis n tae potentiae furiftionis y .  Quod autem ad fignum e generatim 

adtinet, cenfebitur id illam duntaxat totam quantitatem afficere, cui im m e­

diate fuerit praefixum, nulld interje&o f ign o , aut punfto interpofito: fic 

e. gr. expreflio e . z e y  denotabit exponentem primae rationis differentialis 

funftionis p e r z e y  expreffae; contra e z e y  denotabit produ&um  ex  e x ­

ponentibus e z ,  s y  rationum differentialium debitarum fun&ionibus z ,  y .

Sic
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Sic quoque e . z > / " ( l — z 2) exprimit exponentem rationis differentialis fun­

ctionis z / ( i — z 2) ,  et  s z / ( i — z 2) denotat produ&um  ex exponente 

« z  rationis differentialis funftionis  z  in fun & ion em  \ f ( i — z 2).

9 5 .  T h e o r e m a .

Exponentes f  y , g z  rationum differentialium functionibus aequalibus 

y  —  Y - f - A ,  z ^ Z - f - B  «m/ms variabilis abfolutae x  debitarum debent effe inter 

f e  aequales.

Demonf t r at i o.
Quidquid fint conflantes A , B ;  e r i t e y t r z e Y ,  e z x = e Z  (9 1 .  § . ) ,  et

A y = A z ,  fi eft y ^ = z ( 2 3 -  § . ) :  P™ certis coefficientibus k ,  1, m , -------

K ,  L , M, etc. independentibus a A x ;  erit ergo  g y A x  +  k A x 2 4 " 1A x 3 

+  m A x 4 - f  etc. z  A x - f K  A x 2 - f  L A  x 3-{-M A x 4 +  etc. (84. §•)> q u°d

eft im poflibile, quin fit « y ~ £z  (29. §.).

9 6 .  T h e o r e m a .

S i  vero partes variabiles Y  >  Z  duarum functionum  y  : =  Y  +  A ,  z ”  Z + B  

unius variabilis abfolutae x  fin t inaequales, quidquid fint partes conflantes
A,  B ; erit exponens rationis differentialis functionis y  habentis majorem par­

tem variabilem , major exponente rationis differentialis alterius funffionis z» 

nimirum e y >  e z .

D e  m o n f l  r a t i o .

Suppono partem variabilem in quavis fun&ione y  et z  a parte conftanti 

perfe6te effe feparatam, ita ut e. gr. in funttione y  refoluta in feriem (6 3 .§ .)  

A  denotet fummam illorum duntaxat terminorum, qui carent variabili x, 

et Y  exprimat fummam reliquorum terminorum com ple&entium  variabi­

lem x. Sic fi e f l e t y : r = Y - f -  A : =  ( a - f  x ) 2 +  2 b , cum fit ( a - f  x)2“ a2 +  2 a x  

4 -x 2 ; deberet effe pars variabilis Y = 2 a x  +  x 2 , et pars conftans 

A =  a2 4- 2 b.

H oc praemiffo manifeftum fit ,  non poffe effe Y >  Z ,  nifi detur tertia 

aliqua funttio X  variabilis x ,  pro qua fit Y : = Z 4 - X :  igitur e Y ^ = e  Z 4 - eX 

(92. § . ) ,  hinc * Y > £ Z ,  et e y > e z  (91. § .) .

97. C o r o l l a r i u m 1.
Quoties exponentes e y ,  s z  rationum differentialium debitarum duabus 

funftionibus y ,  z  unius variabilis abfolutae x inter fe aequales fuerint; to­

ties debebunt effe etiam aut integrae funftiones y ,  z ,  aut faltem illarum

partes
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partes variabiles inter fe aequales (96. §.): eapropter eft abfolnte impof. 

fibile, ut determinatus quispiam exponens rationis difFerentialis pluribus 

functionibus refpondeat, quarum partes variabiles, non form a duntaxat, 
fed etiam magnitudine a fe invicem differant.

9S*. C o r o l l a r i u m  2.

Si vero exponentes e z > s y  duarum rationum differentialium debita­

rum funftionibus z ,  y  unius variabilis abfolutae x fuerint inaequales; erit  

quoque pars variabilis funftionis z , cui major exponens refpondet, major 

parte variabili alterius funftionis y  (95. 96. § . ) :  et ideo eft abfolute irn- 

poffibile, ut certa funftio plures rationes differentiales recipiat, quarum ex­

p o n e n te s ,  non tantum form a, fed et magnitudine a fe invicem difcrepent.

99. D e f i n i t i o .

Si y  =  Z  fit aliqua funCtio variabilis z  (e. gr. y ! = i — z 2) ,  poterit 

quoque z  fpeftari inftar certae funftionis z^ = :Y  variabilis y ,  q u a e  per 

aequationem y : = Z  eft determinata ( in  affumto exem plo erit ea funCtio 

z = / ( i — y))** determinatio funftionis z  : =  Y  variabilis y  per funCtio- 

nem y : = Z  variabilis z  vocari poteft inverfio funftionis  y ,

IO O . C o r o l l a r i u t i j .

Si data quaecunque funCtio y = u Z  variabilis z  inverfa generet functio­

nem z t = : Y  variabilis y ;  erit y  refpeftu funftionis z ^ = Y  aut variabilis 
abfoluta, aut aliqua funftio  cujuspiam variabilis abfolutae x , prout fuerit z  

refpeCtu funftionis y t = Z  vel variabilis abfoluta, vel certa funCtio variabilis 

abfolutae x  (99. 4. § • ) :  erit quoque funCtio y  =  Z  ita connexa cum fun- 

ft ion e z t = Y ,  u t ,  dum pro quopiam valore v  variabilis z  ejus funftio 

y r r s Z  certum valorem V  induerit, valore V  tributo i p f i y ,  tanquam quan­

titati  variabili, ejus funftio z t = Y  valorem v  debeat obtinere (99.

1 0 1 .  P r o b l e m a .

S i data quaecunque fu n ftio  y u = Z  variabilis z  invertatur, ut z = : Y  fia t  

certa funftio variabilis y  (99. ; determinare relationem ititer expo­
nentes rationum dijferentialium , datae functioni y  ;— ■ y  variabilis z  

et alteri per Ulius inverfionem obtentae funitioni Y  variabilis
y ,  debitarum.

S o l u t i o .
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S o l u t i o .

1.  S i t  y : =  A z a - f B z b +  C z c 4. e t c . ,  unde per inverfionem (9 9 .  §.)  

n a fc a tu r  P y p4*Q  y q+  K y r 4" e tc .  (63. §  ).

2. Erit e y  (a A z a - 1  - f  b B \ h'~I +  c C  z 0 - 1  - f  etc.)  e z  , et e z  

^ C p  P y p’- I 4 ' q Q y q ""x 4 " r R y r_I  +  e t c . ) g y ,  ubi erit e z = i  in prima, et 

fi y  — 1 in fecunda expreilione, fi z  in funCtione y  ( 1 ) ,  adeoque y  in fun­

ctione z  (1)  fuerit variabilis abfoluca ( i c o .  g6  88 §•)♦

3. Ponamus autem, aflumta utcunque p a rv a  quantitate e , variabilem y  
in funftione z  ( 1 )  abire in y 4 " e ) ipfam idcirco fun&ionem z  i n ( i )  capere 

incrementum E  =  (P P y P " 1 4- q Q y  q“ x 4- r R y r“ x 4- etc.)e +  k e 2 4- i e J 

4- m e 4 4- etc. (65. §.).

4. Q uodfijam  z 4- E  fumatur loco  z  in funCtione y  ( 1 ) ;  debebit fun- 

f t io  y  in (1)  ob (100. § . )  capere incrementum e ,  nimirum abire in y  4-e ,  

ficut z  in (3) fupponitur abire in z 4 ~ E :  incrementum hoc e funCtionis

in ( 1 )  erit ergo  per (65. §.)  e =  (a A  z a“ 14- b B z b~‘ t 4- c  C z c ~~I-\- etc.) E

4 -  /3 E z 4- y E 3 4- e tc .
5. E x  (3) per (32. § .)  e lu c e t ,  quamvis ntam potentiam incrementi E  

aequari alicui polynom io formae generalis (Pn en 4 - K  en + I -f-L en + 2 4 - etc., 

pro (pz=:p P y p‘- I 4 ' (j Q y q_I 4" 1' K y r~ I 4* etc . : fi igitur potentiae E , E 2, E 3, 
E 4, ere. per ejusmodi polynom ia determinatae in (4) fubftitui cogitentur; 

debebit inde pro certis coefficientibus f ,  g ,  h ,  etc. independentibus ab e 

nafei aequatio e ~ ( a A z a“ r 4“ b B z b'_ r 4' c C z c~ 1 4-e tc .) (p P y i ’*“ r4 - q Q y q - * 

4 -r  R y r~ r 4- etc.) e 4- f e 24- g e * 4- h e 4 4- e tc ‘ » (l uae Per e dabit ob 
(24. §.)  1 =  (a A z a“ x4- b B  z b’“ 1 4' c C - z c’“ I 4-etc .)  (p P y 1’ ” 1 4" q Q y T " * ‘ 

4- r R y r~"x4“ e t c . ) ,  unde et ex  (2 )  elucet quaefita relatio.

1 0 3.  C o r o l l a r i u m .

Quoties fuerit e y z = x e z  exponens rationis differentialis funCtionis y
g y

datae per variabilem z ;  toties exprim et e z t = .-^ -e x p o n e n te m  rationis dif­

ferentialis funftionis z  variabilis y , quae per inverfionem ex data funftione 

y  variabilis z  potell obtineri, ita u t ,  fi fuerit « z  =  i in s y ^ = x e z  ob fun- 

Ctionem y  relatam ad variabilem abfolutam z ,  debeat etiam elle g y ^ j  in

S v
e z  —  -£- ob functionem z  relatam ad variabilem abfolutam y  ( i o o .  

i o i .  §.).

VolumtH I. F  D e f i »
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1 0 3 .  D e f i n i t i o .
Differentiatio  d a tae  fu n & io n is  y  eft d e t e r m i n a t i o  i l l iu s  ra t io n is  d if fe ­

r e n t ia l i s  d ep en d en s  ab in v e n t io n e  e x p o n e n t i s  e y  (79. q Uem d e in cep s
n o m in e  exponentis differentialis in te l l ig e m u s .

1 0 4 .  P r o b i  e m  a .
Differentiare functionem form ae y  —  A z a - f  B z b -f- C z c - f  e tc .  pro qui­

buslibet coeff cientibus A ,  B, C, e tc .  et exponentibus a, b, c ,  e t c .  rationalibus 

tt  irra tio n a lib u sq u a v is  item variabili z ,  abfoluta f i t ,  aut aliqua funftip  

certae variabilis abfolutae x .  (4. § .) .

S o  1 u  t  i o .
M u l t ip l ic e n tu r  f ingu li  t e r m in i  p e r  e x p o n e n t e s  p o t e n t i a r u m  variab il is  z  

in  i isdem  c o n t e n t a r u m ,  ipfis a u te m  p o te n t i i s  l u b f t i t u a n t u r  p o te n t ia e  u n o  
g r a d u  i n f e r i o r e s ,  t u m  t o t u m  d u c a tu r  a d h u c  in  e x p o n e n t e m  e z  r a t io n is  d if­
fe ren t ia l i s  variabilis  z ;  e r i t  q u a e f i tu s  e x p o n e n s  d if fe ren tia l is  (1 03 .  § .)  e y  
=  (a A z a “' I -f‘b B z b '- I - f , c C z c“*1 +  e tc . )  e z ,  p ro  e z i r r i ,  fi z  ef t  v a r ia ­
bilis  ab fo lu ta  (86. 88 .  §•)♦

105.  P r o b l e m a .

Differentiare fundtionem y z = Z X  aequalem produ£to e x  duabus f  unitio­
nibus Z ,  X  unius variabilis abfolutae x.

S o l u t i o .
M u l t ip l i c e tu r  e x p o n e n s  d if fe ren tia l is  cu ju sv is  f a f to r i s  feorf im  fum ti  p e r  

f a & o r e m  a l t e r u m ; e r i t  fu m m a p r o d u & o r u m  aequalis  qu a e f i to  e x p o n e n t i  
d if feren t ia l i  e y  ( 1 0 3 .  § . ) ,  n im i r u m  Z e \ + X e Z  =  e y .

D e  m  o  n  fl r  a t i o.
Si variabilis  a b fo lu ta  x ,  ad q u a m  f u n t t i o n e s  Z ,  X  fu n t  r e l a t a e ,  a u g e a ­

t u r  differentia A x ;  ab ib i t  f u n t t io  y : = Z X  in v * : = : ( Z 4- A  Z )  ( X - f  A X ) ,  er i t -  
q u e  A y  Z  A X 4* X A Z - f A X A Z  Ci 9’ 2°* §•)• Si e r g o  fu m an tu r  
fe r ie s  differentiis  A X ,  A Z  aequa les  p e r  (84 §•)» d e b e b i t  p ro  ce r t i s  coeffi-  
c ien tib i ls  «, /3, Y> e t c. in d e p e n d e n t ib u s  a A x  fieri A y  ==  ( Z e  X 4- X e Z )  A x  
+  « A x 2 - f ^ A x 34- r A x 4 + e t c . ,  h in c  e y  =  Z s X  +  X « Z  (82. § .) .

106. C o r o l l a r i u m  1.

Si f u n f t io  u  =  P Q R  -  -  -  U  a e q u e tu r  p r o d u f to  e x  f u n f t io n ib u s  P ,
Q ,  R ,  -  —  U  n u m e r o  n ,  e t  y ; = P Q K -------- LTV fit p r o d u & u m  ex  lun-

f t i o n ib u s
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iftionibus numero n +  t; e r i t s y : = £ . P Q R -------U V = P Q R --------U s V

-j-V £ P Q  R -  —  U (105* §.)* quare, f i e . P ,  Q, R, -  —  U fiipponatur 
a e q u a r i  fummae produftorum ex  -exponentibus differentiaiibus fingulorum

factorum P, Q ,  R , ------- U in omnes reliquos fa&ores, debebit e y  aequari

fummae p r o iu f to ru tn , quae nafcerentur, fi exponens differentialis cujusvis

funttionis P ,  Q , R , ------- U, V  feorfim <iuceretur in omnes reliquas

fundtiones.

107.  C o r o l l a r i u  m 2.
H in c (106. § .)  et ex (105. § 0  per (31 .  § 0  fequitur gen eratim , ex- 

ponentem diiFerentialem produtti ex  quotcunque funftionibus aequalem effe 

fummae produfto rum , quae obtinerentur^ fi exponens differentialis cu- 

juslibet funftionis feorfim fumtae multiplicaretur per omnes reliquas 

functiones.

l o g .  P r o b i  e m  a.
D iffer entiare funftionem  fraStam  y  — relatam ad unam variabilem  

abfolutam  x.
S o l u t i o .

Subtrahatur procludunt « x  numeratore in exponentem differentialem 

denominatoris a produfto ex denominatore in exponentem differentiaiem 

num eratoris,  et refiduum dividatur per quadratum denominatoris; erit 

quotus aequalis quaefito exponenti differentiali (103. § .)  , nimirum 

V f i U  —  U *  V«y — - — ---------------- •j  y *

D e m o n f t r a t i o .

Ob  y V ~ U  erit y e V  +  V e y ^ f i U  (95. I 0 5 .§ . ) ,  unde facile elucet, 

quod erat demonftrandum.

1 0 9 .  P r o b l e m a .

D iffer entiare logarithmum  y = l u  fpe&atum injlar unius funttionis va­

riabilis u,  abfoluta ea f i t , aut aequalis cuicunque functioni alicujus variabilis 

ab/olutae x.

S o l u t i o .

Capto exponente differentiali variabilis u ,  dividatur is per ipfam va ­

riabilem u, et quotus ducatur in modulum M fyftem atis, ad quod logarith7 

mus y  =  l u  fpettat; erit produftum aequale exponenti differentiali loga-

F  2 rithmi



rithmi y — l i i ,  qui petebatur (103. § . )  nimirum e y ^  M ,  vel e y

ivi
=  -— , fi u eft variabilis abfoluta. 

u
D  e m 0 n ft r a t i o.

In (35. §. 3-n.) per (4 i .§ .)>  Tumeo modulo M pro A y et pofita variabili 

hinc A u “ A z  ( 2 i . § ) ,  erit pro numeris ibidem determinatis 

_ ^ ^ A. !V1Au , RA-v2 , CA u 5 .
B, C, D, e t c . , A l u m ----------- \-------------  ------------\------------------------------------  ---------- etc. *, hinc e . 1 u m

u ‘ u2, 1 u 3 1
M eu  .
—  (89- §•)•

1 1 0 .  C o r o l l a r i u m  1.
Pro Iogarithmis naturalibus, quibus deinceps conftanter utem ur, eft

6 11 I
modulus M.— 1 (41.§.)•* igitur e y r r d u n  —  , v e l s l u “  —  , fi u eft

variabilis abfoluta (109. §.).

1 1 1 .  C o r o  i 1 a r i u  m 2.

Si dati quicunque logarithmi fpe&entur inftar quantitatum variabilium ; 

poterunt per ( 110.  § .)  etiam logarithmi logarithmorum facile differentiari.

Sic e. gr. y = : l l u  dabit e y =  i§0 ? et y ^ H l u  dabit

e ■ 1 1 11 f  u
£y  —  -----n — 5 e t ita porro.

l i u  u l u . l l u  r

1 1 2 .  C o r o l l a r i u m  3.

Quantitates v e ro  exponentiales differentiabuntur per eadem praecepta, 

fi capiantur illarum logarithmi naturales. Sic funftio y r = a z dat l y = z l a ,
€ y

hinc la  (95. 110. 90. § . ) ,  adeoque e y = : a 7e z  1 a. E t f i i n y ^ v 2

fint v ,  z  du<ie quaecunque functiones relatae ad unam variabilem abfolu-

tam x ;  erit l y ~ z l v ,  et ~ - | - e z l v  (105. n o .  § .) ,  hinc e y

V2*"7. fcV +  VZ£ Z l  v.

113.  C o r o l l a r i u m  4.

Pro bafi e  logarithmorum naturalium eft l e m j  hinc £ .e 7: = e z £ z  

( U 2 .  §.)•
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1 14.  C o r o l l a r i u m  5«

C o g n ito  autem exponente differentiali logarithmi naturalis datae cu- 

juscunque variabilis u ,  fi is ducatur in modulum aut logarithmorum vulga­
rium (43, § . ) ,  aut aliorum logarithmorum artificialium, obtinebitur expo­

nens differentialis logarithmi vulgaris, aut alterius logarithmi artificialis 

ejusdem variabilis u (109. 110.  §.).

1 1 5 .  P r o  b l e m a .

Conftderatis fin u  et cofinu arcus variabilis <p in jlar duarum  functionum  ejus­
dem circus, invenire exponentes rationum  differentialium  iis fundtionibusdebitarunu

S o l u t i o .  < '

Funftiones ejusmodi habentur in (59. § . ) ,  et illarum differentiae in

(56. §■ 6. n. 57. §. 2. n.).‘ nimirum pro certis coefficientibus IVI, N, O , ------

p ,  q, r, etc. independentibus a A debet efTe A Sin < p ~ A  (p Cof(p  

N ACp3- f  O A<f4 + e t c . ,  et A Cof<p =  —  A (p Sin (p +  p A (pz -\- q A <P*+r A (f4 
-f- etc. Quidquid fit ergo (p, variabilis abfoluta, aut fuuttio quaecunque 

alicujus variabilis abfolutae; erit per (89* §•)♦

eSin  (p Cof<p. e C o f = ; — £<f>Sin(p.

1 r C). C o r o l l a r i u m  1.

Cum fit Sin v < p ~ i  —  Cof<p et C o f v # : =  1 — Sin (p; obtinebimus per 

( 9 1 . 1 1 5 .  § .)  fequentes exponentes differentiales:

e Sin v (p Sin (p. g C o f v ( p ~ — e(p CoC(p.

1 1 7 .  C o r o l l a r i u m  2.

Eft porro C o t ( p 7 = ~ ^ : per ( i c 8 -  H 5* § • )

debebit igitur effe.

,Ta”g<p=c i ^ = ^ s“ ^

* Cot  9 — i ^ i r r ~ - ‘ <f C o k c ^ -

n 8. C o r o l l a r i u m  3.

Denique eft S e c ^ ^ C o f ^ " 1, et C ofec(pP = Sin  <?"*: per (10 4 .115 .  § .)  

inveniemus ergo

e S ec  <p -=. £<pTang(pSec(p.Cofin (p2- T ^

«Cofec O/ = — ^ ^ 1 =  — etpCot l? CoCec<p.
F  3 119. Co-
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1 1 9 .  C o r o l l a r i u m  4 ,
H a & e n u s  fp e f ta v im u s  f in u s ,  c o f in u s ,  finuS e t  c o f in u s  v e r f o s ,  t a n g e n ­

t e s ,  cotangentes, f e c a n te s ,  e t  c o fe c a n te s  a r c u u m  v a r ia b i l iu m  (p in f tar  t o ­
t i d e m  funttionum h o r u m  a r c u u m ,  quo cafu  e r i t  ub iq ue  i n  p ra e c e d e n t ib u s  
6 q>~= :if  fi (p nulli f u n f t io n i  a licu jus  variabilis  a b f o lu t a e  a e q u e t u r , fed  fit 
ipfa variabilis ab fo lu ta ;  fi e r g o  i l lae  fu n & io n e s  c o g i t e n t u r  i n v e r t i ,  u t  ex  
iis nafcantur f u n t t i o n e s  e x p r im e n te s  a r c u s  #  p e r  ip fo ru tn  f inus ,  co f in u s ,  e t c .  
(99- §-V, o b t in e b im u s  p r o  h is  n o v is  f u n f t io n ib u s  p e r  (1 0 2 .  § . )  e x  ( 1 1 5 .  11 6 .  
117 . n 8 -  S )  f e q u e n t e s  e x p o n e n t e s  d i f f e r e n t i a l e s :

£ S 1 S) ^ _ s Cof
> - “ P =  2.  e < p _

e Sin v <p ^ e C o f  v <0
4' *<P=—  

t 9  = ! l i 2 S J .  6. . 9 = — ± % L * . ;
Y  Sec £p2 C o lee  (p2

__ e Sec (p _ _ __ e r nfec (P
r  e<P T a n g  <f> S ec  ’ C o t< p C o fec  (p

12 0 . C o r o l l a r i u m  5.
S i  <p =  A r c  Sin z ,  v e l  <p.“  Arc ,C o f  z  denotet arcum c ircu li,  cujus

finus  vel co finus  fit z  ; e r i t  S in  £ p ^ . z  e t  C o f  (p t r r  ^ (1 — z 2) cafu  p r im o ,  
ve l C o f ( p : = z  e t  S i n ^ ^ u / X 1 —  z 2) c a fu  f e c u n d o :  o b  (1 1 9 .  § .  1. 2 . n .)  
e r i t  ig i tu r

e A rc  Sin z  = =  -777-------*• e A r c C o f z =  7 ------ “ r*
V ( I — Zz)  A i — Z2)

i a i .  C  o  1 0 I I a r  i u  m  6 .
Si vero <£>:= Arc S i nv z  vel Arc Cof  v z  fignificet arcum, cujus 

finus vel cofinus verfus eft z ;  erit Sin v $z=zz et Sin ^ “ ^ ( 2 z  —  z 2) 

cafu primo, vel Cofv Qz=zz et Cof ty^\fK2 z — z 2) cafu altero: per 
(119. §. 3. 4. n.) obtinebimus igitur

e Arc Sin v z  —  , * Z —  ■ « A r c C o fv z z r r  ~~S/'

46 C A  P  U T  11

V ( 2 Z  — Z2) ~ ~ f ( 2 Z — 2.*-)

13 2.  C o r o l l a r i u m  7*
Si porro <p:= A rc  T a n g  z  vel =  A>-cCotz exprimat arcum , cujus 

tangens vel cotangens e iiz j  erit Tang<p =  z  et 6ec<pz ^  1 - f  z 2 cafu pri­

m o,



m o ,  vel C o t  <?>£=:z e t  Cofec(£>2 : = i + z 2 ca fu  f e c u n d o :  d e b e t  i ta q u e  effe 
p e r  (1 1 9 .  § .  5- 6. n .)

t A r c T a n g z r r r — 7— -t * g A r c C o t z  =

C A P U T  / / .  47

1 -f z 2 i  -f z 2

123. C o r o l l a r i u m  8.

Si denique <£>:=ArcSecz vel <p =  Arc C o f e c z  denotet a rcu m , cujus

fecans vel cofecans eft z ;  erit Sec(p =  z  et T a n g < p S e c (p := z > / ^ ( l— ' Z 2)

cafn p r im o , v e l  C o f e c < p = z  et Cot <p Cofec (p : = z > / ( l —  z 2) :  igitur per

(119. §. 7. 8- n.) fiet
_ s z  . „  —  e z

e A r c S e c .  z — — ---------— « A r c C o fe c  z  =  -z / X i  — z 2)  z / ( i  — z 2)

124. P r o b l e m a .

exponente primae rationis differentialis'certae fun&ionis y ,  *wt/£- 

«ir# exponentes quarumvis altiorum rationum differentialium ejusdem fu n - 

ttionis.

S o l u t i o .
D a t o e y = P ,  q u a e r a tu r  e.gy  “ g P  e x p o n e n s  p r im ae  ra t io n is  differentia l is

2func tio n is  d a ta e  P ;  e r i t  g y ^ e P  e x p o n e n s  f ecu n d ae  ra t io n is  d if fe ren tia l is  fu n -  
2 2 f t i o n i s  y :  i n v e n to  e y = £ P = ; Q ,  q u a e r a tu r  e . e y ~ eQ  e x p o n e n s  p r im ae  r a ­

t io n i s  d if fe ren t ia l is  funCtionis  Q ;  e r i t  g y : = g Q  e x p o n e n s  t e r t i a e  ra t io n i s
ndiffe ren tia l is  fun c t io n is  y : e t  g e n e ra t im  c o g n i to  e x p o n e n t e  ey  Z  ntatf r a t i o ­

n is  d if fe ren tia l is  fu n f t io n i s  y ,  q u a e r a tu r  g . g y : = g Z  e x p o n e n s  p r im a e  r a t i o -
n* in is  d if fe ren tia l is  fu n & io n is  Z ;  e r i t  g y t ^ r g Z  e x p o n e n s  p r o x im a e  a l t io r i s  

( n - f i )efimae r a t io n is  d if fe ren tia l is  fu n t t i o n i s  y  (9 3 .  §-).
1 2 5 .  C o r o l l a r i u m  1.

C u m  n u l la  fit fu n& io  a d ig n ab i t is  u n iu s  variabilis  a b fo lu ta e ,  p ro  q u a  
e x p o n e n s  p r im a e  ra t io n is  d if fe ren t ia l is  o p e  p r a e c e d e n t iu m  p r in c ip io ru m  n e ­
q u ea t  d e t e r m i n a r i ; fufficient e a d e m  pr inc ip ia  ad  inveniendos e x p o n e n te s  
o m n iu m  a l t io ru m  r a t io n u m  d iffe ren t ia l iu m  q u a ru m v is  f u n t t i o n u m  u n iu s  v a ­
r iabilis  ab fo lu tae  (1 2 4 .  94 .  §.)•

1 2 6 .  Co-



12 6. C o r o l l a r i u m  3,

Dum fun&fo y  datur per ipfam variabilem abfolutam x ,  pro qua fit
2 5

e x r r r i ;  determinabuntur omnes exponentes differentiales ey, e y ,  e y , etc. 

per certas funftiones ejusdem variabilis abfolutae x ,  carentes exponente 

difTerentiali e x .  Generatim vero recipiet funttio y  omnium ordinum ra­

tiones differentiales, fi ad nullam rationem differentialem devenire licuerit,
n

cujus exponens conftans fit: utprimum autem exponens e y  alicujus n tae ra­

tionis differentialis conflanti cuipiam quantitati fuerit aequalis; erunt expo-
nf r  n+z >

nentes e y ,  e y ,  et fic porro altiorum rationum differentialium aequales

nihilo (124. 8o- §•)• Sic e. gr. funftio y z =  ~  dabit e y  = ------ L .  * v
x  x z * J

=  ~r'y e y — ------- ^4> et Po r ro :  funftio y  =  x 3 vero dabit e y
z  -i 4 s;= 3X2; e y t= 6 x; ey —  o; e y —,0 , ey r= o , et ita porro.

1 2 7 .  C o r o l l a r i u m  3.
Si pro fun&ione y := A z a4-Bzb-f CzH--l-Pz^-j-etc. deter*

2
mines e y ,  e y  per (12 4 .  104. § . ) ,  eadem dein Jege, quam coefficientes

2, III
et e x p o n e n te s  in e y ,  e y  fequuntur, exprimas exponentem e y  m tae ratio­

n i s  differentialis fun&ionis y ,  et hinc per (124. 104. § . )  e l ic ias"^  y  ;

invenies hunc quoque exponentem illi leg i  fubjacere, unde idcirco per
r

( 31 .  §.)  concludes, exponentem s y  cujusvis r tae rationis differentialis 

debere elle
a ( a — i ) ( a  —  2 ) ------- (a —  r - f  i ) A z a " '

- f b ( b — i ) ( b  —  2 ) ------- ( b — r-J-1) B z b~ r

1~\~ c (c —  0 (c —  2 ) ------- ( c — r + i ) C z c“ r

\ y = ( +  - ---------------------------------- -  _

+  P.(P — 0 ( P  — 2) ------ (p — r+ i)P z i?~r
k+  etc. etc*

128.  C o r o l la  rium 4.^ \
Ubi vero funftio y  differentianda data fuerit aut per unam variabi- 

l e m z ,  aut per plures variabiles z ,  u, v ,  quae totidem funttiones unius

varia-
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variabilis afcfolutae x  exprimant, debebant exponentes differentiales varia­

bilium z ,  u , v inftar totidem funftionum variabilis abfolutae x  tra&ari, quo 

f i e t , ut non modo primi exponentes differentiales e z ,  e u , e v, fed etiam
2  * n- 2 3 .

altiotfes, ut s z ,  e z , e t c .  m expreffiones pro e y ,  e y ,  e y ,  etc. mgre-
2 2

diantur. Sic funftio  y t = z z dabit e y ^ 2 z * z  Ci o 4- §•)> e y f ^ s z e z
3 3 2

+  2 £Z2 (12 4 .  105. § . ) ;  € y  =  a z  e z - f - 6 f i Z £ Z  (1 2 4 .  92. 105. 104. § . ) ,
Z  2

e t  ita p o rro:  fun & io  y  :== u v dabit e y t = U 6 V + V € U  (105. § 0  i e y ~ U £ t2> ”3 3 3 2 24 - v e u 4 - 2 e U e v  (124. 92. 105. § . ) ;  e y s = u £ v  +  v e u 4- 3 e u g v - f  3 e v s u  

(124 . 92. 105. 104. §.)» et lta po rro: funftio  autem y = u x 2, in qua eft 

k  variabilis abfoluta, hinc « x  =  i , dabit e y ^ = e  u x z - f - 2 x u  (105. 104. § ) ;
2  2  3 2  3

e y ^ = 2  u 4 - 4 x £ u  +  x 2 £u (124. 92 I0£. 104. § .)» &y  ^ = 6 f iu 4 - 6 x  eu-f-x2e »  

(12 4 .  92. 105. 104. § . ) ,  e t  fic porro.

1 2 9 .  T l i e o r e m a .

S i , datis quantis Z ,  X  determinatae m agnitudinis, et duobus aliis U , V  

variabilibus , quorum quodvis pojfit fieri minus quovis dato quanto, pro qui- 
buslibet valoribus quantorum  U ,  V  fu er it  Z > X + , U  yirow/ Z <  X  4- V ; 

erunt quanta Z ,  X  inter f e  aequalia.

D e  m o n f t  r a t i o .

Impoflibile eft, ut fit Z > X 4*U et  fimul Z < X  —  V  v e l Z < X 4 - V :  

fi enim eft Z < X  —  V ;  debet efle a fortiori Z < X ,  et  Z < X  +  U :  Si 

porro eft Z > X - J - U ;  erit a fortiori Z > X ;  h in c,  quia quanta Z ,  X  funt 

determinatae magnitudinis, extabit quantum tertium D magnitudinis pari­

te r  determinatae, pro quo f i a t Z  =  X + D :  cum autem , per hypothefin

poflit fieri V < D ,  poterit etiam fieri X  +  V < 3 Z ,  eoque ipfo eft impolli- 

b i le ,  u t ,  exiftente Z > X  +  U ,  fit fimul Z < i X - f  V  pro quibuslibet va­

loribus quantorum variabilium U , V .

V i  theorematis habebimus igitur binas fequentes conditiones poflibi- 

le« , atque ex  his evidenter poteft demonftrari abfoluta neceilitas aequalita­

tis quantorum Z ,  X .

I. Z  > X — U  et  fimul  Z <  X  +  V.

II.  Z  > X — U  et fimul Z <  X — V .

Vdmtn 7, G Si
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Si enim quanta Z , ' X  non effent aequalia; deberet efle Z  >  X  , ve l

Z <  X ,  quorum utrumque pugnat cum aflumtis conditionibus. Nam pro 

Z  t > X  abfurda eflet conditio fecunda in ( I I ) ,  extaretque differentia Z  —  X

—  D determinatae magnitudinis, pro qua fieret Z r = ;X  +  D ,  hinc D <  V

ob fecundam conditionem in (I):  ig itu r,  cum per hypothefm  poflit fieri 

V <  D ,  poflet efle D <  V  et fimul D > V .  Porro pro Z <  X  eflet 

X t = Z 4-D  pro certo quanto D determinatae magnitudinis, hinc 7 ;— X — D, 

en ideo D < U  ob primam conditionem in ( l )  et (II) :  quare, cum per

hypothefm poflit fieri U < D ,  poflet efle U < D  et fimui U > D .

1 3 0 .  C o r o l l a r i u m  x.

E x  hoc principio generali methodi exhauftionis antiquorum fequitur 

aliud principium analyticum , quod infignem habet ufum in plurimis difqui-

litionibus maximi m om enti: fi nimirum Z ,  X , P, Q, R , -------p, q ,  r ,  etc.

fint quanta independentia a variabili w , fitque pro q uovis  valore hujus 

variabilis Z >  X  +  pw +  q w 2 + r w 3 +  etc . ,  et fimui Z < X  +  P w - f Q « a 

+  R w3+  etc .;  debebit efle Z  =  X  (76. 129. §.).

1 3 1 .  C o r o l l a r i u m  2.

Quamobrem , fi differentia A y  certae functionis y  relatae ad variabi­
lem abfolutam x ita dependeat a differentia / ix  ejusdem variabilis,  ut pro

certis quantitatibus E ,  F ,  G , -------e, f, g ,  etc. independentibus a A x  et

quovis poflibili valore differentiae A x  ( 1 5 .  § .)  debeat effe A y > X A x  

4 - e A x 2 +  f A x 3 - f  g A x 4 +  etc. e t  fimui A y < X  A x  +  E A x - - f - F A x 3 

- f G A x 4 + e t c . , quia eo ipfo debet etiam fleri £ V > X  +  ( e — k ) A x  

- f  ( f — 1) A  x2 +  ( g —  m) A  x 3 - f e t e . ,  et a y  <  X -f-  ( E — k) A x  - f ( F — [) A  xz 

+  ( G —  m ) A x 3- f e t c .  (84. § •) ;  erit e y “ X  exponens differentialis fuo- 

ftionis y  (130. § . ) ,  cui e y n r r X s x  poterit fubftitui ( 8 l .  §•)•

132.  C o r o l l a r i u m  3.

Huic principio ( 1 3 1 .  § .)  innititur methodus quaerendi exponentes dif- 

ferentiales funttionum incognitarum, qua in fequentibus frequenter utemur; 

quacunque vero m eth o d o , hac aut alia fimili, determinatus fuerit exponens 

differentialis e y ,  debebit is fumi cum fignis contrariis,  fi conftet, futi&io- 

nem y  d ecrefcere ,  crefcente variabili (18. 79 .) .

1 3 3 .  D e-
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1 3 3 .  D e f i n i  t  i o .

Q u a n t i t a t e s  variabiles  u, v dependent a fe  invicem 5fi qu o t ie s  alteru­
t r a  ip fa ru m  m u t a t u r ,  ex  h a c  m u ta t io n e  ce r ta  m u ta t io  in a l t e ra m  r e d u n d a t i  
quodfi  a u te m  q u a n t i ta te s  u ,  v ta le s  f i n t ,  u t  q u a ev is  ip fa ru m  poflife m u ta r i ,  
q u in  id eo  e t ia m  a l te ra  m u ta r i  d e b e a t , e r u n t  ea e  independentes a fe  invicem.

1 3 4 .  C o r o l l a r i u m  r.

Q u a e v is  d u a ru m  a fe inv icem  d e p e n d e n t iu m  va r iab i l ium  u ,  v  p o te f t  
f p e & a r i  in f ta r  c e r ta e  fu n f t io n i s  a l te r iu s  v a r ia b i l i s ; q u o c i rca  e r i t  a l t e r u t r a  

ip fa ru m  variab i l is  a b fo lu t a ;  vel am b ae  a e q u a b u n tu r  du a bu s  fun&ionibus 

u n iu s  variab il is  ab fo lu ta e  x  C i33* 4* §0*
1 3 5 .  C o r o l l a r i u m  2.

O m n is  fun<?tio y  p lu r iu m  a fe in v ic e m  d e p e n d e n t iu m  va r iab i l ium  cen-  
fen d a  eft r e f e r r i  ad u n ic am  variab i lem  a b fo lu ta m  C134* §•)> cu ju s  d if feren-  
t i a t io  id c i rc o  p r a e c e d e n t ib u s  p ra e c e p t i s  fu b jace t .

1 3 6 .  C o r o l l a r i u m  3 .
S i  v e ro  q u a n t i t a t e s  v a riab iles  u, v fint  in d e p e n d e n te s  a fe in v ic e m ,  non 

p o t e r i t  u n a  ip fa ru m  ae q u a r i  c e r ta e  fu n & io n i  a l t e r iu s  (133. § . ) :  q u a m o b re m  
debebit eiTe quaevis ipfarum variabilis abfo/uta (4. § . ) ;  aut aiterutra e r i t  
va riab il is  a b fo lu ta ,  e t  a l te ra  ae q u a l is  c e r t a e  fun&ioni alicujus variabilis ab- 

f o l u t a e x ;  ve l am b ae  a e q u a b u n tu r  q u ib u s d a m  fu n c t io n ib u s  d u a r u m , v a r i a b i ­
l iu m  ab fo lu ta ru rn  x , z .

1 3 7 .  C o r o l l a r i u m  4.

O m n is  fun6 tio  y  p lu r iu m  a fe in v icem  in d e p e n d e n t iu m 'v a r i a b i l i u m
u , v , z ,  e tc .  ce n fen d a  eft r e f e r r i  ad p lu re s  variab iles  a b fo lu t a s ,  i ta  u t  p r o ­
p r ie  n u n q u a m  l ic e a t  e ju sm o d i  f u n f t io n e m  y  ad un ic am  a l iq uam  v a r ia b i lem  
ab fo lu tam  p r e la ta m  f p e f t a r e ,  a cu ju s  m u ta t io n ib u s  p e n d e a n t  m u ta t io n e s  
fu n d t io n is  y ,  f in g u la ru m q u e  va riab il ium  u ,  v, z ,  etc .

1 3 8 .  C o r o l l a r i u m  5.

Q u o t i e s  t a m e n  va riab iles  u, v ,  z ,  e tc .  in  d a ta  fu t i& ion e  y  a fe inv icem  
in d e p e n d e n te s  f u e r in t ;  l iceb it  i llas  m u ta t io n e s  feorfitn  c o n f id e r a r e ,  quae  ex  
ce r t is  m u ta t io n ib u s  variab il ium  u, v , z ,  e tc .  feorfim  fu m ta ru m  in fu n 6 t io -  
n e m  y  d eb en t  r e d u n d a r e ,  i ta  e. g r . ,  u t  j a m  u ,  v , j a m  u, z ,  jam  v e ro  v, z  
p r o  co n fta n t ib u s  q u a n t i t a t ib u s  p o f l in t  f u m i , a d e o q u e  y  inftar  c e r t a e  fu n6 tio -

G  2 nis
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nis u n io s  v a r ia b i l i s ,  z  ca fu  p r i m o ,  v  ca fu  f e c u n d o ,  e t  u cafu  t e r t i o  q u e a t  
fp e & a r i  (1 3 3 .  § . ) .

1 3 9 .  D e f i n i t i o ,

N o m in e  primae rationis differentialis fu n & io n is  y  p lu r iu m  a fe inv icem  
in d e p e n d e n t iu m  variab il ium  u ,  v, z ,  e tc .  i n t e l i i g e m u s  r a t i o n e m ,  cu jus  ex ­
p o n e n s  g y  a e q u a tu r  fu m in ae  e x p o n e n t iu m  p r im a r u m  r a t i o n u m  differen tia -  
l i u m , quas  f u n t t i o  y  p ro  l in g u l is  feo r f im  f u m t i s  v a r iab il ibus ,  u ,  v, z ,  e t c .  
r e c ip i t  (13 8 .  §•)*

140. C o r o l l a r i u m  r.
E xp on ens n tae rationis differentialis functionis y  plurium variabilium

n
U, v, z  commodiflime exp rim etu r ,  ve l  {impliciter figno e y» ve?, quo ipfae 

variabiles in y  contentae exhibeantur*figno uvz« y j.  ligna v e r o ue y ,  v 4 y  p
Ct

Ke y  e x p r i m e n t  e x p o n e n t e s  n tarum  r a t i o n u m  d i f fe ren t ia l iu m  f u n f t io n i  y  
p r o  variab il ibus  u ,  v ,  z  fe o r f im  f u m t i s  (138* §•)  d e b i t a r u m :  e r i t  i g i t u r  
e y = : uvz6y ? = uf i y - l - vf i y 4- r« y  ( 1 39- §•)►

141. C o r o l l a r i u m 2.

D a ta  f u n f t i o n e  y  p lu r iu m  a fe in v ic em  in d e p e n d e n t iu m  var iab i l iu m  tr» 
V, z  ,  i n v e n i e t u r  e x p o n e n s  « y = nvze y  i/ i iu s  p r i m a e  r a t i o n i s  d if fe re n t ia l is ,  

fi p e r  p ra e c e d e n t ia  p r a e c e p ta  q u a e r a n t u r  e x p o n e n t e s  p r im a r u m  r a t i o n u m  
d i f f e re n t ia l iu m ,  quas  fu n & io  y  p r o  l in g u l i s  f eo r f im  fu m tis  v a riab i l ibus  u* 
v , z  r e c i p e r e t ,  i id e m  d e in  e x p o n e n t e s  in  u n a m  f u m m a m  a d d a n tu r  (140* 
139' §•)•

142. C o r o l l a r i u m 3.
S ic u t  a u te m  e x  da ta  f u n f t i o n e  y  p lu r iu m  a  fe  in v ic e m  in d e p e n d e n ­

t iu m  va r iab i l ium  u ,  v ,  z  p e r  p r a e c e d e n t ia  p ra e c e p ta  e l ic i tu r  e x p o n e n s  e y  
i l l ius  p r im ae  ra t io n is  d i f fe ren t ia l is  (141. § . )  ; fic p o t e r i t  e x  h o c  ip fo  e x p o -
n e n t e  elici e x p o n e n s  e y  f e c u n d a e ,  e x  ifto v e r o  e x p o n e n s  £ y  t e r t i a e ,  ex

4.
h o c  p o r r o  e x p o n e n s  e y  q u a r t a e ,  e tc .  r a t io n i s  d if fe ren t ia l i s  e ju sd e m  f u n -  
f t io n i s  y  (139 .  124. § . )

143.  C o r o l l a r i u m  4.

O m n is  fu n f t io  p lu r iu m  variab il ium  a fe  in v ic em  d e p e n d e n t iu m  u ,  v, 
z ,  etc. e x p r im i  p o te f t  fo rm u la  g e n era l i  y  A u a vb z c etc .  B u d ve z f e tc .  
H h C u ^ v 1̂ 1 e tc .  - f-e tc .  (63 .  § . ) ,  e r i tq u e  ( 1 3 5 .  § 0

« y
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e y j = ( c A u a vb z c “ I - f f B u d ve z f“ I - } - i C u ^ v h z } ~ xAr etc.) e z  

-f- (b  A ua z c v b""1 - f  e B ud z f ve - 1 +  h C ud z ‘ v h 1 +  etc.) e v 

4- ( a A v bz c ua’" I 4 d B v e z f iid' " 1 - f g C v h z ‘ uS- *1 - f e t e . )  e u  

+  etc. etc. etc.

Ob (139. §.} eft ergo € y m zc y 4- v* y +  u«y*

144. C o r o l l a r i u m  5.
Quamobrem methodus differentiandi fun£tiones plurium a fe  invicem  

independentium variabilium in ( 1 4 1 .  142. § .)  praefcripta> extendi poteft 
generatim. ad omnes fhnfriones plurium variabilium, feu hae dependeant 

a fe invicem* feu non (143. § . ) .

1 4 5 .  T h e o r e m a .

Exponens primae rationis differentialis cujusvis functionis y  duarum va­

riabilium  u, v debet habere form am  funftianis  M « u -f*N g  v ,  in qua femper f it  

v6 M  ufi N
€ V fi u

D e m o n f t  r a t i o .

Generatim poteft: poni y : = A  ua vb +  B u c v d 4- C u e vf 4* etc. (63. § • ) ,  

unde pro M — a A v b ua,_I4- c B  vd u°""I 4- e C v f ue - x 4-etc . ,  et N ~ b A u a vb_I 

4-dB uc vd’~‘ I ~ j-fC a e vf - I 4- e tc .,  obtinetur “« y ^ M e u ,  v« y 5 : N f v :  igi-
v c M

tur  (140. 144. § .)  uv« y ^ = M f i u 4 - N f i v ,  et ----- = --------
fi V £ U

146. C o r o l l a r i u m 1.
E x  H« y t = :M fiU ,  ve y r = : N e v ,  obtinetur ve . ue y m ve M « u ,  ue . v£y

—  « j N s v :  cum igitur debeat efife u6 N 6 v = r . vg M « u (145. § . ) ,  quaelibet 

funttio  y  duarum variabilium u, v ita eft com parata, ut pro ea debeat fieri 

yg , u« y  =  ufi. ve y .

14 7 . C o r o l l a r i u m  2.
Si funftio  quaecunque y  duarum variabilium u, v  bis continuo diffe- 

rentietur,  ita ut primum capiatur exponens differentialis funfrionis y  pro 

fola variabili u ,  tum exponens differentialis exponentis w« y  pro fola varia- 

bili v. vel primum differentietur y  pro fola variabili v ,  tum  ipfe exponens 

v« y  differentietur pro fola variabili u ;  eadem utroque cafu obtinebitur fun- 

fr io  formae generalis X e u s v ,  denotante X  funftionem  independentem 

ab exponentibus differentialibus e u ,  e v  (146 . § .) .
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1 4 8 .  C o r o l l a r i u m  3 .

E x  liis facilis eft tranfitus ad inventionem l e g u m , quibus tam e x p o ­

nentes altiorum rationum differentialium functionibus duarum variabilium 

debitarum, quam exponentes rationum differentialium debitarum funftioni- 

bus trium, quatuor, etc. variabilium fubjacent. S i c ,  quia exponens pri­

mae rationis differentialis funttionis y  duarum variabilium u, v debet ha­

bere formam funftionis e y t ^ M e u  +  N s v ;  habebit exponens differentia-

differentialis, feu exponens fecundae rationis differentialis ejusdem funCtid-
2

nis y  formam fun&ionis £ y  ~ ue (M e u - f  N s v) +  ve (M t u -f- N s v )t= » s  Mea 
' z 2

- f  M e u - f  u£ N e  v +  ve M e u  +  v s N s v  - f  N«  v (1 4 1 .  142. § . ) ;  confequenter, 

pofito u£ M £= Q  e u , v£ N = R e  v ,  et " e N ^ p e u ,  vfiM =  q s v ,  erit fem per.

g y t = M f i  u 4-N  s v - f  P 6 u s v -f- Q  £ u 2, -f- R s v%

u6 M -n ve N L , « N
pro Q — -----» R  — ------ » et ob CJ45- §•)
r £U £ v

' - p + « = £ + S = ’ G 2 ) = ’ C

1 4 9 .  C o r o l l a r i u m  4.

E xponens vero primae rationis differentialis cujusvis funCtionis y 
trium variabilium p, q, r continebitur formula generali £y =  f t y  - f  % y  - f  r€ y  

(140. 141.  §. )  = P e p  +  Q £ q  +  R e r 5 ita ut, quia quaevis variabilium p, q, r 

feorfim fumta in ejusmodi differentiatione inftar conflantis quantitatis potefl:

. j u <. ^  qs P r* Q  r« P P* R  r« Qfp e fta n ,  debeat e f l e ----- m ------ , ------ =  ,  ----- = ------ (14 5 . § .) .
r  e q  £p er e p  e r  g q  J 0

1 50. C o r o l l a r i u m  5.

Deinde fi fun&io y  trium,variabilium p, q, r continuo ter differentie- 

tu r ,  quocunque ordine haec differentiatio perficiatur, puta primum diffe- 

rentiando iplam funftionem y  pro fola variabili p ,  tum differentiando e x ­

ponentem p£ y pro fola variabili q ,  ac demum differentiando exponen­

tem ^fi .Pgy pro variabili r ,  vel alio quovis ordine; eadem femper pro­

dibit funttio formae generalis Z e p s q e r ,  exprimente Z  funttionem inde- 

pendentem ab exponentibus differentialibus £p, gq, er: id enim e x (149. § .) ,  

ut (147* §0  e x  (145. § .)  potefl colligi.

1 5 1 .  Theo-
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1 5 1 .  T h e o r e m a .

S i  capiatur tntus exponens differentialis u« y ,  et n tus exponens differen­

tialis ve y  fun&ionis y  duarum variabilium  u, v, prior pro fola  variabili u,
n m

et pofterior pro fola  v, tum quaeratur n tus exponens differentialis vs •u «y e x -
m /■ . m  n  . n  r

ponentis ll£ y  pro fola  variabili v ,  et m tus us . v ey exponentis v e y  pro Joia 
. % „  n m m n

variabili u ;  debebit effe v e . ug y ; z r u£ . v «y .

D e m o n f t r a t i o .
r t

1. Ponamus pro certo  indice r  efie v£ .u £ y : = : u £ . v£ y ;  erit etiam

u£ .v£.u £ y =  ll£ . ll£ . ve y :  eft autem ll£ .v£ . 11 s y ~ v£ . u£ ue y  (14 6 .  §•) 5=
r+i r r-fx r+i '  • t+*

re . u£ y ,  et  u£ . u £ . vgy^= u £ .v£ y:  igitur debet effe v£ . u« . y  ?=• ue . xe y .

Hinc et ex  (146. §.)  per ( 3 i .§ . )  fequitur, pro quovis poiiibili indice k  debere 
k k

efie v£ . u t  y  =  u « . v£ y-
. t m m r

2. P orro  fit pro indeterminatis indicibus r, m, v e .ug y  rrsug . v sy; erit
r+i m m v m r+i

etiam v£- 11 e y  —  v£ • u e . v £y . v£ y  ob ( 1 ) :  quare, cum pro
m m

r£=:i re ipfa fit ve . u e y = :  ve .  vey  ob ( i ) ,  debet pro quovis poifibiJi indice
n m m n

n ob (3i« §•) efie * u£ y ~  u£. ve y .

i  52.  C o r o l l a r i u m  i .

Hinc ( 1 5 1 .  §•) per (140. 141. § .)  obtinebimus fequentes exprefiiones
2 3 4

pro exponentibus differentialibus £ y ,  g y ,  e y , e y  fun&ionis indeter­

minatae y  duarum variabilium u , v. 

e y  z=. ue y  4 - v e y .
£ 2 Z
e y  r z ; 11 e y  +  2 llg . v£ y  v s
3 3 2  ' 2 3
e y  =3 U« y  +  3 u£ . V£ y  3 «g . V £ y  v  g y j
4 ^ . 3  2. z 3 4
£y r=.usy  +4  U{ • v£ y  +  6 u£ . v£ y - f  4 U£, v£y +  v *y.’

1 53* C o r o l l a r i u m a.
L e x ,  quam fequuntur termini fingularum expreflionum in (152. §.),

manifefta eft; fi fumas e-xpreflionem exponentis .differentialis t y  pro in-
deter-
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determinato indice r eidem lege conformem, tum ex  illa elicias e y  t—  s .  e y

per (140. 142. §•)» in ven ies,  fa& a per { 1 5 1 .  § . )  red u tt io n e ,  etiam ex- 
r t i

ponentem differentialem e y  e i  legi fubjacere: "hinc igitnr per  (3 1 .  § .)

fequetur, quemvis n tum exponentem differentialem cujuslibet funftionis y
d u a r u m  variabilium u, v  fequenti formula contineri:

n n . n . n f n — i") n-* 2
e y ^ = u e y +  —  • u 6 . v f i y  +  —  --------- i »  us . ve y

1 1 . 2  3

? ; ’ v£’ y  +
‘ 1 . 2 . 3

4 - n ^n .T - _L>  r ± j } .  V .  » £r y  + ...................+ v * „
1 1 . 2 -  -  -  -  -  r

i  54. C o r o l l a r i u m  3.
n n n n

Ex hac generaliflima formula, ob Us(u v ) : = v e u ,  V̂ (uv) =  u6v, et
n-r t n * r r

generatim ue (Vs .u v )  =  g u e v , fequitur formula pro nfo exponente 

differentiali produ&i y t = u v  ex duabus variabilibus u, v, nimirum,
n n n n-i  n(n — , )  n' z 2 .
g . UV? =V£ U- i ------- e u 6 v ■+ —------------ — • £ u e v i ------ -------

1 1 . 2

- +  7 1 .  ( n - f ± l ) - ' • ' u « v + — + u ; v.

1 5 5 .  P r o b l e n i a .

Invenire generalem exprejfionem valoris, quem funBtio y  variabilis z  

obtineat, f i  haec variabilis augeatur data quantitate u .

S o l u t i o .

Variabilis z  vel eft abfoluta, vel aequalis certae funflioni alicujus va­
riabilis abfolutae x (4. §.): quidquid ea fit, fpeftetur ut abfoluta, quo 

fiat £ Z = i ,  tum in hac hypothefi quaerantur exponentes differentiales
2 3 4

e y , e y ,  e y ,  e y  etc.: fi enim Y  valorem denotet, quem fun&io y, 

variabili z abeunte in z - f « ,  debet obtinere, erit per (64. 127. §.)

+  +  +  - -  + — ---------- «r.1 ^ 1 . 2  ^ 1 . 2 . 3  1 . 2 . 3  . . .  r

S e u ,  quod in idem recidit,  ob £ z = i
2  3  r

s_ y + . —  e y  i . e y  1 ’ - - - + -  " T . g y
I e z  1 . 2  e z 2, I • 2 . 3 e z 3 ’ i . 2 . 3 . . . r  e z s
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1 5 6 .  C o r o l l a r i u m  T.

S i  — a  lo co  u  fumatur 111(155.  g . ) ,  prodibit inde fequens generalis 

expreffio v a lo r is ,  quem funtlio  y  data per variabilem z  obtineret, fi haec 

variabilis  minueretur quantitate w.

Y ~ y  —  —  a>4- w2------- — —  co1 H--------- + ----------- ^ ---------u r.
1 . 1 . 2  1 . 2 . 3  l  . 2 . 3  . . .  r

V e l  ob s z ^ i .

^ gv  U* e y  _  ey  _|__+ ___c£__________g y
* I £Z 1.2 £Z2 I.2.3 £z3 — I . 2 . . . r* £2,r '

1 5 7 .  C o r o l l a r  i u m  2.

Q uam ob rem , pofitis coefficientibus numericis ~  —  ——  zrr

1 3 1 T
"i~ 2~3 ~ 01 * -  -  -  ~— --------- i-” * ’ e n t  S eneratim » prout variabilis

z  a u g e tu r ,  vel minuitur quantitate w (155.  T56. § .)
* 2 2  33 T v

Y  a £ y  4" a 6 y  &J2, - f - a ey  “I- —  -  -  4^ ««  y  wr.

V el
2 3 4  r

-vr__  . 1 e v  . 2 £ y , 1 3 s v  , , 4 s y  a 1 1 r £ v  r
\ — y  Hb a —  00 4- a  — i — 4^ a — —  a>3 4*« ——  &»4 + ; ------i r  a —  <y .

£ Z  £ Z 2, £ Z 3 £ Z 4 £ Z r

1 58- C o r o l l a r i  u m  3.

Si ,  data functione Z  duarum variabilium u, v, variabilis u maneat con­

flans, et  v abeat in v 4 ^ v ;  obtinebit Z  fequentem valorem X  per 

( i55* §0» ubi ,  v confiderando inftar variabilis abfolutae, ell g v = i ;  li 

porro in X  maneat v conftans, et u abeat in u - f  A u ;  induet X  fequen­

tem  valorem Z 1 (155. §.)» fumta variabili u pro abfoluta, quo fiat
. . # 2 3

£ u <— ■ 1 : fi igitur ex prima ferie eliciantur feries pro s X ,  e X, e \ ,  etc.

eae dein fubftituantur in fecunda fe r ie ,  tum reduftio fiat per ( 1 5 1 .  §•)» 

obtinebitur tertia feries, valorem Z 1 generatim exprimens, quem quaevis 

funftio Z  variabilium u, v eo cafu induet, fi hae ambae funul in u  4  ̂ A u, 

v +  A v  abeant.

X  —  Z  1 VgZ^ v I VgZAv'2 1 v£3Z A v 3 ____ j_ vg Z A v r
1 > 1 . 2 '  1 . 2 . 3  1 • 2 *. .  rr* *

Velumen I. H Z 1 ~
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7:*— X  +  UgYA- -  

Z 1 — Z

ueX A u 2
1T2

ll«X A u3 , , «*XAur

Z A v 3
1

"sZAu

1 . 2 

us Z A u 2

1 . 2 . 3

1 . 2
. ut Z A u 3 

1 . 2 . 2

------ +

------- +

1 . 2  . . . .  r

ve Z A v r

C 2, ^

^ZAu , ugZAu2 . ueZAu3 _____  ^ Z A u r >  A^
I ' 1 . 2 ' 1 . 2 . 3 1 . 2  . . . r y  1

'«ZAu , u eZ A n 2 . ugZ A u 3

I. . 2 I . 2 . 3
y

* f  -  -  -  +

. v f A e Z A u  . »?ZAu2 . ug Z A u 3 _j_______ u g Z A u r A v3

V I  ' Ii ► 2 B . 2 . 3 1 . 2 . . . x j  1. 2.

I . 2 . .  . r

u« Z A u r

1 . 2 . . .  r

llI  Z A u r ^ \
1 . 2  . . .  x y

ue Z A u r N\ A v2

i . 2 . .  . r>'  1 . 2

u e Z A u r 'N A v 3

I . 2. .  . x j 1 . 2 .

+ < * !
eZA u  , us Z A u 2 lleZ A n 3 ______ u « Z A ' i r  ""N  A v r  

1.2.  . . 1 , 2 .  . .r*1 . 2  1 1 . 2 . 3

159. C o r o l l a r i u m  4.

Pari prorfus ratione quaeri poteft expreffio generalis valoris, quem 

funftio  Z  trium aut plurium variabilium u, v ,  z ,  e t c . ,  his fimul in u - j-A  u» 

v +  A v r Z + A z ,  etc. abeuntibus, obtineret, pro tribus variabilibus deter­

minabitur ea ex jam inventa expreflione Z* pro duabus variabilibus ( i 58 §  )> 

fi in Z 1 cogitetur z  +  A z  loco z  poni, expreffio dein e x  Z 1 per (15 5 .  §•) 

derivata per ( 1 5 1 .  § .)  congrue reducatur..
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C  A  P U  T  III.
D  E

P A L M A R I I S  Q U I B U S D A M  A D P L I C A T I O N I B U S  

C A L C U L I  D I F F E R E N T I A L I S  A D  T H E O .  

, R I A M  F U N C T I O N U M .

160. D e f i n i t i o .

O m n i s  a eq u atio ,  translatis ejus terminis ad unum m em brum , induet 

formam aequationis Z = o .  Si Z  fuerit functio unius aut plurium variabi­

l ium , erit Z = o  aequatio determinata cafu prim o, et indeterminata cafu 

fecundo. U troque porro cafu appellabitur aequatio Z  =  o algebraica 

vel transcendens, prout fuerit Z  fundtio pure algebraica, v e l  faitem ex 

parte transcendens (5. §.).

1 6 1 .  P r o b l e m a .
m

Datam aequationem V X  n —  U o continentem. functionem irra-
m

tionalem  X n convertere in aliam , quae omni irrationalitate ajficien&e 
/unitionem  X  careat.

S o l u t i o .

m r ;  T r
Cum fit X ~ = - g ~ >  erit differentiando X =  — -----. ;g i.

( 1 )u  nXe
tur erit — - — ---------— v. y .  aequatio quaefita.

V  m fcX

162. C o r o l l a r i u m  j.

Hac ratione poterit data quaevis aequatio Z  =  o ab omni irrationa.

litate afficiente quantitates variabiles liberari: q u are ,  cum praeterea

omnis aequatio facile a fractionibus, li quas contineat , liberetur, licebit

omnem aequationem algebraicam Z = o  ita confiderare, ut Z  fit aliqua

fun&io integra  et rationalis unius aut plurium variabilium (160. § .) .

H 2 163, Co-



1 6 3 .  C o r o l l a r i u m  2*

Expreffio generalis omnis aequationis algebraicae determinatae poterit

e(Te haec; Z s = x m +  A x m“ * + - B x ni" * + C x m“ » +  --------1- p x +  Q = : o ,

aut alia hujus formae ( 1 6 2 § . ) :  dicetur ea vero elle im i,  2d i , 3t i i , veL 

generatim mti o r d i n i s prout fun&io Z  fuerit u n i y 2 d i, 3tii7 etc. ordinis.

(9. §  )*•

164.  C o  ro l l a r i u  m 3.

A equatio  autem algebraica indeterminata Z  =  o inter plures variabi­

les u, v, z  poterit induere formam fimilem praecedenti (163. § .)  , ita ut 

quilibet terminus vel  aliquam potentiam unius tantum variabilis, vel pro- 

du&um ex  certis potentiis plurium variabilium com plettatur (160. 162. § .) :  

pertinebit idcirco aequatio Z ~ o  ad ordinem im um , vel 2dum , aut 3tiumr 

vel generatim m tum,, prout fuerit funftio  Z  1 m i, vel 2 d i,  aut 3 tii, vel 

m ti ordinis (8. §.)► Eapropter , fi aequatio indeterminata Z = o  fuerit mti 

ordinis, in nullo termino poterit fumma exponentium quantitatum variabi­

lium u, v, z  in eodem  termina contentarum indicem ordinis m  excedere 

(8. §•)*

1 6 5 .  D e f i n  1 t i  a.
R adix  a e q u a t i o n i s  d e t e r m i n a t a e  (163. v o c a t u r  i s  d e t e r m i n a t u s

valor variabilis x ,  quo loco x  alTumto funftio Z  —  xm-f- A  xm ~ 1 -j-B xm “  z 

+  etc. re ipfa fit aequalis nihilo.. Sic e . gr„ funftio Z  =  x 44- x 3 —  5 x2 

4 * x — 6 fiet pro quovis quatuor valorum x n 2 ,  x : = —  3 ,  x r : / " - r i ^  

x  —  —  ^f — r aequalis nihilo:  quivis horum valorum dat igitur unam radi­

cem aequationis Z  —  x 4 -f- x 3 —  5 x 2 -f- x —  6 =  0.

1 6 6 .  C o r o l l a r i u m  i .

Cum fun&io Z  nequeat aequari nihilo, nifi variabilis x  determinatum 

aliquem valorem habeat, neceffe eft ,  ut omnis aequatio Z “ 0 faltem unam 

habeat radicem, quidquid ea fit, realis ,  vel imaginaria (165. §.)•>

16 7 . C o r o l l a r i u m  2.

Om nis aequatio quadratica x 2 -} -A x -( -B rr r o  habet duas radices, 

x —  —  A - f  - f / ( A 2 —  4 B ) ,  et x £ = — ( A2 —  4 B ; ,  quarum utra­

que erit realis, pro A 2^ = 4 B ,  et A 2 > 4 B ,  vel utraque imaginaria pro 

A 2 < 4 B  (165. §.).

168« D  e -
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1 6 8 .  D e f i n i t i o *

Faffores datae funttionis integrae et rationalis Z  ^ x m - f  A x 11' 

4 - B x m~ 2 4- ” -------1- P x - j - Q  vocantur funttiones pariter integrae et ra­

tionales,,  quae inter fe multiplicatae producunt funttionem Z t  funttiones 

ejusmodi imi> vel 2di, aut 3tii, etc. ordinis (9. § .)  appellantur faftores 

ftmplices,. vel duplices, feu quadratici % aut triplicet feu cubici, et ita. 

porro.
169. C o r o l l a r i u m  I .

F u n ttio  integra e t  rationalis Z  diviftbilis efl: per aliam funttionem in­

tegram et rationalem F ,  fi ea per hanc divifa generet quotum aequalem 

funftioni integrae et rationali X ;  om nis igitur funttio integra et  rationa­

lis Z  erit per quemvis fuum fattorem F  divifibilis; et quaevis funttio  in­

tegra et rationalis F , per quam altera Z  fit divifibilis,  erit unus fattor  hu­

ju s  funttionis (168. §•}<►

170 . C o r o l l a r i u m  2.
P ro  F r= :x  —  /a in (169. §.)  erit Z  =  X ( x —  fjC)y hinc Z : = o  pro 

x t =  u.: quilibet ergo fattor fimplex x —  f.1 funttionis integrae et rationa­

lis Z ^ =  xm-j- A xm—I 4------ --- +  P x - f - Q  dat unam radicem aequationis

determinatae Z z = o  (165.

1 7 1 .  C o r o l l a r i u m  3*

Omnis funttio quadratica 7 x 2 4"/3 x 4 - a habet duos fattores fimplices

x / v - \ ----- V "  03 —  ^ ( P *  ~  4 « 7)) et x / y  -I-------(/34- /  —  4 « v))»
2 y  7 2 y  7

utrumque rea le m , fi fit /31 ~ $ x y  vel /3Z > 4 « 7 ,  aut utrumque imagina­

rium pro /32 <14 x y  ( 1 68-  §•)►

1 7 2 .  C o r o l l a r i u m  4 .

Arcus circuli Q r cujus finus vel cofinus excedat radium , eft impofli- 

bil is:  quaelibet ergo funttio  quadratica 7 xz -f-/3x-f- x  conftans ex  imagi­

nariis faftoribus fimplicibus po terit  exprimi formula q2 x 2 —  2 'pqxCof(f>  

4-p^ , ipli vero ejus fattores imaginarii erunt p (C o f  4- Sin d? \ f —  

et p(Cof<p—  S i n < p / — r) — q x  ( 1 7 1 .  §.)•

1 7 3 .  T h e o r e m a .

Funffio integra et rationalis Z z = x .m 4" A  x '" ” *1 - f  B x 01" 2 C x ™ - 3

4 - D x m’- 4  4" -  -  -  +  K x - f - L  ordinis m ti tot fem per , nec plure s,
H  3 nequi
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neqne pauciores y habebit faftores fimplices form as  x — quot  unitates furit 

in  exponente xn ordinis, ad quem ea pertinet.

D e m o n f l r a t i o .

1. Si fumantur numero m quantitates indeterminatae a, b, c, d , - - ~ k , l ;

erit produftum ( x  —  a ) ( x  —  b ) ( x — c ) ------ (x  —  k) ( x — 1) = ; * m- f  P x ^ - i

^_Q Xm -» _ L R xm- 3  -|------------ ^ U x  +  V  certa fun&io ordinis m t i , in qua

quantitates a, b, c , -------k, 1, leg e  per naturam multiplicationis determi­

nata inter fe connexae conftituent coefficientes P , Q , R , ------- U , V  : quod (i

ergo  fupponamus hanc fun&ionem aequari datae funfrioni Z ,  quo fiat 

P — A ,  Q  =  B ,  R t = C ,  -  -  -  U = K ,  V = L  (29. § . ) ;  nafcentur nume­

ro m aequationes inter totidem indeterminatas quantitates a, b, c , ----- k, 1

et datos coefficientes A ,  B, C, —  -  K ,  L ,  ex  quibus porro  poterunt de­

rivari aequationes determinatae, -quarum quaevis unicam duntaxat quanti­

tatem incognitam a, b, c , -------k, 1 com plettatur:  quare, cum per quam­

vis  harum aequationum determinatarum unus faltem valor incognitae a, b* 

c, -  -  -  k ,  1 ,  quam illa  con tin et ,  perfefte fit determinatus (166. § .) ;  ex- 

tabunt eo ipfo pro finguiis incognitis  a, b, c, -  k ,  1 certi va lores,  qui­

bus loco a, b, c, -  -  -  k, 1 a ffu m tisre  ipfa fiat P =  A ,  Q  —  B ,  R = C , ------

U ^ = K , V^=L, hinc etiam 2 : = — *) (x — b ) C x  —  O -------( x — -k)(x— 1).
2. Eft porro impoftlbile, ut funftio Z  praeter hos fa ftores  alium ali­

q uem , ab illis diftinttum , faftorem  fitnpttcetn x  —  a  habeat. Nam pro 

certa funftione X  deberet fieri Z ~ X  (x  — «) per (168- §•);  adeoque 

etiam ( x — a) ( x —  b) (x —  c) -   ̂ -  (x — k) (x  — ! ) : = X  ( x — a ) :  il lud  

igitur produftum  fieret = ; o  pro x = a ,  quod eft impoflibile, quin eo ipfo

aliquis fattorum x —  a ,  x — b ,  x — c ,   ------x —- k ,  x — 1 fiat aequalis

n ih ilo ,  puta x —  a r = o ,  hinc x : = a  =  « ,  contra hypothefin,; cum x  —  x  

debeat effe faftor a finguiis illis fa&oribus diftin&us.

1 74.  C o r o l l a r i u m  1.

Quaelibet radix x ~ *  aequationis determinatae Z ~ x m+ A x m_!r

+  B x ni“ 2 4- C x m~ 3 4-----------1- K x - f L t = o  dat unum faCtorem fimplicem

x —  *  funftionis Z  (165. 173. § . 2. n.).

175,  C o r o l l a r i u m  2.
Omnis aequatio determinata Z ~ o  ordinis m ti ( i 74- §•) habet radi­

ces numero m ,  n ec  p lu re s ,  neque pauciores (170- J73* 174- §•)•
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1 7 6 .  C o r o l l a r i u m
Quaelibet aequatio Z : =  x m 4 - A x m ~ 1 - f  B x m ~ 2 -\-----------b K x  +  L = < t

o rd in is  m t i ,  fi e ju s  rad ices  n u m e r o  m  fint a ,  b, c , ------- k ,  1, p o te f t  f p e t t a r i
in f ta r  p ro d u & i  ex  m  a e q u a t io n ib u s  radicalibus x  —  a =  o ,  x — b = o >  
x  —  c = o , --------- x —  k = o ,  x —1 =  6 ,  i ta  u t  fit Z = ( x —  a)  ( x — b )
( x — c) -  -  -  -  ( x — k ) . ( x — 1) = 0  (1 7 5 .  174- §•)•

177 ..  C o r o l l a r i u m  4 .
D u a e  r ad ic e s  a, b  d a b u n t  a e q u a t io n e m  2 di o rd in is  ( x — a) (x  —  b ) ™ X 2

—  ( a b ) 4" a b = o .  T r e s  rad ic e s  a, b, c  d a b u n t  a e q u a t io n e m  3fii o rd in is
(x  —  a ) ( x — b ) ( x  —  c ) = x 3— ( a - f - b - f - c )  x 2 - f  ( a b - f  ac +  b<0 x  — abc =  o .  
E t  q u a t u o r  r a d ic e s  a, b, c, d d a b u n t  a e q u a t io n e m  4 ti o rd in is  x 4 —  ( a - f b  
4 -  c +  d )  x 3-f-(a  b - f  ac +  a d  4" bc 4^b d 4 “ c d ) x 2 —  (abc  +  abd 4* a c d •+■ b c d )  x 
4 - a b c d  =  o  (1 7 6 :  § . ) .

1 7 8 -  C o r o l l a r i u m  5.
E t  fi g e n e r a t i m  n u m e r o  r  r a d ic es  a, b , c, -  -  -  u  g e n e r e n t  a e q u a t io ­

n e m  Z  =  x r 4- A x r “ 14- B x r~  a 4 - -------- h  L  Xrw(2n~ 2> 4 - M xr 4-  N x r ~ 2n
4 . --------- 1-  T x  4- U = a ;  n a fc e tu r  ex  i l la  a e q u a t io  o rd in is  r 4, l  r ad ic es
a, b, c, -  -  -  u, v h a b i t u r a ,  n im i ru m  Z ( x —  v ) = x r-+ I - f - ( A —  v ) x r -|----------
4- (M  ■—  v L ) x r ~ ( 2n" ^  4- C.N— v M ) x r ~ k n~ l ) 4 - --------- 4- ( U —  v T )  x— v U = o
(1 7 6 .  &.).

1 7 9 .  C o r o l l a r i u m 6. ,
L e x ,  qua  co e f f ic ien te s  ex  rad ic ibus  c o m p o n u n t u r ,  ' c o n f t a n s  eft in  ae* 

q u a t io n ib u s  2d i,  3.*«, 4 ti o rd in is  (1 7 7 .  § )  : e t  fi i lla  a f lu m a tu r  p ro  coeffi-  
c ie n t ib u s  a e q u a t io n i s  o rd in i s  r ;  fu b i ic ie tu r  ei eo  ipfo  e t i a m  a e q u a t io  o r d i ­
n is  r 4 , J  078 ' § 0 * H a c  r a t i o n e  p e r  (31.  § . )  fac i le  e v i n c e m u s , coeffic ien* 
t e m  t e r m in i  fecu nd i  cu ju s l ib e t  a e q u a t io n is  m  ti o rd in is  a e q u a r i  fu m m a e  o m ­
n i u m  rad ic u m  e ju s d e m  ae qu a t io n is  fu m ta e  c u m  figtio c o n t r a r i o ; t e r m i n u m  
v e ro  u l t im u m  a e q u a le m  efle p r o d u f t o  ex  o m n ib u s  rad ic ibus  fu m to  c u m  f igno  
p r o p r i o  vel c o n t r a r i o ,  p r o u t  e x p o n e n s  m  o r d i n i s ,  ad  q u e m  a e q u a t io  p e r ­
t i n e t ,  e f t  p a r  ve l  i m p a r ;  q u e m v is  v e ro  in te rm e d iu m  c o e f f i c i e n t e m ,  p u t a  
co e i f ic ien te m  n ti  t e rm in i  a e q ua r i  fu m m a e  p r o d u c t o r u m  e x  qu ib us l ibe t  nu» 
m e r o  n — 1 rad ic ib u s  fu m tae  c u m  f igno  p r o p r io  ve l  c o n t r a r i o ,  p r o u t  in d e x  
d  e ju sd e m  t e r m in i  ef t  n u m e r u s  im p a r  vel p a r .
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igo.  C o r o l l a r i u m 7.

Quamobrem, ut aequatio aliqua xm-f  A x m~ x -j----------- J-Kx

+  L  —  o  termino fecundo A x m 1 careat, neceflarium e ft ,  ut ea nec om­

nes pofitivas, neque omnes negativas,  fed pofitivas et  negativas radices 

liabeat, fummaque radicum pofitivarum. exaequet fummam negativarum 

(179- §•>
1 8 1 .  T h e o r e m a .

S i funffio  Z ~ x m +  A x ™ - 1 +  B x m” 2 4 - -------+  P x  +  Q  pro certo

valore x variabilis x  pofitivum , et pro alio valore /3 negativum valorem ob­

tineat; debebit una /altem ra d ix -aequationis Z —  o inter x et /3 jacere.

D  e m  o  n  f i  r  a  t  i 0.
Sit «> /3  (idem ratiocinium eft ad x  </3  adplicabile); neceffe eft ,  ut 

in t e r  « et /3 innumeri valore?, finguli minores valore x  et majores valore 

/3 ,  l o c u m  habeant, atque inter omnes ejusmodi valores duo a, b extent, 

pro quibus funftio Z  ex valore pofitivo tranfeat in n e g a t iv u m ; inter hos 

porro valores a < b  variabilis x intercedet neceffario aliqua quantumcunque 

parva differentia b —  a q i - i a  fecus funftio Z  pro x : = a ~ b  valorem 

pofitivum fimnl et negativum ob tin eret, quod eft impofiibile. Quapropter 
d a b itu r  i n t e r  a e t  b t e r t i u s  a l i q u i s  v a l o r  x — k  variabilis  x ,  p r o  quo funftio 
Z  nec pofitivum, neque negativum valorem indueret, qui eam idcirco red­

deret aequalem nihilo ; quo ipfo demonftratur, inter *  et /3 unam radicem k  

aequationis Z = o  jacere (165. §.)•

1 8 2 ,  C o r o l l a r i u m  1 .

Aequatio Z ’̂ = o  habebit faltem unam radicem r e a le m , fi bini reales 

valores variabilis x  extiterin t,  pro quorum uno fun&io Z  obtineat valorem 

pofitivum, et pro altero negativum (181* §•)•

1 8 3 .  C o r o l l a r i u m  a.

Si inter duas radices reales a, b datae aequationis Z ~ 0  nulla alia 

realis r a d i x  ejusdem aequationis jaceat;  debebit fun&io Z  p r o  quovis v a ­

lore variabilis x jacente inter radices a, b valorem  pofitivum , vel pro quo­

vis valorem negativum obtinere (18 1.  §.)•

1 8 4 .  C o r  0 11 a r  i u m  3.
Inter valores x  et (3 variabilis x ,  pro quorum uno fun&io Z  (181 • §•) 

induat valorem pofitivum, et pro altero negativum ) aut unica jacebit
radix
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r a d i x  aequationis Z ~ o ,  a ut , fi plures radices inter ipfos ja cu er in t ,  nu­

merus omnium erit impar (181. i83- §•)•

1 8 5 .  C o r o l l a r i u m  4.
Si vero funftio Z  pro utroque valore reali x, /3 variabilis x induat va­

lorem pofitivum, vel pro utroque negativum; aut nulla jacebit radix aequa­

tionis Z ~ o  inter valores reales x, /3, aut numerus radicum realium inter 

ipfos jacentium erit par ( i 8 i -  i83- §•)•

1 8 6 .  D e f i n i t i o .

E videns e f t ,  funftionem y  relatam ad variabilem a b fo lu t a m x ,  quae, 

variabili x  continuo crefcente, aut perpetuo crefcat, vel continuo decref- 

c at ,  nunquam obtenturam valorem aliquem maximum vel m inim um , certo 

valori variabilis x refpondentem. Si autem funftio y  ita fit conform ata, ut 

ca pro certo valore x r = v  valorem V  obtin eat, majorem vel minorem fin- 

gulis valoribus, quos ipfa pro quibuscunque aliis valoribus variabilis x , 

tam majoribus quam minoribus valore v ,  in dueret;  erit V  M axim um  vei 

Minimum abfolutum funftionis y .  Si denique, variabili abfoluta x  continuo 
cre fcen te ,  funftio  y  pro certo valore x t = v  talem valorem V  recipiat, qui 

fit major vel minor fingulis proxime fequentibus et praecedentibus valori­

b u s ,  quos eadem funftio pro aliquantillum majoribus et minoribus valori­

bus variabilis x obtineret, licet fors V  non fit valor major vel minor quovis 

poffibili valore funftionis  y ; appellabitur V  quoddam Maximum  refpeffi- 

vum cafu prim o, et Minimum refpedtivum cafu fe c u n d o ,  atque de hujusce­

modi maximis et minimis fermo erit in fequentibus.

187.  C o r o l l a r i u m  i .

Si funftio y  data per variabilem x obtineat valorem V  pro x : = v ,  va­

lorem vero P pro x ^ v  +  e ,  et valorem Q  pro x =  v —  e ,  fitque pro certo 

quantumcunque decrefcente valore quantitatis e tam V >  P ,  quam V >  Q, 

vel V  <  P et V<j Q ;  erit V  aliquod maximum cafu prim o, et aliquod mi­

nimum funftionis y  cafu altero (186. §.)•

188.  C o r o l l a r i u m  2.

E t  viciflim , fi valor V ,  quem funftio y  pro valore x  =  v induit, 

fit aliquod maximum aut minimum ejusdem funftionis;  debebit extare cer­

tus valor quantitatis e ,  pro quo quantumcunque decrefcente funftio y ,  

Volumen L I  pofito
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pofito x := v -{ -e ,  tum x = v —  e,  obtinebit valores, quorum uterque erit 

miuor cafu primo, et uterque major Valore V  cafu fecundo (186. §.)•

S c h o l i o n  1.

, Maxima minimaque fun&ionum pofitiva a negativis diftinguenda funt. 

C on fia t ,  quantitatibus ne g a t i v i s — A ,  — a nonnumquam valores inaequa­

les ab Analyftis ita tribui ,  ut quantitas negativa — a major efle cenfeatur 

quantitate negativa — A ,  fi pofitiva a minor fit quantitate pofitiva A .  

Qui hac ratione de quantitatibus negativis fentiunt, methodum inveftigandi 

valores quantitatum variabilium, qui datas illarum fun&iones reddant ma­

ximas vel minimas, ad generales quasdam regulas folent revo care ,  nec efi, 

cur utrumque c a fu m , maximorum nimirum minimorumque pofitivorum et 

negativorum , perpetuo diftinguere cogantur. N os interea cum aliis maxi­

ma minimaque pofitiva et negativa feorfim confiderabimus, per valorem in­

ter plures valores negativos maximum vel minimum eum c onfh n ter  intel- 

le fr u r i ,  qui inter eosdem valores, fi omnes forent pof i t ivi ,  effet ma.^mus 

vel minimus: fic e .g r .  inter num erosnegativos —  2, —  3 ,—  4 , — 5 , — 6 , — 7, 

erit nobis — 2 m inimus, e t — 7 maximus numerus negativus.

Scholion 2.
Methodum uniVerfafem et compendiariam' inveftigandi maxima et m i­

nima quarumvis funftionum fuppeditat calculus differentialis: priusquam 

ejus principia exp on am , pauci? attingam aliam m ethodum , quam pro fim- 

plfcroribus cafibus i is ,  qui in calculo differentiali haud funt verfati, offert 

methodus exhauftionis antiquorum. Supponatur nimirum fun&io y  variabilis 

x re ipfa efie maxima vel minima pro x ;  tum fumatur quantitas e indetermi­

nata, quae nitra omnes terminos poflit decrefcere, ponaturque x 4 - e, deinde 

x — e loco x in y ,  quo fiat,ut y  cafu primo aliquem valorem P, et cafu altero 

aliquem Q  obtineat: pro cafu maximi erit jam y >  P et fimul y > Q ,  pro 

cafu minimi vero debebit poni y < P  et y  <  Q ( i 8 8 -  §•)> ur>de °p e  congruae 

redu&ionis facile determinabuntur binae expreftiones Z >  X - f a e +  b e 2, 

+  c e3 -f- e t c . , et Z r <  X - f - « e 4 -/3e2 -4-y e 3- f - e t c . , quae ob quantitates 

Z ,  X , a, b, c, -  -  -  a, p , y ,  etc. independentes ab e dabunt aequationem 

Z = X  (130. § .)  determinantem valorem variabilis x , pro quo funftio  y  
fit maxima vel minima.
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E  x 6111 p  1 a.

Pro valore x ,  qui fun&ionem  y ; = a x — b x 2 reddat maximam, debe­

bit effe

a x — b x 2 >  a ( x  +  e) —  b ( x - 4 - e ) 2 ; 

a x  —  b x 2>  a ( x — e ) — b ( x —  e ) 2 : 

igitur eric 

a < 2 b x - f b e ;  a > 2 b x  —  b e .

a t = 2 b x  ( 1 3 0 .  § .) *  hinc x z = ~  .

Pro valore x ,  qui functionem y  —  *  -n- reddat maximam, debe-
’ 1 x 2 -f- m

bit poni
x — n  ̂ x - f  e — n x —  n ^  x —  e —  n

x 2 +  m ( x - f e ; 2 -|-m , et x z -j-m ( x — e j 2 - f m  

Hinc autem obtinebimus 
x 2 —  2 n x > t n - f n e  —  x e ,  et  x 2:— 2 n x < m  +  x e  —  n e :  

igitur  x 2 —  2 n x m (130. § . ) ,  x : =  n +:v^ (m +  n2).

^  , | - ^2
Pro valore x ,  qui fun&ionem  y ~ — — reddat minimam, opor­

tebit ponere

A - f B x 2 ^ A + B C x - f e ) 2 t A - f B x 2 ^ ,A - fB ( -x — e)*
------------- ---------------  ---------, et —---------  ------------ -—  • 1

x  x +  e x  x — e

Quamobrem erit 

B x 2 >  A  —  B x e  et B x 2 <  A  +  B x e ;

B x 2 : = A  (130. § ) ,  hinc x  =  +

1 8 9 .  T h e o r e m a .

S i exponens e y  primae rationis differentialis alicujus functionis y  datae 

per variabilem x ,  hac pro abfoluta Jum ta , ut f it  e x = i ,  pro certo valore 

x  =  v determinatum aliquem valorem pofitivum vel negativum obtineat; fu n - 

Hio y  nec maxima fiet neque minima pro valore x  =  v.

D e m o n f t r  a t  io.
2, 3 4

Fiat y ~  + V  p r o x ^ r y ,  et  g y = P ,  £ y = Q i  ^ y .—  R,  e y  t=:S, 

et fic porro pariter pro x = : v ;  debebit funCtio y  pro x ^ v - j - e  obtinere fe- 

quentem valorem A ,  et pro x = ; v — e valorem B C l57* §•)
I 2 A r =
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A =  Hh V  + « P  e + a Q e 2 e3- f  * S e4 etc.
I  2  3 4

B =  +  V  —  « l’ e 4- *  Q  e2—  « R e 3 4 " a S e4 —  etc.

Sit jam valor P exponentis e y  debitus valori x s=r v pofitivus; e r it

etiam « P e  valoris po fit iv i ,. et — « P e  valoris n e g a t iv i : pro certo vaiore 

e erit ergo pars valoris A  fequens poft +  V valoris- po fit iv i ,  et pars va ­

loris B fequens poft +  V  erit valoris negativi (77. § .)  *, confequenter v a ­

lor -h V  nec major er i t ,  neque minor utroque vaiore A ,  B feorfim fumto, 

eoque ipfo nequit elTe +_V aliquod m axim um , vel minimum fun&ionis y  

(186. §.• et 1. Schol. ig g .  §phU-
T  ̂ I

Si autem fit P valoris n e g a tiv i ,  proinde « P e  negativ i,  et — a P e  

pofitivi valoris; erit pars valoris A  fequens poft + . V  valoris n e g a t iv i ,  et 
pars valoris B fequens poft + V  erit valoris pofitivi (77. § . ) r  valor + V

nec ergo  eft major r neque minor utroque vaiore A, B feorfim acccpto,

quorum alterutrum locum haberet, fi +  V  effet aliquod maximum, veL 

minimum fun&ionis y  (rg6; § .  et 1. Schol. 188- §phi).

1 9 0 .  T h e o r e m a .

S i e x p o n e n s  d if fe r e n t ia lis  e y  in d ic is  im p a r is  z n - f - r  p r o  c e r to  v a io r e  v 
variabilis x determinatum aliquem pofitivum aut negativum valorem obtineat,

2 3 2n
finguli autem exponentes differentiales e y ,  e y ,  e y , ------- e y  inferiorum

ordinum pro eodem vaiore x r =  v aequentur nihilo; funttio  y  nec m axima  

jfiet neque minima pro  x m:  v„

D e m o n  A r a t i o .
in+i an42

Si fupponamusr pro x = v  fieri y  =  +  V , e y ~ P ,  s y s r Q ,
a n + 4  2,

e y = : R ,  e y  =  S, etc. cum' per hypothefin fit e y t = : o ,  e y Z = o ,
3 2 n
« y  — o ,  - —  e y  = 0  pro x r = v ;  debebit funftio y  pro x r = v - f e  obti­

nere fequentem valorem A ,  et valorem B pro x =  v —  e (1 5 7 .  §.).

A  =  ± V + ( « P e - | - a Q e 2- f « R e 3 + e t c . )  a  . e.
2 y  2 n  2 ti

E =  4- V - K — « P e 4- « Q » 2— aR e3 4 *etc.) « • e.

Hinc autem evidenter fequitur, eodem prorfus ratiocinio, quo in 

(18 9  §•) ^ m u s  ufi, pofTe oftendi,. valorem 4i V  funttionis y  debitum

valori
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valori v variabilis x  in affumta hypothefi nec maximum effe,. neque 

minimum..

1 9 1 .  T h e o r e m a .
2'

Quodft autem pro certo valore v variabilis x ftnguli exponentes e y , e y .
3 z n - i  zn

e y  y -  -  -  e y  f a n t  aequales nihilo , exponens vero e y  pro xz=: v deter­

minatum aliquem valorem obtineat; erit valor funffiotiis y  debitus valori 

x ^ = v  aliquod maxim um  pofitivum , vel minimum negativum , f i  valor expo-
2 n  rnentis s y  pro x — v ju e n t  negativus:- f i  vero hic valor fu er it  pofitivus; 

erit valor functionis y  debitus valori x =  v aliquod minimum pofitivum vel. 

maximum negativum►

D e  m o n f f  r a t i  o. '

211 z n u  z n\ z  211+3
Pro x : = v  fiat y : = + V ,  et g y —  P ,  £ y  ~  Q , e y — R , e y = r : S , .

2 3 2n' ret fic porro r cum per hypothefin fit e y : = o ,  g y  =  o , * y  —  o , ------g y ^ r o ;

debebit funftio y  pro x =  v-f- e habere fequentem  valorem A  vel C ,  et va­

lorem  B  v e l  D  pro x — v — e (15 7 .  §.)-  
z n

A z= + V + ( * F
z n

B =  + V + £«P
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zn+r z n t z zn+3
1 -f- < z Q e z -f- x R e 3 -f- « S e 4 + etc.)  e2n” r.

2l)tr znj-z 211+3
—  « Q e 2 -f- « .R e3 ■—  « S e 4 + etc.) e2n_‘1.

zn + i 2n+2 zn+r
- f  « Q  e2 -f- « R e 3 « S e 4 + etc.) e2rr"x.

an+ t zn+z 2 ni 3
e tc .)  e2’1" 1..—  x  Q e 2 -f- « Re3 —  « S e 4 +

zn
D : = — V  +  (*  P e

2.tT 2,n
Sit jam P =  * y  valoris po(Ttivi> erit etiam a P e  quantitas pofitiva, 

proinde debebit efTe etiam fumma omnium terminorum poft +  V  in fingu- 

lis expreflionibus A ,  B , C, D fequentium valoris pofitivi (77 .  §>) : igitur 

dabitur quantitas e ,  pro qua,, utcunque ea decrefcat,. erit tam A >  V  quam 

B >  V ,  vel tam C <  —  V ,  quam D <■— V r id e ft ,  valor funftionis y  debi­

tus valori x : = v  erit aliquod minimum pofitivum V» aut maximum negati­

vum —  V  ( 1 8&  §• et 1. Schol. 188- §p h iX

2n zn  ,
Porro fit P ^ e y  valoris n egativ i;  eritr quoque « P e  quantitas nega­

t iv a ,  eoque ipfo erit fumma omnium terminorum poft +  V  in fingulis ex- 

preflionibus A ,  B, C, D fequentium valoris negativi (77. § .) :  hoc igitur 

cafu extabit quantitas e ,  pro qua, utcunque decrefcente, debebit elTe tam

I 3 A C V



A  <2 V  q u a m B < 3 V ,  v e l C >  V e t D > —  V ,  proinde erit valor fun ttio-  

nis y  debitus valori x “ v aut aliquod maximum pofitivum V ,  aut mini­
mum negativum —  V  (186. §• et Schol. 1.)

1 9 2 .  P  r o b l e m a .

Determinare valores variabilis x, pro quibus data fu n ttio  y  fia t  m axi­

ma vel minima.
S o 1 u t i 0.

< Sumta variabili x  pro abfoluta, pofitoque £ x t = i ,  capiatur e y ,  et, 

quia exp on en s e y  pro illo valore variabilis x ,  qui funttionem y  reddit 

maximam vel minimam, nullum valorem finitum potefl habere 189. § .) ,  

ponatur e y : = o ,  tum quaerantur radices aequationis e y ^ = o :  fi enim

aequatio haec radices reales a, b, c, etc. habeat; erit fors functio y  pro 

quavis radice x — a ,  x : = b ,  x ; = c ,  etc. m axim a, vel minima, quod fe- 
quenti ratione licebit explorare.

2» 3
Sumtis fucceflive exponentibus differentialibus s y ,  e y ,  e y ,  - ____

Xt 2.T + I
e y , e y ,  ponatur in quovis x ; = a :  fi pro radice x  =  a aequationis 

e y ~ o  reliqui exponentes fucceflive aequentur n ih ilo ;  incertum erit ,  an 

funttio y  p ro  x ^ = a  fiat maxima vel minima; fi autem deveniatur ad cer-
a r f - i

tum exponentem * y  indicis imparis 2 r  +  i ,  q u i p r o x r r r a  determinatum 

quempiam valorem obtineat;  conftabit eo ip fo ,  funttionem y  pro x ~ a  

nec maximam fieri,  neque minimam (190. § . ) ;  quodfi vero deventum fue-
■2.V

rit ad exponentem e y  indicis 2 r  paris, qui pro x l = a  valorem aliquem 

determinatum induat, pofitivum aut negativum ; dabit functio y  pro s ; ~ a  

quoddam minimum pofitivum vel maximum negativum cafu prim o, aut ali­

quod maximum pofitivum vel minimum negativum cafu altero ( i Q i . g . ) .

193.  C o r o l l a r i u m  1.

'Valorem variabilis x ,  qui funttionem y  reddat maximam vel minimam,

* ex  aequatione « y  “ O quaeri oportere ideo folum aflVruimus, quia certo 

c o n l la t , exponentem e y  pro illo valore nulli valori finito pofTe aequari: 

verum hinc haud neceffario fequitur, debere fieri e y  — o ,  cum poffit effe

e y t r r  oc denotanto K  quantitatem aliquam conflantem. Quam-

obrem , fi non fubfiltat aequatio « y  ^ o ;  tentetur aequatio ~  — o
e y  *

cujus
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cujus radices reales debeant dare valores variabilis x  fun&ionenv y  redden­

tes maximam vel minimam.

1 9 4 .  C o r o l l a r i u m  2♦

Ceterum elucet quoque ex ( i 87« § 0 > <luo modo poflit  explorarr, 

utrum fun&io y  pro certa radice reali x  = :  a. aequationis e y  =  o vel

o  fiat maxima vel minima-

1 9 5 .  C o r o l l a r i u m  3.

Perfpicuum eft,, hanc methodum inveftigandi maxima et minima pro*- 

prie ad illas tantum fun&iones pertinere, quae uniformes funt (13 .  §.)* 

aut pro uniformibus poffunt haberi, quales funt e. gr .  radices poteftatura 

im parium , utpote unicum valorem realem exhibentes, et radices poteffa- 

tum parium, quae, dum reales fun% binos quidem valores exhibent, unum 

po fitivum , et alteram  negativum , quorum tamen quivis feorfim poteft 
fpe&aru

1 9 6 .  D e f i n i t i o .

Si continua differentiatione fun&ionis y ^ r:  x m -|- A x " 1" 1 +  B x m“ 2
+  C x m" 3 4-\r P x  +  Q  ex  aequatione y t = o  derirentur aequationes

2 3 4
£y Z = o ,  e y . —  o ,  e y ! = r o ,  ey^ = ro , etc .;  vocabitur y ~ 0  aequatio prin­

cipalis; reliquae autem aequationes appellabuntur ejus aequationes differen-
,  2 3

f  i  a les, « y : = o  p rim a , e y  =  o fecunda , e y ~ o  tertia , et fic porrov

1 9 7 .  C o r o l l a r i u m  r .

Pro aequatione principali X = : i - f A z  +  K z 2' 4- C z 3 - f " “ -“4 - Q  7-r~ *
4 ' R z r +  S z r + 1 +  T z r+ 2 + U z r+3 + ------+ ’ f z m~ * + g z . r a - * - f  h z .m= o

e r k  ejus rta  aequatio differentialis (196. 127. § .) .

f  r (r %) (r  —  2) (r —  3 ) ------------- 5 . 4 .  3 . 2  . I .  R x

V ^ + C r + O r C r —  l ) ( r  —  2) ----------- 5 . 4 .  3 . 2 . S z J

s +  Cr4 - 2) ( r 4- i ) r (r.—  1)  -----------5 . 4 . 3 . T Z 1 '
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(
t ^ t 3J i r t i j r ( r - i ^   -----------5 . 4 . 3 . T z 2\

+  (r +  3)(r +  2 ) ( r + r ) r  -  - -------------- 5 . 4 . U z 3 )

1 X “  __ •

C  (rn— 2)  (m —  5 ) -------(m —  r — j) +
/^4- ( m —  1 )  ( m  —  2 ) ------------ ( m — r) g z m~(r+I) \

V +  m (m  —  x) (m  —  2) - ---------- ( m — r - f i )  h z m~
198. Co-



198. C o r o l l a r i u m 2.
r *

Omnis aequatio differentialis e y ^ = o  eft aequatio principalis refpe&u 
r r+1

aequationis differentialis g . g y = g y = o  uno gradu fuperioris ( 1 9 6 .§ .)

1 9 9 .  C o r o i i a r i u  m  3.

Si aequatio y ^ r o  praeter radices a, b , -------p habeat radices aequa­

les « , « * « ,  —  -  oe. numero n, quo .pro U s = ( x  —  a ) ( x  —  b) -  —  (x  —  p) 

fiat Y  =  U ( x  —  x)'\t= o  (176- § ) ;  erit prima ejus aequatio differentialis 

«y_5= '( x  —  «)nf i U - f n U ( x — a ) n" 1 :rr o  (4 81. § .)*  feu « y ~ ( C x —  * > U
+  n U ) ( x — x )  n*"I= o ,  atque haec habebit radices aequales x , x , ------- x

numero n — 1 (170. §.)•

^200. C o r o l l a r i u m  4.

E x  aequatione principali y  —  o habente radices aequales x ,  oc, u ----- x
z

numero n derivari poffunt aequationes differentialis e y  =  o ,  g y : = o ,
3 n- i
g y ~ o ,  -  -  -  s y ~ o , quarum prima habeat radices aequales x,  x,  «etc.  

numero n —  1, et quaevis fequens una pauciores quam proxime praecedens,
n - 1

ultima vero g y t = o  unam tantum radicem X=:.x (199. 198- §•)*

3 0 1 .  C o r o l l a r i u m  5.

Quoties igitur funftio  y j m U  ( x — a)n habuerit faftorem  (x —  «)»,

exiftente n numero integro pofitivo; toties erunt omnes exponentes diffe- 
z 3 « *

rentiales g y ,  e y , e y t — -  -  g y  aequales nihilo pro x =  a ,  exponens
n , n 

vero e y  pro x =  « ,  cum x  nulla fit radix aequationis g y ^ = o ,  valorem

gliquem determinatum induet (200. 165. § . ) : funftio y  pro x ^ = «  nec ergo

maxima fiet neque tninima, fi n fit numerus impar; maxima vero ea erit vel

minima, fi n fuerit numerus par (190. 191. §.)•

2 0 2 .  T h e o r e m a .

Inter quasvis binas radices reales et inaequales p, q, aequatisnis y i = o  

quarum una fit proxime major altera , ita ut inter eas nulla alia radix jacea t, 

jacebit una radix aequationis differentialis g y t = o  exhibens unum valorem 

vartahihs x , pro quo funffio  y  dat quoddam m axim um , pofitivum vel ne­
gativum.

D e m o n -
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D  e m o n fl r a t  i o.

S i t  p  >  q> p o t e r u n t  i n t e r  p e t  q in n u m e r i  v a lo re s  variab il is  x  c o g i ta r i ,  
quorum qu iv is  m in o r  eft r ad ic e  p e t  m a jo r  r ad ic e  q , p r o  l ing u l i s  v e ro  h is  
v a lo r ib u s  variabilis  x  o b t i n e r e t  funCtio y  c e r t o s  v a l o r e s ,  v e l  o m n e s  p o f i t i -  
v o s ,  v e l  o m n e s  n e g a t i v o s ,  c u m  i n t e r  p e t  q n u l la  ra d ix  a e q u a t io n i s  y = ; ®  
j a c e a t  (1 8 3 .  §♦)* q u a re  c u m  fiat y “ o  t a m  p ro  x r = p  q u a m  p ro  x = q  
(1 6 5 .  § . ) ,  facile h in c  c o l l i g i t u r ,  c e r t o  v a lo r i  variabilis  x  j a c e n t i  i n t e r  p  
e t  q re fp o n d e re  q u o d d a m  m a x im u m  f u n f t io n i s  y , p o f i t iv u m  ve l  n e g a t iv u m  
( 1 8 6 .  §• e t  I .  S c h o l . ) ;  e u m  vero v a lo re m  d e b e b i t  e x h ib e re  u n a  rad ix  a e q u a ­
t io n is  s y ~ 0  0 9 2, § 0 -

203. Co r o l l a r i u m 1.

S in t  a, b  d u a e  rad ic u m  rea l iu m  a e q u a t io n is  y ~ o ,  a o m n iu m  m a x im a ,  
e t  b p r o x im e  m i n o r ,  q u o  f i a t ,  u t  i n t e r  il las  n u l la  alia r ad ix  jacea t .  S u m t o  
v a l o r e  x : = v  m a jo re  m a x im a  rad ic e  a ,  p ro  q u o  f u n t t io  y : = x m -{ -A x 'n '“ I 
4 - B x m" z +  -  -  — f c - P x  +  Q  in d u a t  v a lo re m  p o f i t iv u m  (78 .  § .  2. S ch o l .) ,  
c u m  i n t e r  v e t  a n u l la  j a c e a t  r ad ix  ae q u a t io n is  y ^ o ;  deb eb i t  f u n f t io  y  
p r o  q u o v is  v a lo re  x  j a c e n te  i n t e r  v  e t  a m a n e re  v a lo r is  pofitivi ( i g i .  § .)*  
i g i t u r ,  quia  i n t e r  q u e m v is  e ju s m o d i  v a lo re m  x  j a c e n te m  in te r  v e t  a ,  e t  
q u e m v is  v a lo re m  x  j a c e n t e m  in t e r  a e t  b unica  rad ix  a lo c u m  h a b e t ;  d ebe-  
b i t  f u n f t io  y  p ro  q u o v is  v a lo r e  x  i n t e r  a e t  b f ier i  va lo r is  n e g a t iv i  (1 8 4 .  
185. § . ) .  I n t e r  r ad ic em  rea le m  m a x im a m  a e t  p r o x im e  m in o re m  ra d ic e m  
b  a e q u a t io n is  y r = o  j a c e t  ig i tu r  u n a  rad ix  ae q u a t io n i s  d ifferen tia l is  e y = o  
ex h ib en s  u n u m  v a l o r e m  x ,  p r o  q u o  fu n f t io  y  d a t  q u o d d a m  m a x im u m  n e g a ­
t iv u m  (202. § . ) .

204. C o r o l l a r i u m  2.

S in t  i > k > l  t r e s  r a d ic e s  r e a le s  ae q u a t io n is  y ~ o ,  q u a ru m  fecu n ­
d a  fit p r o x im e  m in o r  p r i m a ,  e t  t e r t i a  p r o x i m e  m in o r  f e c u n d a ,  i ta  u t  nec  
i n t e r  i e t  k ,  n e q u e  in t e r  k  e t  1 alia radix lo c u m  h a b e a t ;  j a c e b u n t  i n t e r  il las  
d u a e  rad ices  a e q u a t io n is  d i f fe ren t ia l i s ,  u na  i n t e r i  e t k ,  a l t e r a  v e ro  in te r  
k e t l ,  i t a  q u id e m ,  u t  a l t e rn a t im  u n a  i l la rum  d e t  m a x im u m  po f i t ivu m , 
a l te ra  v e ro  m a x im u m  n e g a t iv u m  f u n t t i o n i s y ,  p r im a  i l lud ,  e t  f e c u n d a  iftud, 
v e l  vicifiim (2 0 2 .  184- *85 § 0 *

205.  C o r o l l a r i u m  3*

A e q u a t io  y  =  x m +  A xm-- 1 - f  B x m “ 2 +  -  -  "  * f  P x - f Q r r r r o  mti 
o rd in is  h a b e t  m  r a d i c e s ;  a e q u a t io  a u t e m  d i f fe rea t ia i is  e y  ; = m x ,n“‘ I 

Velumen J. K
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- f  ( m — i )  A x m“ 2 4- -  -  -  4* P — o debet habere radices una pauciores, 

nimirum numero m — i Cx75* § - ) : quar e ,  cum inter binas quantitates 

rea les  non nifi reales quantitates poffmt ja c e r e ,  fi omnes radices aequatio- 

nis y ~ o  reales fuerint, erunt etiam omnes radices aequationis 

rea les:  fi autem aequatio principalis y r = o  quocunque numero r <  m ra­

d i c e s  reales habeat j  habebit aequatio « y = o  minimum r — i  radices rea­

les (202. §.).

206. C o r o l l a r i u m 4.

t ,  m , 1 2 3 4  « , .
r r o  radicibus realibus a ,  a ,  a , a ,  -  -  -  -  a ,  a, a, etc. aequationis

1 2  3 4  n n+i
y : = r o  habeat aequatio s y = o  radices reales «, x, u, x , ---a ,  a ,  etc.

(205. §  ) :  fi hae et illae ita fint difpofitae, ut utrobique prima fit omnium

ma xi ma ,  tum reliquae fe invicem ordine magnitudinis fequanturj jacebit 
1 1 2 2 .  2 3 n n n + i
a  inter a et a ,  x  inter a et a ,  et generatim x  inter a et a ; quaevis porro

1 . 3 s 
rad ix ,  prima x ,  tertia x , quinta a ,  etc. aequationis e y ^ = o  dabit, fumta

Z 4
loco  x ,  aliquod maximum n egativum , radix autem fecunda u ,  quarta a ,

5
fexta a ,  etc. dabit quoddam maximum pofitivum functionis y  (202. 203. 

204. § .) .
207. Co r o l l a r i u m 5.

Quoties aequatio differentialis e y r r r o  habuerit radices imaginarias; 

toties eas habebit etiam aequatio principalis y z = .o  (205. §.).

2 0 8 .  C o r o l l a r i u m  6.

E x  radicibus tamen realibus aequationis differentialis s y ^ r o n o n  licet 
concludere in radices reales aequationis principalis y i = o :  pofiibiJe eft, ut 

illae omnes fint reales, licet hae fint omnes imaginariae. Quodfi tamen 

radices reales aequationis differentialis e y — o  ejusmodi fuerint, u t ,  iis, 

prout fe invicem ordine magnitudinis fequuntur, lo co  x fucceilive fubfti- 

tu t is ,  funttio y  maxima pofitiva ec negativa alternatim det, ut in (206 § . ) ;  

jacebit neceffario inter quasvis binas ejusmodi radices una radix aequationis 

y  =  0 (18 1.  §.)•, proinde, fi aequatio s y ^ o  numero n ejusmodi radices 

reales habuerit, habebit aequatio y ^ o  ad minimum numero n — 1 radi­

ces reales. Interea notandum eft, aut omnes radices reales aequales, quas 

aequatio differentialis e y ^ o  poteft habere, aut omnes exemta una in

forma-
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formatione illius judicii elTe reiiciendas, prout numeras illarum eft par 

’? e l  impar (201. §.).

2 0 9 . C o r o l l a r i u m  7 .

U t quantitas pofitiva inter duas alias quantitates jaceat, oportet utram- 

que hanc quantitatem efTe pofitivam, vel  unam pofitivam et alteram nega­

tivam : dum ergo  om nes radices datae aequationis y ~ o  reales fuerint,

et aequatio differentialis e y = o  aliquot radices pofitivas habuerit; de­

bebit habere aequatio y ^ = o  totidem v e l  una plures radices pofitivas (205*
206. §.).

210.  T h e o r e m a .

Numerus omnium radicum realium, quas data quaecunque aequatio
y  trr: X.’n 4 - A xm ""1 - f  B xm ~ 2 -|----------- f  P x +  Q  o habuerit, debebit - ejfe

par vel impar, prout exponens m ordinis, ad quem ea aequatio pertineatt 
fuerit par vel impar.

D e m o n f t r a t i o .

1 . Sumatur quantitas + .  v i ta ,  ut v major fit fingulis radicibus reall-
bus aequationis y  =  o ,  radicibus n ega tiv is , fi quae adfint, fpe&atis inftar 

pofiti varum, fitque v m >  A  v"1*"1 +  B vm~‘z +  ------b P v + Q  (78.

2. Schoi.)

2. Inter - f  v et o  jacebunt omnes radices pofitivae, inter — v  et  o  
vero omnes negativae.

3. Sit jam m exponens par adeoque ( + v ) m valoris pofitivi; habebit 

funttio  y  tam pro x =  +  v ,  quam pro x = — v valorem pofitivum ob ( i )  : 

pro x = o  autem f i e t y ; = :  +  Q .  Exiftente igitur termino ultimo Q  pofi- 

t i v o ;  erit tam numerus radicum pofitivarum i n t e r - f v  e t o ,  quam nume­

rus negativarum inter — v et o  jacentium  (2) feorfim par (185. § . ) :  fi 

autem terminus ultimus Q  fit n egativus; erit numerus il larum , et harum 

radicum feorfim impar (184. %.). Numerus omnium radicum, pofitivarum 

et  negativarum fimui,  eft igitur par utroque cafu.

4. S it  m exponens im par, adeoque ( H i v ) 1H valoris pofitivi pro -f-v, 

et negativi pro — v :  hoc cafu dabit ergo  x^r:-f-v valorem pofitivum, et

— v valorem negativum pro y ,  ob ( 1 ) ;  x =  o  aatem dabit y ^ - f ~  Q. 

Pro termino ultimo pofitivo - f  Q  erit igitur numerus radicum pofitivarum 

inter x ~  +  v et x ’~ 0  jacentium (2} par; numerus vero negativarum jacen ­

tium inter —  v  et  (2)  impar (185. 184* §•); et pro termino

K 2 ultimo
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ultim o n egativo  — »Q erit numerus radicum pofitivarum inter x t= -f*v ' e t  

x = o  (2) impar; numerus v e ro  negativarum iuter x : = — v e t x = : o  (2 )  

par (184. 185. §.)* U troque ergo  cafu erit numerus omnium radicum , po­

fitivarum et  negativarum fim ul, impar.

3 i i .  C o r o l l a r i u m 1.

Term inus ultimus Q  aeqnationisy^=:xm4 *A xn,~ I 4- ------- f - P x + Q r r o ,

cujus omnes radices fint rea le s ,  erit pofitivus vel n e g a tiv u s , prout nume- 

rus radicum pofitivarum fuerit par ve l  impar. (2 10 . 179. §.).

212.  C o r o l l a r i u m  2.

Omnis aequatio y = o  m ti ordinis habet radices numero m (17 5 .  § . ) :

11 inter illas dentur radices reales numero n ,  erunt reliquae numero m —  n 

imaginariae. Q u a r e ,  cum numerus m —  n femper fit par, fi uterque 
numerus m, n eft par, aut uterque impar, perfpicuum e f t ,  numerum radi­

cum imaginariarum, quas aequatio y = o  poteft habere ,  femper effe pa- 

rem (210. §.)•

3 i 3. - C o r o l I a r i u m  3.

Aequatio  y z = o  ordinis paris m ( 2 1 1 .  § .)  poteft  habere omnes ra­
dices imaginarias: a e q u a t i o  v e r o  y  =  o  o r d in i*  i m p a r i s  m  debet habere 
faltem unam radicem realem (212. §.).

2 1 4 .  P r o b l e m a .

Determinare relationem inter coefficientem cujusvis termini datae aequa- 

tionis y = : o  et coefficientes duorum terminorum adjacentium, quorum unus 
illum proxime praecedat, et alter proxime fequatur, pro cafu radicum imagi­
nariarum ejusdem aequationis.

S o l u t i o .

1. Data fit aequatio y r = x m+  A x m” I 4" B x m“ 2 4- C x m- 5 „ -----------

- f  Q x m ~ r + 1 - f  Rxm ~ r - f  S x m -  r -  I 4- Tx™ -------------[_ fx2

+  g x  +  h =  o ,  quaeraturque relatio inter quemvis rtum  coefficientem R 

et coefficientes Q ,  S pro cafu radicum imaginariarum.

2. Si ponas x =  —  in ( 1 ) ,  obtinebimus aequationem X = :  1 - f  A  z
Z

4- B z z 4“ C z 3 - f ------- 4 - Q z ’- I 4 - R z r 4 ' S z r.+ I 4- T z . r+2 +  U z r + 3 4- -  —

4- f z m' " 2 4- g ^ m“ , , 4 - h z m= o .
3. Hinc
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1*- T
3. H inc ( 2 )  invenies per ( 1 9 7 .  § .)  aequationes differentiales « X t = o ,

6r X r : o ,  * X r = o ;  et fi quaevis harum dividatur per primum ejus ter­

minum * tum ponatur m —  r +  i c n ,  m — r s = n  —  I ,  m — r — l t = n  2, 

fiet.

C A P U T  lir. 11

s X ~  1 4 - « z + i 3 z a +  y z , +  iJ24 +  -  -  -  +  /*znP=o. 

r
g X ^ = i  +  a z 4 - b z 2 4 c z 3 - f  -  -  -  -  -f- u z n■“ 1 —  O.

rg X = i  4-5lz4-S5z2 +  ------------ 4- e z " - 2= o .
r R  „  Cr4" l ) r S  _  ( r 4- 2 ) ( r 4- i ) r T ,  

P t 0 « =  T r ; V = -------- j p T Q -------- ’

, _ ( r  +  3 )(r  +  2 ) ( r  +  l ) r U .

* -  T . J T Q -  ’
__m (m —  1) (m —  2 ) --------( m — r 4- 2) h

^ ( r — 1) (r — 2) -  -  -  4 . 3 . 2 . 1 . Q '

_ ( r + i ) S  ,  _  0*4-2) ( r 4~ I ^ T
a —  R ’  ■“  2 R

_. ( f 4- 3 >̂ Cr +  2)  ( r 4- i ) U #
C —  3 . 2 K  ' ......................................

__m ( m — 1) (m —  2) -  -  -  ( m —  r 4 ~ Q h
11 r ( r —  1) ( r — 2) -  -  -  - 4 . 3 . 2 . R

0-4- 2) T .  w .Cr +  3 U ? + a ) ' U :
™ --- ----- v------ » ® — ----------- T cS ’  ~  —  2 S

(m — Q  -  -  - x._ ______
^ r 4 - i ) r ( r — 1 ) ------- 4 . 3 . 2 . S

0 __m ( m —  1 ) ------------(m —  r)li

4. Aequationes hae ( 3 )  pro z n r  -i- abibunt in tres fequentes ae­

quationes.

L = x n4- a x n " I 4- i3 x n--2 4- y x n ~ 34-<fxn~ 4 -|-------------

]V1 x n ~ 14* a xn ~ 2 4" b x n 3 4* c x n 4 -|---------------------------------------- ---- h u = o .

N ^ = x n '_24- 5l x n~ 34“^ Xu"’4 --------------------------- ---  4- ^ r r °-

5. E x  his porro aequationibus (4) per (1 9 7 .  §•) facile eliciuntur fe­

quentes aequationes differentiales.

n-2
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n%? —  - f 2 *  v l  2/3 _t L ~ x H ------x - f -  -----------— —  o.n (n i)
n - 3 . __ ,  . 2 a  , 2 b,  M = , * +  —  * +  ( n _ .j ( n _ - -  =  o.

e N = x * +  - i ? L x +  —--------2— ------- _  s =  o .
n— 2 (n —  2) (n —  3)

6. Iam vero fieri po teft ,  ut aequationes quadraticae ( 5 )  habeant ra­

dices imaginarias, nimirum fi fit per ( 1 6 7 .  §.),

—  <  — ^ -----; I R *< ( m - r  +  O C r + j ) . s  q .
n2 n (n —  1 )  1. k  c  ( m — r) r

4 ^ -------hinc oh ( j )  U. Sz <  - ± L = ! > M ^ 2 _ .  R T .
(n — i ) z ( n— OOf1— 2)  (jn —  r — l ) ( r + I ;

2 _̂___  • TTT T z Cm r I / f r ~4~ 3) C rr
(n— 2)z  (n— 2 ) ( n — 3 ) *  ’ ( « i - — r_ 2, (1 +  2) ’

7. Relatio (I)  indicabit e r g o , utramque radicem aequationis *e L r = o  

in (5 )  effe imaginariam; adeoque debebit hoc cafu etiam aequatio L ^ o  

in (4 )  habere faltem unum par radicum imaginariarum (207. 198. § . ) :  cum

igitur  quaevis radix x = - ^ ~  aequationis L = o  in (4) det unam radicem

aequationis j  X ^ o  in (3)» haec autem nequeat habere radices
x

imaginarias, quin illas eo  ipfo etiam aequatio X : = o  in (2 )  per (207. i98-§.) 

habeat; erunt in eadem hypothefi etiam aliquae radices z  aequationis 

X  =  o  in ( 2 ) ,  proinde etiam aliquae radices x  aequationis y  =  o in ( 1 )

im ag in a r iae .
8. Si dicas, nullum rtutn coefficientem R aequationis y = o  in ( i )  ta­

lem effe, ut is conditionem (I) in (6) impleat, fed pro quovis ejusmodi

coefficiente fore aut

p c s f r - r + O f t + l ) .  S Q , aut R2 >  ± l K l + l 2 . S Q ,
(m —  r ) r Cm — r ) r

proinde etiam in (S)

aut 4 - >  
nz n (n —  l )  n2 ^  n (n —  1)

n-a
erunt quidem ambae radices aequationis e L o  in (5) reales (16 7 . § •) :  

verum inde nondum fequitur, aequationem L ~ o  in (4) nullas habere

radices



radices imaginarias (2c 8. 198- § 0 : fi vero eo non obftante aequatio L t = o  

in (4) radices imaginarias habeat; habebit illas etiam aequatio y = o  in ( i ) ,  

ob rationes in ( 7 )  relatas.

9. Sicut (I) dat faltem unum par radicum imaginariarum aequationis 

L — o  in (4 ) ;  fic quoque conditio ( II .) ,  cum ea indicet radices imaginarias
.. . n-3 # . . . .

aequationis j M - o  in ( 5 ) ,  dabit faltem unum par radicum imaginaria­

rum aequationis M : = o  in (4) per (207. 198. § . ) •  eapropter, quia quae­

vis radix x . = ----  aequationis L = o  ve l  M ; = o  in (4) det unam radicem
Z

r f " J F
z ~ — - aequationis e X m o  vel e X  £= O in (3); dabit conditio (I) 

x
r " 1

unum faltem par radicum imaginariarum aequationis s X t= z  o r et  con­

ditio ( I i )  indicabit faltem unam par radicum imaginariarum aequationis
* __ r -1
e X  t=r o  in (3,). Debet autem aequatio e X  =  o  eo ipfo jam habere unum

r t - i
par radicum imaginariarum, quia id habet aequatio s X  =  f i . e X m o

r- r
(207. § . ) :  igitur habebit aequatio e X  =  o  ad minimum duas radices ima­

ginarias ob conditionem ( 1) ,  et duas ob conditionem (II). Verum  hinc
' . r-*

haud e lu c e t, radices imaginarias aequationis e X t= :o  in (3 %  quas indicat

conditio ( I ) ,  ab iliis ejus radicibus imaginariis, quas denotat conditio(II),

diftinftas effe; aliunde vero certo conftat, eas non poffe efle diftinftas:

fecus enim poffet habere aequatio*^ X  o  in (3) pro quocunque ejus ex­

ponente n ,  adeoque etiam pro n ^ = 3  quatuor radices imaginarias, quod 

eft impoffibile. Itaque binae conditiones (I) (II)  in (6) tantundem indi­

cant,  quantum urra ii/arum indicat, nimirum unum par radicum imagi­

nariarum aequationis y r r r o i n  ( r ) ,  ob (7).

10. Quodfi autem conditiones ( I)  (III) in (6) locum habeant, qoo

cafu radices aequationum s i . . = o ,  e N S S  O in (5) debent effe imagi­

nariae; habebunt etiam aequationes L m o ,  N j = o  in (4) radices imagi­

narias (207. 108* § 0 ?  cum autem quaevis radix x — i? aequationis
Z

I .
L t = o  vel N =  o  in (4) det unam radicem z  =  — aequationis s X r o  

r+I .
vel  e X ' — o  in (3);  habebit quoque aequatio e X i = 0  faltem unum par

radicum
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r t i
radicum imaginariarum ob conditionem ( I) ,  et  aequatio s X “ 0 pariter

unum par ob conditionem (III). Cum porro aequatio %  *X 0 fit Id a  
* r - t  . **-»

aequatio differentialis £ , s X = 0  aequationis £ X  =  o  (196. § . ) ;  debet

uatior V x  =  O ea ipfo folum unum par radicum imaginariarum habere,
r + i „  r -1

quia id habet aequatio e X ^ O  (207. 198. §•):  aequatio ig itu r  e X == O 

habet unum par radicum imaginariarum ob conditionem ( l ) ,  et aliud par 

ob conditionem {111) ,  atque iftud par ab illo diftin&um eft. Nam ante 

omnia evidens e ft ,  ut conditio (111) locum habeat, debere effe n > 3 ;

adeoque aequatio V x  =  o  in (3) debet effe minimum 4 ti gradus: hinc 

autem e lu cet ,  ipfam capacem effe quatuor radicum imaginariarum. Deinde 
certum eft ,  coefficientes cujuslibet aequationis ab ejus radicibus certa le g e

dependere (179- §•)> coelficientesque «, 51 ob (3) per diverfos coefficien­

tes aequationis principalis y ^ = o  determinari: igitur debent etiam radices

i m a g i n a r i a e  aequationis V x s = 0  in ( 3 ) ,  quarum indicium eft conditio ( I ) ,  

diverfae effe ab ejus radicibus imaginariis, quas conditio (111) in (6) indicat.

U t  primum vero aequatio V x = = o  in (3; ob conditiones (I) (III) duo 
habet paria radicum imaginariarum; habet etiam aequatio X ^ o  in ( 2 %
proinde etiam y  =  o  in ( 1 ) ,  faltem duo paria radicum imaginariarum (207.

198- §0* ^  n  •2 1 5 .  C o r o l l a r i u m .

H is principiis nititur regula  Neutoniana ad explorandas radices imagi­

narias datae cujuscunque aequationis inventa. Singulis nimirum terminis 

datae aequationis, exceptis termino primo et u lt im o, fuperfcribantur fra-

ftiones» prout eos fequens exemplum exhibet:  exploretur deinde, an qua­

dratum cujusvis coefficientis minus fit fra&ione fuperfcripta du& a in pro- 

duftum coefficientium adjacentium, vel non: cafu primo fubfcribatur ei­

dem termino lignum — , et cafu altero fignum + ,  terminis vero primo et  

ultimo femper fubfcribatur fignum + .  Numerus enim alternationum lign o­

rum fubfcriptorum indicabit, aequationem datam ad minimum totidem  ra* 

dices imaginarias habere,
2 m 3(m— 1) 4 fm — 2) 3)

i^m— i )  2(m— 2) 3(ui— 3) 4(,T1 4)
4- A xm-i 4- B xm “  % +  C x»1 ~3 4- Dx'11-4 -1------=20.

2 1 6 .  T h e o -
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216.  T h e o r e m a .

In quavis aequatione idi gradus, cujus ambae radices reales funt, tot
femper adfunt Jignorunt 4----v e l----- f* alternationes, quot radices pofitivae,
et tot fuccejftones +  -f  vel-------, quot radices negativae,

D e m o o f t r a t i o .

Sequentes quatuor formulae exhibent omnes cafus poflibiles,

I. x.z -f A x  +  B = o . II. x*— A x — B = o .
III. xz —  Ax +  B = o .  IV . k2 + A x — B = « .

Iatn vero in (11) et (IV) ueceffario debet effe una radix pofitiva et 4  
tera negativa (179. § .), ficut una adeft alternatio et una fucceftio figno- 
ram. In (III) debet effe utraque radix pofitiva (179. §.)# ficut duae adfunt 
fignorum alternationes. In (I) demum funt ambae radices negativae 
(179. §.)» fic ut binae fignorum fuccefliones.

21 7 .  T h e o r e m a .

Quoties pmnes radices datae aequationis y  =  o fuerint reales, ejusque
t

rta aequatio differentialis e y = o  tot fignorum alternationes quot radices po- 
fttivas habuerittoties debebit quoque proxime inferior aequatio differentialis

e y o totidem fignorum alternationes habere, quot ea habet radices p§. 
fttivas

D e m o n f t r a t i o .
r-1

1. Aequatio differentialis (r— 1 )efima fit « y  = : x* +  ax*- 1 +  bx*“ *
«f-c xn,~3 -H dxn"~44- ------ +  p x +  q = q .

t

2. Erit rta aequatio differentialis s y  £= nx®"1 +  (u— i)ax*~ '6 
Jh(n— 2)bxn - } + ( n  —  3) c x11 ~ * -f- - —  Hr pr=:o.

3. Omnes lignorum alternationes et fuccefliones, quas aequatio (2) 
compleftitur* debent quoque in aequatione ( i )  contineri.

4. Aequatio (2) habeat alternationes fignorum , proinde etiam radices 
pofitivas numero m, qui par fit, aut impar.

5. Si m in (4) eft numerus par; terminus p in (2) debet effe pofiti- 
vus, adeoque +  p ( 2 11 . § .): prout igitur adeft - fq  vel — q in ( i) ,  habet 

«equatio (1) aut totidem, aut una plures fignorum alternationes, quam 

aequatio (2), nimirum numero m, aut m +  1 , ob (j).
P o f r f l i f M  / .  L  6 .  H a -
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6. Habet vero aequatio ( i )  ad minimum totidem radices reales pofiti­

v a s ,  quot aequatio (2 )  ob (198 ' 209. § . ) ;  confequenter habet ( i )  ad mi­

nimum numero m radices pofitivas ob (4)« cum igitur m fit numerus par; 

debet ( 1 )  habere m + l  vel m radices pofitivas, p r o u t — q vel -{-q adeft 

in (1)  per ( 21 1 .  § .)•  A equatio  ( i )  tot igitur habet pofitivas radices, quot 
fignorum alternationes (5).

7. Si vero numerus m in (4) alternationum f ig n o ru m , et  radicum po­

fitivarum aequationis (2) impar e f t ; necefle e f t ,  ut ejus terminus ultimus 

fit — p (2 11 .  § .)•  prout eft ergo - f q  vel — q in ( 1 ) ,  habet aequatio ( 1 )  

alternationes fi gnarum  numero m + i  vel m ,  ob (3).

8- Deinde habet aequatio ( 1 )  ad minimum m radices pofitivas, ficut 

aequatio (2) ob (5) per (198' 209. § . ) :  quare, cum m fit impar numerus, 
'debet: aequatio ( r )  habere radices pofitivas numero' m +  I vel m ,  prout ea 

-j-q v e l — q habet pro termino ultimo ( 2 i i .  §.)*, adeoque to t  debet ea 

'habere radices pofitivas, quot lignorum alternationes, ob (7).

2 1  g . C o r o l l a r i u m  1 .

Si aequatio y r r r o  ordinis m ti omnes radices reales habeat; habebit
__ 2 3

etiam quaevis aequationum differentialium e y .—  o ,  e y = : o ,  -  -  -
m - r

—  g y  o  omnes radices reales (205. 198. §.)» cumque ultima aequatio
m -1

t- g y ~ o  debeat efle quadratica, habebit ea tot  fignorum alternationes, 

quot radices pofitivas (216. § .) •  igitur habebit etiam quaevis praeceden­

tium aequationum, proinde ipfa quoque aequatio principalis tot kal-

lernationes fign orum , quot radices p o fit iva l* (217 .  §.)•

2 1 9 .  C o r o l l a r i u m  2.

Aequatio ordinis m ti habet radices numero m , et  terminos numero 

m + i ,  quorum quivis bini contigui dant unam fignorum alternationem 

vel  unam fuccefiionem, quocirca debet efTe m numerus omnium alterna­

tionum et fuccefiionum fimui;  q uare, fi aequatio mti ordinis numero n ra­

dicet pofitivas totidemque alternationes fignorum habeat; habebit ea m— n 

radices negativas, et totidem fignorum fucselfiones, fi quidem omnes ra­

dices unt reales (218. §.).

S  c h 0-
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£ c h o l i o n .

Cntn quaelibet radix p, aequationis y = o  debeat dare unum fa&orem 

fimplicem x  —  fi functionis y  0 7 4 - §•)> quidquid haftenus de radicibus 

generatim  demonftratum e ft ,  ad illuftrandam etiam naturam fa&orum fim- 

plic iu m , in quos fun&iones integrae et rationales funt refolubiles (173 . §.), 

pertinet. Eft autem refolutio funCtionum in faftores fimplices maximi m o ­

menti in calculo integrali;  quocirca optandum foret, ut extaret aliqua m e­

thodus eam omni cafu perficiendi; interea certum e f t ,  admiffa refolutione 
omnis aequationis determinatae y t = o ,  quae inventione omnium illius ra­

dicum , reales fint, aut imaginariae, perficitur; e o ip fo  concedi etiam refo- 

lutionem cujuslibet funftionis integrae et rationalis y  in fuos faftores fim- 

plices (176. § .) .  Artificfa autem , quae ad detegendas radices datarum 

aequationum ha&enus excogitare  l icu it ,  admodum imperfeCta funt; qui ea 

nofcere cupiant, fcripta adeant, quorum praecipua in introductione c o m ­

memoravi,
220, T h e o r e m a .

P
S i funStio fraSta data per variabilem  z  ejus Jit indolisf ut illa pro de­

terminato quopiam vaiore z  =  a , evanefcente numeratore P et denominatoreQ ,

abeat in necejfe e jl, ut ipfa pro z z z a  eundem valorem habeat, quem 

e p } 
quotus -r- pro  z = : a  obtineret.

D e m o n f t r a t i o .  w
2 2 „

1. Si pro z = a  exponentes differentiales e P ,  « P , -------s Q , « Q , etc.
2 2 p

obtineant valores « P r, f P r, ---------- g Q r, e Q r, e t c , ;  obtinebit funCtio

pro z  =  a 4-w per (157. § .)  fequentem valorem.

o ie V 1-\-ocw s P 1 -  -  -  -f- a  caT ~ r, s P 1

cceQ1 - f  ctu e Q T4 " ------- + «  ft)1” 1. « Q 1
p

2. In eadem hypothefi debebit funCtio —  pro z ? = a — « fequentem 

valorem habere (157. §•)•
1 _ 2 2 r r _

.—  a e P ^ - ^ s P 1 '—  -  - -  -}- a wr ~ 1 . R
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P
3. Iam v e ro  vel fun&io - q -  c r e f c i t ,  v e l  deerefcit ,  crefcente varia­

bili z :  cafu primo erit ejus v a lo r  debitas valori z z = a  minor valore 

et major valore (2 );  cafu autem altero erit is major va lore U ) t  et minor 

valore (2) pro certa quantumcunque parva quantitate u : quodfi igitur V

P
denotet valorem fun&ionis debitum valori z t = a ;  dabuntur certi co .

efficientes K ,  L , M , ------ k ,  1, m, etc., pro quibus ob (i) (2) erit utro-
que cafu

V  t>-jr- -}-k m et V  <i -̂prj +  K«-f-L»24*MwJ4-etc.
£ VZ £ v£

«P1
Eapropter erit neceffario V  —rrj (130. §.).*

£ vi

3 3 1 .  C o r o l l a r i u m  I.

Si pro z s = a  etiam quivis rto inferior exponens differentialis tam 

funfrionis P ,  quam fun&ionis Q  fiat aequalis nih ilo;  debebunt in (n. 1 .2 . )  

omnes termini praecedentes term inos, in quibus continentur exp on en tes
t  r  p

differentiales £p*,  eQ *  n e g l ig i ;  valores idcirco funftionis debiti va-

l o r i b u s  a  +  w ,  a — u  v a r i a b i l i s  2 ,  e x p r i m e n t u r  f e q u e n t i  m o d o ;

r  r r+i r* i  r+2 r + i
a » r- * .  b P 1 - f  a  wr. e P1 - f  a  wr + I . £ P1 +  etc. .
~x r t»* , J"1"2 *

»r “ I. £ Q 1 +  a  a>r. £ Q x +  a  «  1 ♦ £ Q 1 +  etc.
r  r  f + * r * i  n *  . r + z  ____

-f~ x u T~ J . s P* -f- a ooT. e Q 1 4" x cor *  * . £ P 1 4- etc.
~" r " r _____ _______ r+1 . t»  r + i  ____
Hhflt w^1. g Q* -j- x a>r . £ Q 1 +. a »r • £ Q.1 +  etc.

P
Hinc v e r o ,  denotante V  valorem funftionis -^ -debitum  valori

fequitur ut in (n. 3 .) ,  pro certis coefficientibus k ,  1, m, -  —  K ,  L ,  M, etc. 

independentibus ab v ,  e t  quapiam quantumcunque decrefcente quantitate *  

debere fieri
r r

y  iJL w2 +  etc.; et V < —— + K » + L » 1+  etc,:
r

igitqr V =  l£!<i3C. $.)•
• Q '

g4 c  A P u  T  III\
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222. C o r o l l a r i u m  2 .
P

Q t ia m o b r e m ,  fi p e t a t u r  v a lo r  V ,  que ro  f u n t t i o  f r a t t a  y — pr o il lo

d e t e r m i n a t o  v a lo re  a  variabilis  z  d e b e t  h a b e r e ,  p r o  q u o  ea  ab i t  in  —  , fu-
2 ?

«antur quotientes -fJ L , - s ^ , _fJL,etc. polito i ,  inchoandoque 
£ ̂  € Q  € Q

a primo fiat z : = a :  quoties enim aliquis horum quotorum pro z  =  a

in abiverit ,  nihil certi poterit, inde c o l l ig i ,  fed quaeri debebit valor

p r o x im e  feq u e n t i s  q u o t i  p r o  z = a :  fi a u t e m  ad  q u o t u m  d e v e n i a t u r ,  q u i  
p r o  z = a  a u t  f ia t  ae q u a l is  vn i h i I o ,  e v a n e f c e n te  f o lo  n u m e r a t o r e ,  vel 
o b t in e a t  v a lo re m  in d e f in i tu m ,  e v a n e fc e n te  folo d e n o m i n a t o r e , a u t  v a ­
lo r e m  q u e m p ia m  d e te r m in a tu m  i n d u a t ; d e b e b i t  e t i a m  d a ta  fu n f t io  y  p r o  
z = a  cafu  p r im o  a e q u a r i  n i h i l o ,  ca fu  a u te m  f e c u n d o  e t  t e r t i o  e u n d e m  in ­
d e f i n i t u m ,  v e l  d e t e r m i n a t u m  v a lo re m  h a b e r e  ( 2 2 0 .  2 2 1 .  § . ) .

223. C o r o l l a r i u m  3.

D um  d a t u r  f u n f t i o  y  =  P R  variabi l is  z ,  q u a e  p r o  c e r t o  v a lo re  z t = a ,

evadente P ;= 0  et R =  — 00, abit fh o. 00, poni poteft Q ~ ~ ~  »
o  » K

P  oh in c  yE=r q u o  c a f u ,  p r o  z  =  a ,  ab ib i t  y  i n  i n v e n to  i t a q u e  v a .  
p

l o r e  f u n & io n i s  y  : =  —  p r o  z = a  p e r  (2 2 2 .  § . )>  h a b e b i tu r  v a lo r  f u n ­
c t io n i s  y = P R  d e b i tu s  va lo ri  z t = a .

2 2 4 .  C o r o l l a r i u m  4 .
E t  fi a l iq u a  f u n f t io  va riab il is  z  p r o  c e r t o  v a lo re  z t = a ,  p r o  q u o  

a b e a n t  q , p  i n ~ - r = o o ,  a b e a t  in  ; p o t e r i t  fum i P  =  — , e t Q = ~  ,
Q  Q

k in c  —  — "7T- » Qu a e  f u n f t i o  p r o  z : = a  in  —  d e b e b i t  a b i r e :  d e te r -  p • r  r o
p

m in a to  ig i t u r  v a l o r e  fu n & io o is  p r o  z : = a  p e r  ( 2 2 2 .  § . ) ,  obtin®-

bitur eo ipfo etiam ralor funftionis —  pro z := a .
P

L  3 2 2  5 .P ro *
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235. P r o b l e i n a .
IVI

Fraftionem rationalem genuinam  ~  (10 . i r .  § .)  datis faftorihus
\ , .
ftmplicibus denominator is N , qui omnes ftn t inaequales, refolvere in totidem

M
fraSiones partia les , quarum fum m n exaequet datam fradtionem  — »

S o l u t i o .

Pro quolibet fa fto re  fim plici form ae generalis p —  q x  denom inatorls
A

N  determ inetur una fradtio partialis ---------- , ita ut ejus num erator A
*  p — q x

eum valorem  habeat, quem quotus — pro x  ; =  fum to exp o n e a- 

te  «jifferentiali obtineret.

D e m o n f l r a t i o .

Cum p —  q x  fit unus fa fto r  fun & ion is N , dabitur alia fu n ftio  in te­

g r a  et rationalis X ,  pro' qua fiat N t = X ( p  —  q x ) :  poterit ig itu r fu n ftio

M  v '
—  pro quapiam fu n ftio n e .integra et rationali Z  refo lvi in duas fra- 
N ^ ♦  

ftio n e s , ita ut iit

M   A ■ Z   A X  +  Z(p —  qx)
N p —  qx ' x  N

A deoque habebimus M rr= A X  +  Z ( p  —  q x ) ,  et Z ~  — — p —  q x

debet ergo eiTe unus fa tto r  fim plex fun ftion is M —  A X  (16 9 . § .) ,  e t
„ . M IVI Cp —  q x )

ideo M —  A X ^ o  pro p — q x ; = o ,  feu A  ; =  =  -------- j\j P ro

86 C A P  V  T  III.

V erum  pro x i =  fit M (p —  q x ) — o ,  et N : = X ( p  —  q x ) : = o :, 4  • I Jl

num erator A  aequatur igitu r ei determ inato va lo ri, quem quotus

pro va lore x = - 2- , pro quo is abit in ~  , ob tin et5 hinc debet efle 
q O

(220. § .)

- . A = :



-   g ■ ( p ~ q x )  Cp— q x)e.M ________________ q M  x  ~-_E_
£ N ~~ a N fi N : q ’

feu A  i r i a * !  pro x _  J L  ob f c a ^ i i =  O prox = J L .
«i>l t  q * fiN

2 2 6 . C o r o l l a r i u m  1.

Si functio integra et rationalis a +  b x n dicatur habere unum  facto- 

rem fimplicem e —  f x  , cum fit fi(a-|- b x n) r = n  b x n“ ’ 1 y adeoque
—  f  x™ ___   f  x m  f n - m  ___ e

e ( a  +  b x n)  ~ n o x 1' " 1 . n b e u ~ m — 1 ^ r °  X f  ’

obtinebim us per (225. § .)  feqnentem  expreflionem  pro nna fra& ionum

partialium , in quas fun & io frafta  rationalis ■ ^ > datis om nibus 

fa& oribus fimplicibus denom inatoris, poteft r e fo lv i ,  n i m i r u m  p r o  fractione 

partiali oriunda ex  fa fto re  fimplici e — f x  denom inatoris a - f  b x.u
__ f  n — m

u b (e —  f  x ) e ll" m'’  1

2 3 7 .  C o r o l l a r i u m  2 .

Si faftores denom inatoris N fint quidem om nes inaequales, fed vel 

om nes quadratici form ae generalis tz-\-/3x - { -y x 2, vel aliqui quadratici et 

alii fim plices; rep ed etu r fra& io  partialis oriunda ex quovis fa& ore quadra- 

t ic o ,  fi hic refolvatur in duos fa& ores fim plices, fra& ion esque partiales 

his fa ftorib u s com petentes per (225. § .)  determ inatae in unam fummam 

addantur,
2 2 8 .  C o r o l l a r i u m  3.

S ic  fi d2 —  c 2 x 2 ~  (d -f- c x ) (d —  c x )  dicatur efiTe unus fa fto r quadra-
x m

ticus fun& ionis a - f b x n, fun ftioq ue frafta  rationalis — — — - i n  fractiones
a a -j- b xn

partiales refolvi debeat; fraftio  partialis oriunda ex  illo fa fto re  quadta- 

tic o  erit per (225 227, §.),
7jT c  n — m ‘ c n —m

n b ( d - f  c x ) d u“ m'-1" n b ( d — c x j d ” '" m" ' 1

 __ cn_m IjT d —  d +  r  x —-c  x .
- n b d n'“ rn_' 1 " d2 —  c2 x2,

confequenter, prout eft n —  m par aut impar n um erus, erit ea fr a g io
cn -m  —  2 cn — tn + 1 —  2 X

c a p u t  n i  &i

n b d u~ iu~ 2 d2—  c2x2 ’ ve* nbdu’” m~ 1 dz — c 2 x 2

229. Tlieo-



229. T h e o r e m a .
Pro xr=Cof <p +  Sin <p f — 1 et quovis numero integro pofitivo m 

debet ejfe x n : = C o f  n (p i ;  Sin n (p / — 1.
P e m o n ftr a t io .

Eft enim x* ~  Cof <p2 +  2 Cof <P Sin <p >f~mm * — Sin <p*; igitur per 
(5. §. !• Schol.) xa=Cof2(p HhSina^/'— 1. Et fi pro quocunque nume­
ro integro r effet xr i=  Cof r Q Hh Sin r ip \f— 1, deberet eo ipfo effe 
etiam xr + ,t=C of r (p Cof(P 4* Cof <P Sin r (P \f— i^ S in  Cofr — 1
— Sin<pSin r ^ = C o f(r -f  i)<p +  Sin(r+  i ) $ J — 1 per (5. §. 1. SchoU). 
Hinc itaque ob (31. §.) neceffario fequitur, quod erat datnonftrandum.

330. C o r o lla r iu m  i .
Si p (Cof <p 4* Sio <P yf— 1)— qx et p(Cof<p— Sin (p/ '— 1)— qx fint 

duo fa&ores fimplices imaginarii functionis rationalis c +  ex“ *, debebit haec

funftio bis aequari nihilo, pro x =  ~ -(C o f$ 4 -  S in ^ /'— 0  et x =  ~ -  
(Cof 4>— Sin<Pv  ̂— *)i «rit igitur per (229. §.)

c-^- (C ofn^4* Sinn^P/’— i)r = o ;
c - |--^ -(C o fn ip — SinnJp/’— i)= :o .

Hinc 2 c - | - ” r  C ofn(p=o; et S in n (p / — 1 ==•;
Q H

, p pnfeu c 4* —~C ofn(P = :o; etS inn^P=o.
q

231 . C o r o l l a r i u m  3.
Quidquid fit funftto rationalis et integra a4-bx“, neceffe eft, ut pro 

quolibet ejus faftore quadratico p1— 2pqxCof\p4-qz ob (17*. 230. s->

liat

Cof n et n ^ '==-®'
232. P rob lem a»

Datam / unSionem integram rationalem a* 4“»* re/olvere in /nos
faftores.

S olu ti® .
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S o lu tio .
1. Exponens n eft numerus par vel impar. Pro numero pari n^r2m  

habebit funftio an -f-xn omnes numero n ~ 2 m  faftores fimplices imagina­

rios; adeoque, quia quivis bini faftores fimplices inter fe multiplicati 

dant unum faftorem quadraticum; habebit illa hoc cafu faftores quadrati, 

cos numero

2. Si autem exponens n “ 2 m + i eft impar numerus; habet funftio 

an +  xn unum faftorem fimplicem realem, et n — i faftores fimplices

imaginarios, ex quibus numero m faftores quadratici poffunt
produci.

3. Quilibet faftorum quadraticorum funftionis an-J-xn (1) (2) expri­

mi poteft forrnula generali p2— 2 p q x  C o f^ -fq 2*2 C*72. §.); et pro quo-

Pn
libet debebit arcus (p ita determinari, ut fit per (830. §.) an+-~-Cofn (pz=:o, 

et Sinn<pt=o.

4. Iam vero erit Sin n<p:=o, fi, denotante k quemcunque terminum 

progreffionis o , 1, 2, 3, 4, etc., fiat n<p —  2 k ir , vel n <p:= (2 k -f i)tt  

Per (5* §• * Scho l.): praecedens formula (3) femper ergo dabit unum 

faftorem quadraticum funftionis an-f-xn, fi fiat

_ 2 k r  . « , p“  — » «
ip = ----- , et an +  — — Cof 2 k ir ;= o ;
T n q

vel cp z=-2 ^  ̂ 1- ? , et at>+  Cof 2(k -f  0
5. Prima aequatio In (4) nequit fubfiftere: cum enim fit C of2kr;= 1;

Dn p D 9
effet an 4- — — ~ o ,  hinc — a" valoris vel imaginarii, vel rea-q l l  q  » n  r

lis negativi, prout eft n numerus par vel impar, cum tamen -E- in (3̂  

debeat habere valorem realem pofitivum.
6. H in c , ob C o f ( 2 k +  i) ir z r : — 1 (5. § . 1. S ch o l.) , feq u itu r, form u­

lam  in (3) pro quolibet valore k = : o ,  k : = i  , k  =  2 , k = 3 , k  =  4 ,  e t fic 

p o rr o , daturam unum faftorem  quadraticum funftionis al l -f-xn, fi fiat
__f 2 k - f i ) r  pn

---- -------, et an —  — = °  ob (4) (5 ), adeoque p;= apro q =  1 :

V»lumcn & M  his
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his ergo  valoribus in (3) fubftitutis, obtinebitur fequens generalis expref.
lio om nium  faftorum  quadraticorum  fu n ftio n is  an -|-xa.

„  .(2 k -f 1) r  , ,
a a —  2 a x  C o f-------------------- —  --f- x 2.

n

7. Q uam obrem , fi in (6 )  loco  k  fu ccefllve  fubftituantnr num eri 

€ > ,.I , 2 , 3 ,  4 , 5 , e t  ita porro quamdiu eft 2 k + i < n , obtinebuntur 

omnes fa v o re s  quadratici funftionis an +  xn , ad q uos praeterea eo  cafu , 

quo n fuerit num erus im par, fa fto r  fim p l&  a +  x  debebit accedere ( l ,  (2).

E x e m p l a *

a34- x3 (a2—  2ax C o f ~  -f- x 2)(a  -f- x ) .

a4- fx 4 : = ( a 2— 2 a x C o f ^ - f  x 2)(a2— 2 a x C o f—  +  x 2).

a*-fxs= ( a 2— 2 a x C o f ^ - - f x2)(a2— 2 . ix C o f ~  + x2)(a  +  x ) .

a64*xG z=- (a2—  2ax C o f  ~ 4* x2) (a2—  2ax C o f  —  - f x 2)(a2— 2ax C o f -^ -f-x 2).

S  c h o 1 i o  n.

S e d , quaeret t y r o ,  c u r i  l/i duntaxat numeri impares foco 2 k +  I in

( 7 ) ,  qui numero n m inores fa n t, fubftitui praecipiantur? dabit utique for­

mula generalis in (6) etiam pro quovis alio m ajori num ero impari 2 k + 1 

unum faftorem  quadraticum funftionis an +  x n, ob (4). Verum  id q uo­

que certum  e ft , fa ftores quadraticos, qui pro numeris imparibus 2 k + i  > n  

ex (6 ) poliunt e l ic i ,  ab i i s ,  qui pro numeris 2 k - f i < J  n indidem eliciun­

tu r , haud effe d iftinftos. S it enim generatim  2 k - f - i : = 2 r n ^ h x  numerus 

major numero n , ita ut r quem libet terminum feriei 1 ,  2 ,  3 ,  4, etc. poflit 

denotare, « vero  den otet numerum imparem m inorem  num ero n ;  dico 

ex  (6) pro 2 k + i = 2 r n  + *  eundem fequi fa fto r e m , qui pro 2 k -{-1

obtineretur. E ft enim C o f  ^  r n Co f  ( 2 r tt +  Cof  2 r n
n —  u J

Cof — X S in  s r »  S in — =s C o f—  (5. §. j. Schol.) 
n n u

233. P r o b l e m a .
Funftionem integram rationalem an —  x n refolvere in fuos faffores.

Sol ut i o.

9,0 C A  P U T  IIT.



S o l u t i  o.

*. P ro  exponente pari n habebit fu n frio  a® —  x “ duos fa& ores fun- 

p lices r e a le s , e t n = 2  faftores fim plices im agin ario s, e t  ex  his omnibus
j]_2

nafcentur num ero — - —  factores quadratici*

2. E t pro num ero im pari n habebit fu n ftio  an —  xn unum faftorera

fim plicem  rea lem , cum  n — 1 fa& oribus fim plicibus im agin ariis , qui fimul 
n —  1

dabunt num ero — ——  factores quadraticos.

3. Q uilibet fa fto r quadraticus fun ftion is an — x ” ( 1 )  (2 )  obtinebitur 

e x  p2— 2 p q x C o ( \ p  +  q2x 2 (17 2 . § .) ,  'fi Pro quocunque term ino progref- 

fionis arithm eticae 1 , 2, 3, 4, 5, 6 , etc. lo co  k  affum to fiat per (230. § .)  et 

(5 . § . I .  Schol.).

<p =  —^ - 1  ~  = 0 ;  ’ e t  Sin 2 k ? r = o ;

v e l (f> =  a n + - ^ r := o ;  e t Sin ( 2 k +  i ) » r = o .
n q

4. Cum  ve ro  fecunda conditio  in (3 ) abfurda fit , u t in (232. § . n. 5.); 

certum  e ft , form ulam  gen eralem  fa& oris quadratici in (3 ) daturam quemvis

fattorem  quadraticum  fun ttion is a n— -x n, fi in illa ponatur <p—  , e t

an— -E— = 0 ,  ‘hinc a = p  pro q =  x, denotante k quemcunque terminum

feriei arithm eticae 1 , 2, 3, 4, e tc .:  his ig itu r valoribus in (3 ) fubftitutis ob. 

tinebim us fequentem  exprefiionem  generalem  omnium fa& orum  quadrati- 

corum  fun ttion is an — x n

a 2— 2 a x  C o f  ~r——• - H la. 
n

5. Q u a re , fi in hac form ula (4) fu ccefllve  ponas k s i ,  k z = 2 ,  k = 2 3 , 

k  =  4, et fic porro quamdiu eft 2 k < n ;  derivabis inde om nes fa ftores qua- 

draticos funftionis an —  x n, ad quos praeterea accedet fa& or fim plex a —  x, 

vel quadraticus a2 —  x 2:= r(a —  x ) ( a - f x ) ,  prout fuerit n num erus impar, 

vel par (2 ) (i)»
E x e m p l a .

2  7T
a3— x3 ;= (a2— 2axCof—- - f  x2)(a— x).3
a*— x 4 1=  (a2 —  2 ax C o f ~  +  x 2) (a2—  x 2) (a2 +  x 2)  (a2—  x 2).

M 2 a5—x*
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a*— xs;=(a2— 2axCof^ ~ + x2)(a2—  2ax C o f^ - J -  x2) (a~ x ). 

a®— x6:=(a2— 2 a x C o f^ +  x2)(a2—  2 a x Cof ̂ x 2) (a2 —  x2).

S c h o l i o n .

Ratio autem , cur lo co  2 k  illi tantum numeri pares, qui num ero n 

m inores fu n t, in (4 ) fubftitui praecip iuntur, eft eadem , quam jam  pro cafu 

fimili in (232. § . Schol.) adduximus. Om nis enim num erus par major nu­

m ero n per 2 r n + 2 a  poteft defignari, ita u t , denotante 2 x  quemcun- 

que numerum parem m inorem  num ero n , coefficiens r quem libet term i­

num feriei 1, 2, 3 , 4, etc. pofllt indicare: facile vero  oftenditur, form u­

lam  in (4) eosdem  pro 2 k = 2 r n  +  2 « ,  et 2 k  =  2 «  factores dare.
_ ^ „(2  r n +  2 aO t -  , 2 a i r \  2 a w

Nam  eft C o f - ------= --------= C o f ( 2 r T  +  ------- )  =  C o f  2 r 7r C o f -----------
n  n /  n

+  Sin 2 r r  Sin —  C o f (5. § .  1 . Schol.) 
n n

2 3 4 .  P r o b i  e m  a.

Unus f  affor quadraticus functionis integrae et rationalis a +  b xn eft

p 2 —  2 p q x C o f< p -}-q 2 x 2; determinare fraStionem partialem ex  ipfo oriun-
•£«1

d a n i , d a ta  funftione fra tta  rationali — r—— - in fraStiones partiales re-
a 4 “ u x

folvenda.
S o l u t i o .

1. F a& ores fim plices dati faftoris quadratici funt q x  —  p (Cof<p-f- 

Sin t y f '— 1), q x — p ( C o f$  —  S in ip y '— 1) per (17 2  § 0 : quodfi ergo  num e­

ratores fraflionum  partialium his factoribus fimplieibus debitarum vocentur 

A , B ; erit per (22 7. § .)  fra ftio ’ partialis oriunda ex  dato faftoreq u ad ratico

__________ A_______ ' 1 ____________ B __
qx —  p (C o f <p +  S in(p /* — 1) ‘ qx—  p (C o f  (p—  Sin — 1)

„  q (A  -j- B ) x -f- (A  —  B) p Sin Cp / —  1 —  ( A +  B )pC of< p _ 
p2 —  2 p q x  C o f <P - f  q2 x2

2. Iam fit M ? = x m, N =  a - f  bxn, hinc «N ^ =n bxn” I ex, et per (229. § .)
Dm \

x m =  - ^ ~  ( C o m < p ;+ S in m ( p ^ — 1 ) ;

x n " i  — E—_  (C o f(n — l) < P + .S in ( n — J) ;

pro x  =  + . Sin C p/” —  1 ) ;  ^
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P er haec determ inantor valores num eratorum  A f B fractionum par­

tialium  in C1 ) fecundum (225. § . ) ,  nim irum :

. __ q11 m CofmCP +  S in m ^ j/ j— I_____ .
n b pn “  m ~ 1 C o f ( n — i ) ^ 4" S i n ( n — 1 ) < P / — * ’

„  __ qn~ m C o f  m <P —  Sin m t y s f —  1_____  

n b p " ~ m“ I C o f( n — i ) ( p — S i n( n — —  1

E ft autem p e r ( 5 - § . 1 . Schol. et 23i .§ .) -

C o f( n —  I ) ( p = C o f  n C o f <p +  Sin n (p Sin © = —  Cof®  ;
b p 11

S in ( n —  i)< p := S in n < p C o f< p —  C o fn  (p Sin <p =  — - Sin <p:

adeoque eft etiam

*  pm + 1 C o f  m (p -f- Sin m $  \ f  —  1 ^

n a q m S in < p ^ — 1 — C o f (p 1

.g  pm~t' 1 S i n m f p ^  — I —  C ofm  $
n a q m S in< p^  —  i-|-Cof(p

Q uare addendo, et fubtrahendo erit 

ob ( S i n ^ y '— 1 — Cof<P) (Sin<p>/' —  i + C o f  <P);=— (Sin <p2+  Cof<p2) : = —  r.
«  n m  +  x

A  + B = — —  —  C o f(m  +  i)< p ;
O nm + 1

A — B = : ------ m S i n ( m - f i )  < p /  — 1 .
n a q m v

E t  pro his valoribus in ( 1 )  fubftitutis obtinebitur fequens fimpliciffima 

exp rellio  quaefitae fractionis partialis.

2 pm + 1 p C o f m f t —  q x C o f ( m - f  i) ( p

n a q m p2 —  2 p q x C o f(p -j-q 2x z

S c h o l i o n .  *

N otatu digna eft m ethodus quasvis funCtiones fra& as rationales, datis 

faftoribus fimpUcibus et quadraticis denom inatorum , refolvendi in fractio­

nes partiales ope coefficientium  indeterm inatorum .

M
1. S i proponatur fraftio  refolvenda in fraCtiones p artiales, 'datis

faftoribus fim plicibus form ae p —  q x , et quadraticis form ae ct -f*/3 x -f* Y x2, 

denominatoris N J fumatur pro quolibet fa fto re  fim plici una fraCtio partialis

---------> et pro quolibet fattore quadratico accipiatur una fraftio form ae
p qx

A + B x  '
— r-7r~ T ----- 1 > literis A , B  indeterminatas interea quantitates denotantibus.ti-f-px “r  V x
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T u m  reducantur omnes bae fra£tiones partiales ad communem denomina-

torem  aequalem produ& o N  ex  illarum  denom inatoribus; erit fumma
M

om nium  numeratorum divifa per N aequalis datae fun & ion i - . Q uodfi

igitu r fumma omnium num eratorum  aequetur dato num eratori M j obtine­

bitur aequatio , ex qua valores pro A ,  B ,  etc. fecundum  principia primi 

capitis poterunt determ inari.

M
2. Eadem  prorfus m ethodo refo lvetu r quaelibet fra& io  —  in fra& io-

A
nes p a rtia les , dum denom inator fraftio n is refolvendae aequatur alicui p o ­

tentiae n tae aut fa ftoris fim plicis X  =  p —  q x ,  au t quadratici X = z x -\ -  (3x  

-}-«yx2,: n im irum , fumtis interea quantitatibus indeterm inatis A , B , C , D , 

E , F, G , e tc ., ponatur
I V I  ____ A  |  B  < C  j K  j  h

x » - ' " * " x u-2  " +  X 2 ' X '
, M  A +  B x , C + D x  U  +  V x

vel  ^  = “ x ^ — X ^  +  -  -  -  +  X  ’ 

prout X exhibet fa& o rem  fim plicem , v e l quadraticum , tam  quaerantur 

valores pro A , B, C, e tc ., u t in ( i ) .
M

3. Si denique denom inator N  fra& ionis refolvendae ——  inaequales

a liq u os, e t alios aequales fa fto res fim plices v e l quadraticos, aut illos et 

h os h abeat; habebitur cafus ex praecedentibus cafibus ( 1 )  (2 )  com pofitus, 

ad quem idcirco eadem m ethodus poterit adplicari.

4. L iceb it demum hanc m ethodum  ad quosvis fa fto res polyn om ios ex-
M

ten dere; fi nimirum denom inator N  frattion is refolvendae habeat fa-

fto re s  p o lyn om ios form ae generalis a-j-b x  +  c x 2 -{------------- ( - m x r ; {©m-

per poterit determinari una frattio  partialis debita tali fa fto r i po lyn om io, 

m odo ejus num eratori tribuatur form a a - f / 3x - f - y x 2 - f  -  -  -  ^ x r“ * 

funftionis ordinis uno gradu inferioris.
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C A P U T  I V.
D E

P R A E C E P T I S  F U N D A M E N T A L I B U S  C A L C U L I  
I N T E G R A L I S  ,  I N T E G R A T I O N E Q J J E  

F U N C T I O N U M  R A T I O N A L I U M .

235. D  E F I N I T  IO.

In teg ra ie  dati exponentis differentialis eft fu n ttio , cujus ratio differen­

tialis habet exponentem  dato aequalem ; unde ,  quid fit datum exponentem  

differentialera integrare, per fe in te llig itu r : praecepta in hunc finem d o ­
cet Calculus integratis. S ign um  autem integrationis erit / ,  praefigendum  

exp onenti d ifferen tiali, cujus integraie fuerit defideratum : fic / X « x

indicabit in tegraie exponentis differentialis X s x .

2 3 6 .  C o r o l l a r i u m  1 .

In tegraie dati exponentis differentialis s y t z z X s x  poteft elle  fun ttio  

y  =  Z - t-C  com pofita ex  aliqua fu n ttion e Z  variabilis x ,  et quantitate 

conftante C ,  quarum pofterior nullo p a tto  im m ediate ex  ipfo exponente 

differentiali p oteft c o llig i (9 1 . § .) .

^237. C o r o l l a r i u m  "2.

Quam obrem  praecepta calcu li int-egralis eo tendun t, u t per ea ek  datis 

exponentibus differentialibus e y  partes variabiles illorum  integralium  y  

utp ote  cum  iis certa le g e  connexae (83. § .)  poffint derivari: plerum que 

tamea-, in ven ta  parte variabili, p u t a Z ,  alicujus integralis / e y z = y ,  fcri- 

bem us y : = Z - | - C ,  litera C quantitatem  conftantem d efig n a tu ri, quae fors 

addi debebit parti variabili Z ,  ut perfettum  com pletum que integraie 

habeatur. -

238.  C o r o l l a r i u m  3.

F acile  v e r o , inventa parte variabili Z ,  pars conftans C  certi integralis 

y  =  Z  +  C in aftuali calcu lid ifferen tio-in tegralis adplicatione determ inatur: 

plerum que enim ex n atura  quanti, pro quo expreflio analytica y z = Z - { - C  

Vthtnev I. ' N  quae-



q u aeritu r, e lu c e t, quemnam determ inatum  valorem  V  fun & io y  p ro  c erto  

va iore v variabilis x  debet in d u ere, quo f i t ,  u t ,  fi pro x i = v  pars variabi­

lis  Z  valorem  determinatum U  ob tin eat, fit U -{-C  =  V ,  hinc quantitas 

conftans C ^ V — U ,  et in tegrale ipfum y r = Z - f  V  — U .

239. C o r o l l a r i u m  4.

Methodus univerfalis exp lorandi, utrum  pars variabilis Z  alicujus in­

tegralis / X « x  =  Z - j-C  rite fit determ in ata, confiftit in differentiatione in­

venti integralis Z - f C :  fi enim exponens differentialis e ( Z  +  C )z= zsZ  

aequetur dato X e x ;  certi erim u s, integrale / X e x r r : Z - J - C  effe leg iti­

m u m ,  ita ut nullum aliud exponenti differentiali X e x  poffit refpondere, 

cujus pars variabilis, non tantum  form a, fed etiam m agnitudine a parte va­

riabili Z  differat (23 5. 96. §.)•

340. C o r o l l a r i u m  5.

H inc et ex  ( 1 1 5 .  -  -  -  123. § .)  co lligem u s fequentia in teg ra lia , quae 

inftar totidem  form ularum  fundam entalium  calcu li integralis p o liun t 

fpe& ari.

I J s  Cof<p:=Sin<p +  C. 2 j T — £ $ Sin  <p:=;Cofin<p-fC.

3 f e  (p Sin 0  =  Sin v <?> +  C. 4 / —  £(P  Cof<p:= C o f v <p +  C.

5J^s  <p Sec (p2r= T an gC p  +  C . 6  C ofecip 2 —  C ot <P+C.

• j . fe  cp Sec (f> T a n g  <p =  Sec <P - f  C . 8y —  Cofec<p Cot C ofec <P +  C.

9/ 7 f r ^ ) :=:ArcSinz+c- I° ^ / ^ V )- ArcCofz+c-

Sin v z + c- Arc Cof v z + c -

1 3 A r c  T a r i s  z + c  , t / r ^ r = A r c c ° t z + c -

' 5 7 ^ — = Arc Sec z + C .  ^ f ^ ~ T } = A r c C o f e c z + C .

341. C o r o l l a r i u m 6.

S ic quoque ex  (239. 90. § .)  feq u itu r, in tegra le  cujusvis exponentis 

differentialis A e Z ,  determ inati per produftum  ex exponente differentiali 

* Z  certae fun& ionis Z  in quantitatem  conflantem  A ,  aequari produtto 

cx  integrali huius exponentis in eandem .quantitatem  con flan tem , feu effe 

/ A e Z  S = A / « Z .
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242. C o r o l l a r i u m  7.

0 b  (239- 9 2, § 0  autem  erit in tegra le  exp on en tis differentialis 

ey— «P-4-eQ + e R H—  —  -f e Z  com pofiti ex  pluribus exponentibus 

differentialibus aequale fummae integralium  Ungulorum  exponentium  illum 

com ponen tium , nimirnm P +  * Q  +  e R +  -  -  »

+ f s R + ------- + / *  Z.

243. C o r o l l a r i u m  8.
Si in aliquod integrale / X  e x quantitas quaepiam  conftans, per addl- 

tionem  aut fu b tra& ion etn , ingreffa fu e r it, po terit ea n e g iig i, atque a d 

conftantem  indeterminatam C  referri (23 7. §.)»  confequenter in fpecie loco

/ X a  : =  U  - f  log-~  Z - f  C ,  cum fit 1 Zr=r 1Z 4 - I poterit fumi

/ X e  x z = U + l Z  +  C ,  quamdiu partis duntaxat variabilis ratio  habetur,

244. C o r o l l a r i u m 9.
Dum  in tegralia  per arcus circuli determ inantur, lo co  arcuum n egati­

vorum  fubrtitui poffunt arcus p o fitiv i, m odo illorum  finus, co fin u s, finus 

v e r fi, cofinus v e r f i ,e tc . cum  fignis contrariis fum antur, ve l in cofinus, 

fin u s , cofinus v e rfo s , finus v e rfo s , etc. convertantur (239. 240. § .) .

245. P r o b l e m a .
€ Z

Integrare exponentem differentialem e y z =:—- fra ftu n t , cujus numera­

tor aequatur exponenti differentiali denominatoris z ,  quidquid fit  ijle , ali­

qua variabilis abfoluta , aut quae cunque fu n ftio  certae variabilis abfolutae

C4- §•>. o , .
S o l u t i o .

Sumatur pro integrali logarithmus naturalis denominatoris, feu fiaC 

y  = l z  +  C  (239. IIO . §.)•

246» Cor ol l ar i um.
A  Z™

S i -----dicatur effe in tegrale alicujus exp onentis differen*

A  Z °
tialis e y ,  quod p r o n a o  abit in — ~ + C ;  erit A  lo g  Z 4 -C  genuinus valor

(A Z n N
— — l~ C )

z = z A Z n~ l e Z  (239. § • ) ;  debet utique datum integrale pro n s = o  poni 

= / A Z ° - ' e Z = / ^ | ^ = A l Z  (245. 3 4 1. § .)•
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2 4 7 .  P r o b l e m a .

Integrare exponentes differentiales form ula  generali A  Z m e Z  romprehe* - 

_ / o s , quidquid f i t  z ,  variabilis abfoluta > aut aliqua funtHio certae variabilis 

abfolutae

S o l u t i  o .

Potentia variabilis z  uno gradu altior divifa per fuum exponentem  

m -f-1 duftaque in datum faftorem  conftantem  A  dabit in tegra le  quaefi- 

tu m , feu  erit (239. 104. § .)
A «m + 1

/A  z m c z  =  — -7-------- f- C .
 ̂ J  m +  i

248* C o r o l l a r i u m  1.
1

P er (247* §•) integrabitur quivis exponens, differentialis form ae 
X « x ( a - f Y ) P ,  fi fu n ftio  X e x  extra  vinculum  aequetur exponenti differen- 

tiali fun ftion is a - f - Y  fob v in c u lo : p o fito  enim  z : = : a 4 - Y ,  erit e z

i= g (a-f Y )  =  Xexj .  hinc /Xex(a-fr-Y)? — fezz?  —  d --------- fG *

249. C o r o l l a r i u m  2.

Si detur exponens differentialis form ae g y  =  A z a s z  - \ -B z he z  

4 - C z c £ 2 4 - etc. = z . ( A z » - b B z b +  C z c -f- e t c . ) e z ;  erit illius in teg ra le , nulla
A z a + I B z b + I C  z c+r

quantitatis conftantis ratione habita, y  = -----:------- —— ---------1----- ;----- l-e tc
a + i  1 b +  i ‘ c 4 - i  1 ‘

(247. 242. § .) .

250. C o r o l l a r i u m  3.

H inc e lu c e t, quem libet exponentem  differentialem  gy^rrPP Q*r Rr------

X ue z  efie p e rfe fte  integrabilem , fi P, Q, R , ------- X  quascunque funftio-
nes variabilis z  form ae generalis K  z k 4" ^ z 14" M z m 4 - e t c . ,  et p, q, r , -----u

num eros in tegros pofitivos d en o ten t: fem per enim poterit exponens e y  

explicari per feriem  form ae A z a 4 - B z b 4- C z c 4- e tc . duftam  i n t z  con-

- ilantem que term inis num ero fin it is , utprimum num erus term inorum  cujus- 

libet funftionis P , Q , R , ------- X  feorfim  finitus eft.

2 5 1 .  C o r o l l a r i u m  4 ,

Quam obrem  nulla poterit a (lignari fu n ftio  integra et rationalis X e z  

variabilis z ,  cujus in tegrale perfeftum  per principia praecedentia determ L 

nari nequeat.
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» 353 . P r o b l e i n a .
A G X A  G X

Integrare exponentes differentiales fr a tto s ,  form ulis  —

comprehenfos*

S  o  1 u 11 o -

P ro z ^ r p - f q x  flet fX-  —  ——  - — unde p er (2 4 1. 245. §0
P + q x  q z A g x

obtinetur fequens integraie ( l) .  Porro eft — 2 g

A  € XI
- i - - ----------------7------ * unde* in tegran d a o p e inventae form ulae ( I ) .  per
~  2 g — 2 x / g e  f e r

^  x /  e
(242. § .)  in ven ietu r fequens integraie (II)* D enique p ra  z  —  fiet

V o

.... Ag - X— — — ; et hinc per (2 4 1. 240. §.), reperitur fequens
g 4 - e x 2 / g e  l - f z a

integraie (III)*
y» A  ̂v  A
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III.

p 4- q x
—  —  1q

O A e  x A
g — e x z 2 / g e

f* A s  x A
‘ ( £ £ $ Q + c -
A r e  T a n g  +  C .

/ g e  “ " b  / g

2 5 3 .  P r o b l e m a *

Integrare exponentes: differentiales form ula generali b x  -1- c x a

comprehenfos.

S o l u  t i o .

Pro z t = x +  —  . hinc s z - e x  transformabitur datus exponens in
—  2 c

: igitur integrando per (252. §•) ob-

b 

2 c
€X B Z

a 4" b x 4- c x 2, 4* 4  a t: —  b2 ,
~  " j T Z -------~r 4 c  —  1

t in e b im u s  fe q u e n tia  in teg ra lia*
_ 2, 2 c x 4 - b . r

a 4 -b x 4 -c x 2 7 ^ v 4 a c  —  b 2)  rC a n g / ( 4 a c —  b * )“ >
/ °  « x ______________r______ . / r / ‘( '4 :)r +  b 2) 4 - 2 c x — b \  .

a4-bx —  c x2 / ( 4  ac  4- b2) v /  iv4 a c "i" b2j  —  2 c x -\ -b J

N  -3 ' In



In adplicatione vero  harum formularum ad cafus fpeciales quantitates 

im aginarias, quas prima form ula, exiftente b 2 > 4 a c ,  d ed erit, vitabim us, 

fi in dato exponente diflerentiali figna m utem us in co n tra ria , cum  d-ein ope 

fecundae formulae integrem us. S ic ope prim ae form ulae reperietur

^ ^  | ~  Tang ~  +  C : fecunda autem formula

dabit A v f r — =  c — i r  i  ( % £ ± i - x = r yJ — i +  3 x — x2 yf 5 5 —  2 x -f  3 y

254.  C o r o l l a r i u m  1,

C um  fit £(a4- b x 4* c x 2) : = b s x 4 - 2  c x c  x ;  erit — r i - —.------ r = :
v —  a + b x H h c x *

. 1  « (a -f b x 4 - c x2) b e x . .

±  7 7  • , + b x ± r f  + 1 7  • a +  b x  +  c x »  : ,n te &r“ d°  “ »»“

per (242. 241. 245. 253. § .)  inveniem us fequentes form ulas.

f  xf .5 — j = C  +  —  l ( a + b x + c x 2) -------7 — -̂---- —  A r c T a n g - ^ - t — •
J  a-fbx-fcx2 2 c cy^(4 ac —  bz) V (4 ac— b2)

/ U i £ i L _ _ — C —  —  1 r a 4 - b x - c x 2) 4 - ___ - _____ 1 ( ^ i £ + b2) 4 - 2 c x — b X
J a + b x - c x 2- L 2C ; + 2 c / l4 ac4-b2)  (4 & c4 -i)2)  —  2 c x 4 - b y

255.  C o r o l l a r i u m  2.
_ - ( A + B x ) £ x __  A e x  .  B  x ex

orro e a 4 - b x  +  cx2 a 4 - b x H h c x 2 ' a 4 “ b x  +  c x 2 * Per ( “ 42* 

2 4 1. 253. 254. § .)  obtinebim us e r g o  fequentia integralia.

/ ^ q S = c + £ 1 <>+bx+cx2>+ Arc Tans 7 ® ^ ) '
/  (A 4~B x)gx__ c J L ir , b _  ~  , 2A c 4-B b  . ^ / ( 4 a c 4- b 2) 4- 2cx —  b x

J  z+ b x .— cx2 2C  ^ c / (4 a c 4 -b 2) V y ^ U  » c +  b * ;—  2 cx  4- b j

256. C o  r o l l a r i u m  3.

„  , A s x  A e x A  ( b 4 - c x ^ g x  , , ,
F o r m u k ^ p - ^ — = —  - ^ _ _ d a b l t  p e r ( 2 4 , ,

241. 245. 255. §•) fequen tia  integralia.

y A g x  _,r  , _A 1 f ______x______-v ______ A b  2cx-f-b
x (a4-bx4-cx2) a V ^ (a4-bx4-cx2) J  a/'(4ac— b2) fC \ f  (4ac—-b2)*

P  A e x  r  , , A /- x  ____\  A b  __ , / / ( 4ac+ b a) 4-2cx—  b \
w/ x ( a 4 - b x - - c x a;  -  a  ^ / ( a 4 - b x — c x a; >  2 8 / ( 4 ac+u2;  \ / ( 4a c + b 2) — 2 c x 4 -fc /*

S  c h o -
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S c h o l i o n .

Quantitates im aginariae in adplicatione harum form ularum  (254. 255.

256. § .)  ad cafus particulares eodem prorfus modo, quo in (253. § .) , 

poterun t vitari.

2 5 7 .  P r o b l e m a .

D ato integrati / u  e x  invenire integrate / u  v e x  pro quibuscunque fu u • 

titionibus v,  u variabilis x.
S o l u t i o .

M ultip licetur datum integrale f u s x  per alteram  funftionem  v ,  et 

feorlim  per ejus exponentem  differentialem  e v ; quaeratur deinde integrale 

exponentis differentialis e v y u e x j  fi enim iftud fubtrahatur a produCto 

v y * u sx ; erit refiduum  aequale quaefito integrali / u v s x ,

D e m o n f l r a t i o .

S it / u s x = : z ;  erit v / u « x  =  v z ,  et e v / u s x t : z t v .  E ft autem  
s . v z ~ V £ z 4 " Z  t v :  ig itu r v z s = / v e z + / z  e v ,  nimirum v / u s x ^ y u v s x  

+ f s . vJ a e x ;  a d e o q u e / u v e x ^ v / u e x — / e y / u e x .

2 5 8 .  C o r o l l a r i u m  1 .

Pro trinom io X z = x - j - /3x r- f y x ci et  quibuscunque exponentibus 

r, q, m, p, polito v = X p  + i , et u ^ x " 1" 1, fiet (257. § .)  f x m~ I e x .X  p + *

—  XP + ,/ x ,n" I £ x —/ s . X p  + I/ x m" I« x—  — — —------ p̂ + I V x  p xm s X :J m m
q uare, cum l i t X ^ m  +  i J x ^ v x i ,  et e X : = r / 3x r,~ I s x - f * q 'y x cl”\I e x ,  fafita

fubftitutione obtinebim us fequentein m emorabilem form ulam .

J  m m J

—  g?.( P + 0  /^m + q ~ i t £ x X P. 
m j

2 5 9 . C o r o l l a r i u m  a ,

E x  hac aequatione p r o / x m"‘ , e x X P + r^ r / x m“ , e x X P ( «  +  i3 x r+ y x i )

=  a/xm" Ie x X p+ )8/’xm+r,~*exXP +  '>y’x m + <i ~, £ x X P  elicietur fequens
form ula.

/ C m + q- T £ y Y P  — - + 1 m  C t___ e v XP
J  - ^ P + q + m ;  y ( q p + q + « n > / X * xXP

-« £ E ± !± 2 2
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2 6 0 . C o r o l l a r i u m  3*

Quodfi autem integrale (259. § .)  fubftituutur in  (258. §.)> derivabi­

tur inde fequens form ula.

C  vn+i xm X*’ 4' r , /3fq — r )(p -4- i )  n  

' i /  , e X  ̂ q p + q + m  qp +  q +  m S  '

q p - f q + ^ y

261. C o r o l l a r i u m  4.

H inc C259* 26°* §•)» pofito q ^ = 2 , r t =  1 ,  hinc X z = x - { - /3 x - f  y x 2, 
quod trinom ium  deinceps conftanter litera X  defignabimus, fluunt fequentes 

form ulae (D (H I) * ex  (I) porro nafcitur ( I I ) ,  et ex (III) prodit (IV ) .

J  y(2p-f2-fm ) - y ( 2 p - f 2 + m y ( 2 p - f - 2 - f m )  J
n . / x m -i6 x x p =  / ; - £ x X i ' - * C 2 r t * ± » o / ; « + . , x X ,

y m a m a */ m« j

n i . / 5 ~ « x * .  = S ^ L + .  « E ± L L  p , £ x X ? + _ E S M a L _ / T » - ■ s x  x ? .
V  2 p-}-2-fm 1 2p+2+«W 2 p4- 2 +in«/

iv /* ™ « x - = -  _ i s / ; , - „ x* + IM

262. C o r o l l a r i u m  5.

Si in (26 1. § . I. F o rm .) ponas m z z r o , et p = : — q , obtinebis fequens

in tegra le  ( 1 ) :  quodfi autem in (2 6 1. § . III. Form .) ponas p — —  q ,  e t

X T "  ^er J x ^  et / " ~ x T " ’ unc*e ’ * ûb^ituto

/
 X £ X • x r
-  prodibit fequens form ula (U )

r  xex __ — 1__________ r  exJ  X 1! 2 7 ( q— 1) X 1*’-  1 2y J  X̂
t t  f  f X  —  /3  +  2 7  x ______________ . t2y ( 2q — 3)  A x

J X1! ““(q-iX4*r-,3a) x q-; ̂  (q—l)(4aiy— * q“1 
263. P r o b l e l f i a .

Invento integrali 7 ¥  ' per ( 2 5 3 .  § . )  , determinare integralia

J ^ T ’ / ~£  ~l / ( A +  | ~  —  P ro quocunque dato numero integro et 

pofitivo n.  ‘ s  ' S o l u t i o .
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S o l u t i o .

In (262. § . II.) ponatur fu cceflive q =  2 ,  3 , q — 4 »-------q t = n ;

determ inabitur eo ipfo integrale ut fequitur in ( f ) ;  per iftud au-

tem  dabitur integrale °b  (262. § . I .) : per utrum que demum de-

, .. .. / '(A  4~ B x) ex r & \  , n T x f x  .
terminari poterit etiam /—-----— ------- =  A J —z~-f-  B J ----------  —  , ut fequi-

A  A  A.
tur in ( U ) ,  nimirum pro valore integralis pofterioris iu (262. § .) .

C A  P U T  IV.  J05

invento.
r<- X __  _______ /3-j- 2 y  X__________J_______ (2r\— 3N2y^/34-Qyx)'J X “ (n— i ) ( 4< xy— /3z) X n“ r ‘ (n— i) (n — 2 j K/\xy— (i^') X a" »

4 . C2n— 3 ( 2n— 5), 2y^2(/34-2yx)

(n — I A °  ~ 2 y (ii— 3) 4 * y — /3 ) 3X n~ 3 

+ ------------------------------ + --------------

4 . ( 2n— 3 (2° — 5) -----------$ . 3 ( ,2 y ) n ‘“ a '// 3 + 2 y x )
(n— I J O — 2 , ------------3 2 . l .(4 ay— f i * / * - * .  X

, (2n— 3)^20'— 5) -  -  -  -  5 -3  I- (2 y ) n ~~1 P
(^n— 1 Xn— 2) --------------3 . 2 . 1 .  ( 4 * y — [4z)n~lJ

s x

X~
r *  \  4- Bx gx  __ — B_______ , 2y A  —  /3B A x

J  X '1 2 y(n— iJ)Xn_I ' 2 y c/ X a

2 6 4 .  C o r o l l a r i u m .

P ro /3^=0 obtinebimus ex (263. § . T.) fequens in teg ra le , quod pro 

quovis num ero in tegro  politivo  n pro perfecte determ inato debet haberi,

cum  i nt e gr ak/ per  (252. § .)  fit affignabile.

t x __ __   _____ x__________j_______ (2n— 3)x_______ _
(x  4 - y x 2) “ (n— 1 J2«vat-fyx2; n “ 1 ' (a— i)(n — 2 X 2* )2(a-i-yx2) n-z

1 (211— 3)(2n—  5)x_________
(n—  l) ( n — 2)(n— 3) v*»)3 (« + y x 2; 11 ~

-  -  -  -  -  -  -  -

4- (2n ~ 3')(2r:— s ) --------------- 5 - 3 - *  __ .

(n— l;(n — 2 ) ------- 3 . 2 . 1  . k2x 11 («4-y*2)

jl — ( l l= Z 3) ( 2n— 5) ---------- 5 ' 3 - i '  r ~ ~ —
(n— j)(n — 2 ) ---------- 3 . 2 . 1  ( 2 « ) u“ , y * 4 . r x 2 ‘

/ 5
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265.  P r o b i  e m  a.

Integrare exponentes differentiales - ^ 7  pro quibuslibet numeris

integris et pofitivis r [> 1 ,  n 1.

S o l u t i o .

P r o — p et — I lo c o  p in (26 1. § . I. Form .) invenies fjpjffentes fo r­

mulas (!)  ( I I ) ;  ̂ vero in (26 1. g . 111. Form.) fcribas — p loco p , e lic ies 

inde fequentem  form ulam  ( l l l ) .  O pe fecundae form ulae poteris determ i­

nare integrale > 11 quaeras integralia J  Per ( 253-

254. § . ) ,  deinde ponas in eadem formula fucceffive m t = l ,  m s=2,  

, m r = 3 , -------m — r— 1. Ope primae autem formulae determinabitur in-

/
* X1 £ X /* £ \

— » fi,quaeratur antea integrale./— —  per (263. §.) , de­

inde in fequente prima formula pro pn=n fiat fucceffive m := o ,  m := i ,

ni^=:2, m —  3 , m t = 4 , ------- m = : r — 1. Haec tamen integratio  op e

prim ae form ulae iis tantum cafibus fu cced et, quibus fuerit r <  2 n  —  1 :  

quam obrem , fi fit r^ = 2 n  —  1 ,  vel r > 2 n — 1 ,  conjungatur formula pri­

ma cum tertia , illaque integralia quaerantur ope form ulae te rtia e , quorum  
lo co formula prima infiniti valoris quantitates exhibet, auxiliaria vero in­

tegra lia , quibus in tertiae form ulae adplicatione opus fu erit, determ inentue 

ope primae.

r \ m+18K x m m * ;  / Y ^ e x  /3( m - f i— p) / \ m«xJ  XP 7(m-}-2— 2p)X1’ "_r 7(m+2— 2p)^ XE 7 ( ^ - 2  -  2

/ xm+i£X __  _x^________ r x m " ' a  /3  /»XTn £X
j /  x  siuv y x  v J  x *

y-»xmgx Xm 2 « r \ n' ~ x ex (m-J-2— 2p) r x m'_ 1£x

^ ( p - O X ^ ^ T 7  * p K p — I) « ' ~ x F “ '

a 6 6 . C o r o l l a r i u m  1.

S i in (265. § . II. Fortnul.) poras [4 —  0 ,  deinde fu ccefllve  r a ~ 2 ,

m r z i ,  m ? = 6 ,-----m ~ 2 r ;  obtinebis inde, ob I (2 + 7 X 2)
^ a +  yx* 2 7

per (245. § )  fequens integrale, pro quovis numero pofitivo impari 2r +  i

p erie fte  determ inatum ,

■v. ^u-{-ys .z
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/XZT+Icx _ x 2r _  j x x ^ ~ a a 2 x2t~4 _  J ^ x ^ “ s
^ p y x a -  2r.• 7 . (2r— 2)7* (2r— 4 )y 3 (2 r~ 6 )y *

/vr ~ I v 2-  ̂ /v?
+ ---------- ±  ^ r -  +  3 - ^ + 1  lo g  (*+ rx*> -

2 6 7 . C o r o l l a r i u m  2 .

Si autem in (265. § . II. Form .) ponas /3^ = o , tum fu cceflive m ^ i ,  

m ”  3 , m ~  5 , ------- m = i  2 r —  1 ;  invenies fequens in tegraie pro q uo­

lib et numero pofitivo pari 2 r ope integralis per (252. § .)  aflignabilis per­
fecte  determ inatum .

y" x 2rfix __ x 2r~ r a x 2r“ 3 f k z xzv~ s oi3x 2[~̂ 7

x + y x ~  (2 r — 1) y (21— 3)vz ' (2r— §)yr  ( 2r — 7)7«

+ ________ +  f r1 — ^ +  J L
1 .  y r y r a  - f- y x 2

2 6 8 . C o r o l l a r i u m  3.

Si aequationem  (III) in (265. § .) m ultiplices per /3, tum  ponas /3 — o,

f* Xm £'C
e t m + i  l o c o m ;  elicies inde integraie -— j------:L _  determ inatum  per

( a +  y x 2) p  ̂ • .
^  , , y  ~  * quodfi ergo  in ,h a c  form ula fucceflive ponas p = 2 ,  p =  3,

p = 4 , ------- p = n ,  o b tin eb is, u t fe q u itu r , integrale^y^ ^ _ ^ ^ u' pro qui­

buslibet num eris integris pofitivis m , n p erfe& e determ inatum , ob

(266. 267. § .) .

xme x  ________ x m+ 1_________ (m —  (2 n — 3 ) ) x m+ 1

r(« +  y x 2)"  (n— l)2oc(<x+yxz) n~ 1 (n— i) ( n — 2) (2«)2( a - fy x 2,) u’“ ;s

(m —  ( 2n —  3 ')(m  —  f2 n —  5)) \ m + 1 

In —  r)(q  —  2)(n —  3)(2ot)\(ec - f  y x f)"  ”  3 “ "  “

+  ( m — (2r>—  3) ) ( m —  2n —  5 ) ~ -  -  ( m — 3-)xm+ 1 
( n — i)(n —  2 ) ---------- 3 . 2 . 1  .(2 « ),l~ 1 («■+■ y ^ )

q -  (n i —  ( 2 n — 3 ) )( m  — (2 n — 5 . Q - -  -  (m — 1 )  r * m s x

( n — i ) ( n —  2 ) ---------- 3 . 2 . 1 .  (2») x%'  « - f y x a

2 6 9 . F r o b l e m a .
6 X g X

Integrare exponentes differentialis — qui busl i bet  nu­

meris integris pofitivis r,  n.

C A  P  U T  IV .  x 67
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S o l u t i o .

P ro  — m loco m in (265. § . T.) invenietur fequens formula ( ' ) :  fi 

autem in (261. § . III ) ponatur — p loco  p , et m = : o ;  reperietur fe ­

quens formula (II). Iam vero  ope fecundae form ulae determ inabitur inte-

g r a l i n illa fuccefllve p “ 2, p —  3, p — 4 , -------p =  n,

integraliaque auxiliaria » e tc ‘ Per (256. 263. § .)

quaerantur. E t  ope prim ae form ulae determ inabitur integrale ^ i - 1—  t fi 

ope fecundae q u a e r a t u r ^ - - ,  hacque ipfa operatione definiatur quoque 

deinde in form ula prima pro p =  n fiat flicceflive m r = i ,  m =  2,
.A

m "  3 ,  m “ 4 , ------- m m r — 1.

j  C ™ ___-  ~  1______/3(p-fm  —  1) y fe p - j- m  — 2 ) r  £X
J  x111 + IXp maxulX1’’-1 m a *'x#lX1’ 111 a

| T C  e x  __ 1 f!i r e x  1 I r e xJ  x\p" 2 « ( p - ”• 1 *
270. C o r o l l a r i u m  1.

P ofito  in (269. § . I )  /B =  o ,  p =  i ,  tum  fuccefllve m : =  1 ,  m :=r 3, 

m =  5 , -------m = 2 r — i ;  obtinebitur fequens in tegrale pro quovis  nu­

m ero pofitivo pari 2 r  per in tegrale ju x ta  (252. § .)  allignabile p e rfe & e

determinatum.

f  £ X_____  __ __I ______ r_______Y _____  y2_____
u/ x 2 r (*-}- y x 2) (21*— i ) « x 2r" 1 (2 r— 3)»-x2r_*3 (2r— §)x3i 2r~*

■ *’  -------------+ -----------------

io8 C A  P  U T I K

^2r— 7 /)a 4x 2,r’_7 

4 -  y r~ x . J L  r r
—  I . « r . X ^  ctr J c t - f y x 2

2 7 1 .  C o r o l l a r i u m  2.

Cum  pro b =  o ,  +  c =  y  in (256. § .)  prodeat P ~4 « +  y x 2)

=  J L  lo g  , f, i n  , 2 6 g  § .  1.) p o n a tu r  /3= o ,  p t = i ,
tum



tum fucceflive m —  2 , m —  4 ,  m “ 6 ,  m “ 8 > ------- m — 2 r ;  determ ina­

bitur fequens in tegrale pro quovis num ero pofitivo  impari 2 r 4- 1.

C A  P U T  IV .  109

y ex  —  1 , y  7

x ir+1‘ (a s-fy x 2)  2 r . a x 2F (2r— 2 )a z x 2‘"- ' 2- 2r —

4 - ________l ! ____ - _____ _______________+ _______________-
(̂ 2r —  6 j x * * 1* 6

+  -? _  . +  - J ^ l 0 g r _ 4 ____ >  +  c .
2 a r . x z « r + 1 V.\^Ca *i" 7  X2) y

2 7 2 .  C o r o l l a r i u m  3 .

C o gn ito  autem  integrali ;~7j Pro quocunque num ero inte­

gro  pofitivo m , pari aut im pari, (270. 2 7 1. § .)*  determ inabitur in tegrale
£ X

« +  ^ro (l uov*s a^ ° num ero in teg ro  p o fitivo  n ,  fi — m loco m 

p o n a tu r  in (2 6 8 - § . ) : e r i t  en im

y
r* e x  _ I . m -f-( 2 n —  3̂ ____

x ' \ a  +  ^ ) u (n — I yi2otxm'” I (oe-4-<yx2/ 1" 1 ‘ (n — I (n — (2 x )z\ m~ 1 (a  +  y x 2) u ~ z
r Cm ~f~(2n 3 )frn  4~f2n—  5~))...................... ..................................

(n  —  I J(n —  2 ) (n  —  3,)v2 a J  3x m“ 1 ~ 3

+  --------------------------------------------- 4* - ...................... ....................................
, Cm 4 ~ (2n —  3»  ^m 4~(2n —  5 ) ) ---------- (™ +  3) ________

(n — 1) (n —  2 ) ---------- 3 . 2 . 1 .(2 « ) n - I xm'~ 1 (a -l-v x 2-)

, (m -f(2n  —  3)X m + (2n —  5 ) ) ---------- (m +  j )  /*______ e x _______

(n — iX n — 2 -----------------3 . 2 . 1 . ^ 2 x ) n~ l J  x ,n(a  +  7 x 2;

2 7 3 .  P r o b i  e m  a.

Integrare exponentes differenti ales form ula generali e y  —

com prehenfos, quidquid fin t exponentes k , e ,  wiorfo Jit p numerus integer nega-

k  - f - 1 /
^  ~ ~ ~ numerus integer, pcfitivus aut negativus.

S o lu t io .
. 1 V j  J - . j

Fiat z = x e ; e r i t x = r z ^ ; xk —  z « ;  e x  — ----  2 e e z :> - e 

adeoque habebimus

O 3 «y
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-  t

X k f X  I  Z  .  6 Z
s ?  — ' (x  +  /3 x e +  y x « ; T  —  e '

k 1 i
Cum igitur fit p num erus integer p o fitivu s, et numerus in te­

ger pofitivus vel n eg a tiv u s; poterit integratio  per (265. 269. § .)  omni 

cafu perfici.

S c h o l i o n .

Secundum  haec principia com m odiffim e perficietur in tegratio  omnium 

exponentium  differentialium  fra£torum et rationalium  formula generali

( A  +  B xa 4-C x b - f  D xc - f - ---------- j-Q x P )g x

£ ^  x s X r
com prehenfornm , quidquid fint numeri integri a, b, c , ------- p , s, r ,  m odo

X  aut fit fim p lex , aut quadratica fu n ftio , puta X  =  « 4 - / 3 x ,  aut. 

X s= o t +  7 x2,l  v e  ̂ X ^ = « +  /3x - f  y x 2. Cum enim debeat effe

A e x  . B x a “ s e x  . C x l’ ~ s e x  . . Q x P “ s e x
6 y z = : I ^ ~  +  ” ~ x r ~ + ~ x '  r - - - +  — ------

fingulaeque partes hujus exponentis d ifferen tialis, pro numeris integris 
s a — s , b —  s , ------- P —  s ,  tam pofitivis qoam n ega tiv is , ope praece­

dentium form ularum  facile pofilnt in te g ra ri; po terit eo ipfo etiam integrate 

y  ope earundem form ularum  perfe& e determ inari (242. §.)• Inter om nes 

alios exponentes rationales; fra& os m axim e m em orabiles fu n t, qui form ula
vttl g ^

generali Pro  n <> 2  com prehendentur: integralia ipforum p e r­
fe & e  poffunt determ inari, eadem fere ratio n e, q u a  fu p e r iu s  in te g ra l ia  
ejusmodi exponentium  differentialium  pro n := :2  determ inavim us (264.

266. 267. 268. 270. 271 .  272. § .)  Prius tam en , quam haec exponantur, 

methodum generalem  integrandi om nes exponentes differentiales fra& os 

e t rationales paucis attingem us.

2 7 4 .  P r o b i e m a .

D atis fattoribus fm plicibus form ae p - f q x ,  et quadrati d s  form ae 

x  +  /3 x  -f- y x 2 , in quos functio integra rationalis N ) f it  refolubilis, invenire
. . M s x

integrale exponentis differentialis fra cti et rationalis — •

S o l u t i o .



S o l u t i o .

Si ■— effet fra& io im propria, poflet ea refolvi in duas partes

m c x ^
F e x ,  nimirum fun& ionem  integram  F e x  et aliquam fra& ionem

propriam ( io . u .  §.)> e f f e t q ue / — = = / F s  x + J ~ ~ C 24 - '% 0 '

quare, cum integrale / F e x  pro quavis poflfibili funftior.e integra  et ra­
tionali F variabilis x  per (250. 2 5 1 .)  facile determinetur, patet, totum  
negotium  eo demum reduci,  ut oftendatur, quo modo integratio cujus-

libet fra& ionis genuinae ~ r -  > qualem  idcirco — ^  effe fupponem us, 

poffit perfici.

C u m ,  per hypothefin , nofcantur om nes fa& ores /fim p lices, aut 

quadratici, ve l fim plices et q uadratici, in quos denom inator N eft refolu-
• IVI 6 X A S X

b ilis ; refolvatur exponens differentialis — —  in fradtiones p artia les— ;------ »
N 1 P +  ti x

( A - j - B x ) s x  A e x  ( A - j - B x ) e x  .  r .
— T~o— i-----7— i---------- TTI’ ?— — r------- ttt, , quarum fumma aequalis lit
« - f  p x 4 -7 *  ( p 4" qx ) (« +  /3 x4 -7  x 2) n’

JV] g \
eidem  exponenti — ■ quod per praecepta 3 tii capitis om ni cafu p o te ­

rit praeftari: deinde integren tur lingulae fra& ion es feorfim fecundum prin­

cipia fuperius fta b ilita ; fumma enim integralium  omnium fractionum  dabit

IVI s  x
integrale exponentis differentialis —r=— •

N

2 7 5 .  P r o b l e m a .

S it  fu n ftio  a 4- b x n integra rationalis compofita ex  faftore fim plici 

e — f x ,  quadratico d z  —  c2 x2, et pluribus aliis f  a it oribus quadraticis, qui 

omnes form ula generali p2— 2 p q x C o f  (p - f q 2 x 2 comprehendantur, ita ut 

fm gulos inde ordine derivare liceat, f i  loco arcus indeterminati (p certi ar­

cus k, 1, s fucrejjive fu b jlitu a n tu r: exhibere integrale perfectum
Xm p v

exponentis rationalis — ------ i  .
a 4-Dx«

S o  1 u t io .
t t  • x m £ X

I- Lna fra&ionum partialium, in quas exponens —  poteft r e ­

fo lv i ,  fequitur in (1) ob (2 2 6 . § . ) ;  altera in (11) ob (22$. § ) ;  omnes vero
reliquae

C A  P U T  IV. n  I



re U q u a e , ob (2 3 4 . §0 > com prehenduntur in ( I I I )  , ita ut om nes inde o r ­
dine fint prodirurae, fi lo co  arcus indeterm inati certi arcus k , i , -  -  -  s 

fu cceilive  fubftituantur.

---- f n - K i .  £ X  f n - m - i  ---- f £ x

II2 C A  P U T  IV.

I. nbeu ~ ra"  1 (e— i'x) n oen ~ 1 ' e —  f x

•—  2 C1’ ’” " 1. £ X c n - m - i  __ 2 ^  x £ X
T T ———--------—    — .....   • 3U t ----------------- * --------------------  

'  nbd11" 111" 2 (d2, —  c z x 2) c b  dn*~lu“ 1 d2— ca x 2

prout eft n — m par aut impar num erus.

. . .  2 p m+I  ( pCof m£P — q x C o f f m -f 1)$) e x
111, —---------   — —— —-------------  ------ *-;  1 —" •

n a q m f 2, —  2 p q x Lui  {p +  q2 x 2, '

2. Tam vero  integrale exponentis differentialis ( ! )  fequitur in (IV ) 

per (24 1. 245. § . ) : integrale auttm  exponentis ( i j )  fequitur in (V )  per 

(241. 245. 252. §.)• Porro fit

a ^ p 2 ; b = : — 2 p q C o fiP ; c = q 2 ;

A  =  p C o f m ( p ;  B^=: —  q C o f ( m - f  1'  (p: 

erit 2 A c — B b —  2 pq2 (C o fm  (p— C o i\ m + i)  <p .C o fQ )= :

: =  2 pq2 (C o f  m (P —  (C o f m (p —  Sin (m -f- 1 j  (p. Sin (p); 

hinc 2 A  c —  B b ; =  2 p q2 Sin (m - f  1) <p. Sin 4>.
y f  ( 4 a c — b2) t = 2 p q / ( I  —  C o f< p 2) ^ = 2  p q S i n  (p.

. 2  pm 1
Q u a re , fi hos valores in (255. § .)  fubftituas, tum totum  in ----------

n a qm
d u cas, obtinebis integrale exponentis differentialis (1L1), ut fequitur 

in (V I). v
f n  — m — 1

IV . —r-------------- lo g  (e —  fx ) .
n b e 11 ra “  1 °  ^

r n — m — 1 j  n  v  r n —- m —  t
V . — ------------- l o g --------- — , aut -------—------- l o g ( d 2— c2 X2) ,
V n b d 11~ m~ I 5 d +  c x  n b d 11 m 1 bV

confequenter
cn - m - i  s  __ “N num. par

S j r = £ = T  ( j o g ( d - c x )  + 1  ( d + c x j  prout eft n - m vel lmpa[%

V I. T i  ( 2  Sin (tn + 1 )  <p. A r c  T a n g  1 * —v naqra+IV b pSin<p

—  C of(m + l)< p . l( p 2—  2p q xC of(p + q 2 x 2) ^ .

3. Ob



✓ '
3. O b ( 1 )  conftabit ergo  in tegrale dati exponentis differentialis

ex  (IV ), (V ) , et omnibus in tegra lib u s, quae ex  (VI) poffunt

d e riv a ri, (1 loco (f> ii determ inati arcus k , 1 , ------- s fu cceflive  fubflituan-

tu r , pro quibus loco  <p fubftitutis ex fa fto re  p2 —  2pq xCof<£> +  qz x2, omnes 

fa ftores quadratici fu n ftion is a +  b x 11 vi propofiti problem atis eliciuntur,

376. C o r o l l a r i u m  1.

F u n ftio  in tegra  rationalis g  +  x tl com pofita eft ex  faftoribus quadra-
z- 1 ( 2 k - l - 1)

t ic is , qui ex  g n — 2 g n x  C o f ------------ t  +  x 2 ordine elicien tu r, fi

fu cceflive  flat k : = o ,  k : = i , k n = 2 , k ~ 3 ,  et fic p o rrou fq u e k : = i n — r , 

n —  2
ve l k  = -------— in clu five , prout eft n par vel impar num erus, ita tam en,

2
/T

ut hoc altero cafu illa fu n ftio  adhuc unum faftorem  fimplicem g  n +  x ha­

beat (232. § . ) :  quodfi ergo  in (275. § . IV . V I.)  ponas e t = g “n“ , f = r — 1,

_L. (2 k 4- r )
b = i ,  a : = g ,  p ^ = g  n , q = i ,  & —  - ----- -ie , obtinebis fequentes

n
X'11 € X

form u las, per quas in tegrale exponentis differentialis - . ■■■- perfefte de-g -r x
terminatum e ft: nimirum obtinebis illud pro num ero pari n ex  fo rm u la(II),

fi lo co  k term inos feriei o , 1 , 2, 3 ---------- ^ n — 1 fucceflive fubftituas;

pro numero autem  impari n fum es in tegrale ( I ) , et huic addes integra-

lia , quae fucceffiva fubftitutione term inorum  feriei o, I ,  2, 3, 4, -  -  - - ——2  

loco k ex  (II) poffunt elic i.

A dhibito

+  l o g f e ^  +  x )  C gno +  pro pari n — m — 1,

n g-~n —  et —  pro impari n —  m — x.

C + „  _ ( 2 k  + 1 )

2 S in (- S ^ 2- ^ ^ . A r c T 3n g X \  °

n gTT S i o i 2 ± i ^ r
n

__ Cof ( n ± i X ± f i ) _  2 +  x Cor + x * ) ) . .
n >> s  n g n

r *m < n t. f  S77- C »

C A P U T IV. 1 1 3



277* C o r o lla r iu m  2.
P ofito  t n : = o  in (276. § .)  obtinebis fequentes form u las, integrate

€ X
exponentis d ifferen tialis-^ ^  —  pro q uolib et num ero in tegro  p o fitiv a ,

p ari, et impari n ea le g e ,  quam in (276. determ in avim us, exhibentes.

A dhibito

±  log Cgir+x) Cgno + pro pari n_I’
I. n - 1  e t —  pro im pari n —  1 .

n g  n

, _ g S - C o f f £ i ± i ^

114 C A P  U T i r .

2 Sin 7T. A r c T a n g  —
±_ ( 2 k - f i )  

g  n Sin -------— - i t
. (

— C o f -3 - V . 1 C g ~ —  2g"nr x  C o f  ^ + 0  v  > •
n  V. n J  J  ng  n

2 7 g . C o r o l l a r i u m  3*

Q uodfi autem ponas —  m lo c o  m m (276. § . ) ,  prodibunt in­

de fequentes form u lae , integrale p erfeftum  exponentis differentialis
B X

x m ( g  .j_ ^  Pro quibuslibet numeri» in tegris et pofitivis m ,  n ea le g e ,

quam in (2 7 6 . § .)  exp ofu itn u s, exhibentes*
\

Adhibito

i l o g f g ^ + x )  figno +  Pro Pari n+«>—
I* nfm -1  et —  pro impari n - f m — I.

n g  a -2-  r  r( 2k+p)
X —  g  n C o f  i-----— it

H . r - 2 S i^ m ± l 2 , .  A r c T a n g ---------
V  “  > g  n Sm  ^ - x

n

4 . C o f — — \ (g ~ n  —  2 g  * x C o f ^ i - t i l 7r +  x 2' ) ^ . — n + ^ 7  
n n s  s  n g u

2 7 9 . C o r o l l a r i u m  4„

* u n & io  integra et rationalis g  —  x n fic eft com pofita ex  faftoribus, 
2i 1 2 k

«t expreflio g  n —  2 g i r x C o f ^ - T  +  x* fingulos ejus fa& ores quadraticos

dare



dare d eb ea t, fi i« Hia fucceflive fiat k ~ i ,  k : = 2 ,  k ~ 3 ,  et fic porro

ufque k  =  £n —  i ,  vel k : = - -----— , prout eft n par ve l impar numerus,
2 z

ita  tam en , ut ad illos praeterea fa fto r  g  11 — x 2 cafu num eri paris n ,  v e l

£a&or fim plex g n " — x cafu num eri im paris n debeat accedere (233. §.)«

quare fi in (275. § . IV . V . V I.)  ponas e =  d = : p  =  g  T T , q ^ = c =  f ,  :=3 r*

2 k
*<— g ,  b = — 1 ,  — ir,  prodibunt inde fequentes form ulae, quae in-

g \
tegra le  exponentis differentialis - — —  pro quovis alio num ero integro  m

hac leg e  com plettuntur. Si n eft numerus par; fumatur in tegrale (II), ei- 

que addantur omnia in tegra lia , quae fuccefliva fubftitutione term inorum  fe­

riei 1 , 2 ,  3, 4 ,  -  —  | n  —  1 lo co  k e x  (III) po liu n t derivari: fi vero  n 

eft num erus im p ar; fumendum eft integrale ( ’[ ) ,  cui addi debent omnia in­
tegralia  , quae fu ccefliva  fubftitutione term inorum  feriei 1 , 2, 3, 4 , -  -  -  -

—------  lo co  k  ex  (III) polTunt elici.

C A P U T  IV.  1 1 5

2
I  —  lo g  ( g ~  —  x)

n - m -1
n g '

A dhibito

. ,  —  x , . . figno 4* pro p an  n — m,
TT I Cs n “ —x) 4" l (V n 4-x}
l l r ----- — --------------------------L l l  et —  pro impari n — m.n -m - 1

n g

III. ( ^ S i n ^ i ^ . A r c T a n g
_JL 2 k  

4-1) 2 k X - g  « C o f ~ ^

1 2 k
g  11 Sin ~  *•

^ C o f ^ " ^ 1 "  K- 1 ( g  n —  2 g  n x C o f ^ 7T4- X * ^ *

ago. C o r o lla r iu m  5.
P ro  m l= :o  prodibunt hinc fequentes form u lae , in tegra le  exponentis

£ X
differentialis eadem prorfus le g e  (2 7 9 . § .)  com plettentes.

g

P 2 I.



u 6 C A P U T  IVs

T

T ~~ '°g  f e  11 —  x) . n~ 1 
n g  a

jA dhibito

„  — 1 (B ”  —  * ) ± ( S  “  + x )  15800 +  pr°  pari n’
II.  -------------------- i r r r ----- e t —  pro im pari n.

n g  »

III C r,Q' 2k a rr X"“ g nA1A* v^2 Sin t ,  Arc T an g------------; —̂

g  a Sin ® n
2 k  f  -X - 2 k  V \ _L__

—  C o f n n •— 2 g  n X C o f —  7r +  X2^ n - '
ng

2 g i .  C o r o l l a r i u m  6 .
E t  p ro  — m  lo c o  m  o b tin e b im u s  e x  (2 7 9 . § . )  f e q u e n te s  fo rm u la s , 

q u a e  ead em  le g e  (2 7 9 . §  )  exhibent p e rfe t tu m  in tegra ie  exponentis difFe-
G  X  • •r e n tia l is  — ■ p ro  q u ib u s lib e t n u m e ris  in te g r is  e t  p o f itiv is  m , n .

r — I°g fe  ” —  *>** n + «n - r
ng n '

A d h ib ito
. ,  * % . . -1 -  ‘ f ig n o  4- p ro  p a ri n - f  m,__ \{<r n — x )  -f- 1 fer n 4 -x ^U . ------—— n t' n i-~7 ■■■ 1 ■ * e t  —  p ro  im p a ri n +  m .

n g  ^

C . » 2 k
/  -v r  X ----c  n C o f  —  -r

- 3 S i n f c ± 2 *  T. A r c  T a n g  _ J L - --------- i —
n  0  - i -  2 k

g  n S in
( m ~ i ) 2 k  ✓* - 2 -  - i -  2 k n n  1

+  C o f ”  n ------- Tt. 1 f  g  n  2g  “  . X  C o f -  7 T - f  X 2 )  J ■>+»>-,
v  n  '  J  n g  n
2 8 2 .  P r o b l e m a .

Integrare exponentem differ entialem x m e x ( a 4 * b x n) p pro quibus cun­

que exponentibus m , n , p , integris et fr a & is ,  modo f it  — ̂  *-  numerus inte­

g er  pofitivus. c  . , .
a  r  J S o l u t i o ,



S o lu t io .

C A  P U T i r .  1 1 7
I

j
,  . ( z — a) n e z ( z ---a) n »

Si t  z = a + b x “ ; e n t x — -------- -— ; £ x ; = ------------------- *

b n nb a
f *

pro his valoribu s, pofito ■ fiet

m+1 ,  <p-i 
! P t z (? —  a) »______ z P g z C z  —  a)

'  in+i --- --------------^ •
nb « n b

E x p lic e tu r  jam  ( z — a ) # ” 1 per feriem  (5 2 . § .) ,  deinde, duftisi om ­

nibus term inis in z p e z ,  quaeratur in tegrale per (249. §.)»  ac demum

m ultiplicetur id per — -  (2 4 1. § . ) ,  reftituaturque valor variabilis z ;  n b ^

obtinebitur pro quaefito integrali fequens expreffio.

/»s m -f 1 
* = - T ~

;  ~ n b ^ V  P +  ̂  1 P +  <p — *

(<? —  Q  ( (? — 2 )a*  # ( a - f  bxn) p + ( p a
v’ * x . 2 * p-4-<?>—  2
■ ((p— l )Qf t  — 2) (<J>— 3)a*  ̂ ( a 4 - b x tl)P + 1P ,~3

1. 1 . 2 . 3  * P 4 -<P— 3
+  “

+  (<P— l ) Ĉ — 2)C(p— 3 ) ----- (<P— r)ar # (a +  b x ^ P ^ ^  ^
1 . 2 . 3 ------------------ r p +  <p— r J

U ltim us term inus eft indeterm inatus indicis r ,  ex  quo finguli term in i, 

p oft primum ordine feq u en tes, e lic ie n tu r, fi fucceflive fiat r — i» r : = 2 ,
m I |

r t= 3 >  r = : 4 ,  e t fic porro. Unde perfpicuum  f it ,  q u o d , cum  <P —

per hypothefin  fit numerus in teger p o fitivu s, ubi ad rz= (p  deventum  fuerit, 

terminus u ltim u s, ob (p— r = o ,  futurus fit aequalis n ih ilo  : integrale de-

Tn 1
term inabitur erg o  per term inos num ero < £ = :— — — • Porro fleri poteft,

u t ,  priufquana abrum patur feries, evadat r = < p  +  p :  h oc  cafu erit
P  3  p  +  <p



p +  (p— r = 0 ,  et terminos generalis dabit fe +  j’ * " )  ^ cuj u ! ioco  fum i 

debebit lo g  ( a + t - x 1’)  ° ‘) (246. § .).

283* P r o b l c m a .

Integrare exponentem differ c fit ici le m xm £ x ( a - f - b x n)t) pro quibuscunque

numeris m, n, p » modo f it  — +  P numerus integer negativus.

i t-
S o l u t i o .

C u m fit xm 6x ( a -4- b x n) P ^ r x m + n P .£ x (a x" 'n +  b)P; ponatur in (282. § .)

tn +  np loco  m , — n lo co  n, a lo co  b , b lo co  a ,  et ax-"“ -{-b *.
x n

loco  a +  b x n obtinebitur fequens feries.

C v - '+o -
f  a4-bxn\ v i4-(P fa + b x « ’\ P + $ --<

/ ^ « ( a + b x ^ - M .  ____  ■ « P - Q b .  V.J \  «x^a+D.\ ; -  -n a ^ -1- l  p ^_(p _ t

u  * C A P  u  T IV.

/ a + b x n\  v + 9
—  !)($> —  V  X" )

■a

«P—  i)«P______ ____________ _____
I . 2 P + < P ----2

+ <p —1

_______ _____________x » .........
2 

+

1 . 2 . 3  p +  <J)_3

(a-{-bxn\  P + <P*“  r \

( _________________________ x n )  J +  Ci
1 . 2 - - -  r p ~i“ (p —  r /

l a  hac quoque ferie term inus ultimus indeterm inatus e ft , qui fingu- 

los term inos, poft prim um  feq u en tes, ordine d a b it, fi in illo  fiat fuccef- 

five l , r J = 2 , rn=:3, r = 4 ,  et ita porro. Cum  v e ro , per hypothefin,

+  p fit numerus in teger n egativu s, adeoque <p integer p o fitivu s; ne- 

ceffe e ft , u t ,  ubi fuerit r := ( p ,  ob <p—  r ? = o ,  term inus ultim us aequetur 

nihilo? conflabit erg o  integrale term inis num ero —■

Deinde



Deinde ev en iet fo r s r ut* antequam flat r t = ( p ,  evadat r ^ ^ - f - p ,  pro quo

✓a - f  b x "N °

v xn J j
va lo re  continebit terminus ultim us expreflionem  ~ < l oa® E n o ­

tabit per (246. § .) .

2 8 4 . P r o b l c m a v

D a tis in te g r a lib u s j-^ -* *  -  -----, pro quibus-
0 a - f - b x 11 a +  b x n J x m(a +  b x " )  r  7

cunque numeris integris p&fitivis m r n;  invenire integrertia j^ * x ' '»

pro * uotibet numera integro et poJitivo p > f >

S o l u t i o i r  ,

Ponatur in (2 5 8 ,§ .)  «s= ra, v : = b ,  q t = n ,  /3 =  o ,  hinc X : = a - f b x n, 

deinde p = — k ,  et m - f  1 Joco m , obtinebitur ex  (2 6 0 .§ .)  pro his valoribus 

fequens form ula ( I ) . Q uodfi jam  in hac form ula fu cce fliv e  fiat k  — 5Py 

k ~ 3 ,  k ~ 4 »  - -  -  k := p - ;  prodibit inde integrale (10 ?  et ex  hoc fe- 

quuntur, pro m t = o ,  et — m lo co  m , integralia (III) (IV .) .

t  f  X ™ £X  —  x m + I_____________n ( k — 1) — (m - f - i )  C  x m e x

^ / ( a - J - b x n) k na^k— I ) ( a - f  l>xn; k ~ 1 n a ( k — 1), J  ( a  - f  bx-n) k " 4
II £X — f ______ L_______ n(p— r)— (m-fr)___

J  (a -fb x “/  ~~ \ .(P — i)n a (a -fb x n)i> “ 1 (p— i)(p — 2,)(na)z(a + b x n) p ~ a

4 . (n (P— 1) — (m +  I))(n  (p— 2 ) — (m -f  r)>

(p  ~  0  (P—2)  (P —  3) (n a )3(a +  bx") p “  3
(n ,p —  r) —  ( m - f  r )) (n fp — 2 ) — (m -f fn  fp— 3’) — (m -f-l))

(P — 0 .(P — 2) ( P — 3)  U> — 4) (« a) 4 (a +  b x n) p
+ ------------ ----- -------------------------------------- ---------------- -  -  -  -

(n (p— 1)— (m-f Q)(n(p— 2)— (m-f p )----- ( n.2 -  (m-fi^N^m+s
^ ( P —  OCP— 2) -  -  -  -  -  3 .~2 .\m)P's r^ :f ^ ) y  

(n(p— I )— (iri-fi ))(n(p— 2)— ( m - f i )) —  (n. i-*'rn-j-i >) f  xmgx 

(P— *)(P— 2)  '  -  -  -  -  • -  3 . 2 .  l .( n a ) P '“ I^ a + D x “ '

C A  P U T  IV.  I I 9

H I.[ f  gx —  __ -  i
J  (a-fbxn) P“ (p— i)na(a-irbx»)P -  * T

(np —  n —  i ) x

(a-fbxn) p (P— J)na(a4rbx")p -  * T  (p_  ,,)(p— 2Xna)1(a+‘J*n) p~ a

•f



fnp —  n —  0 ( n P —  2 n —  i ) x  

+  ( P  —  O  (P —  2)  CP —  3)  (n a)3 (a  +  bxn)  P “  3 
(np —  n —  i) ( n p  —  2n —  i) (n p  —  j n —  Q x  

+  ( p — i ) ( p  — 2 )(p  — 3) (P —  4) (n a ) 4 ( a  +  b xn) p “ 4
+ ....................................................................................................................

( n p — n —  0 ( nP — 2 n — Q ------------( n  . 2 —  i ) x
(P— 0 (P — 2) ------- 3 . 2 .  (n a )P "I(a +  bx50

. ( nP — n  —  * ) (n p  —  2 n — i ) ------------(n  . i  —  i )  P e * _______
( P — 0  ( P —  2) ---------------- 3 . 2 . 1  . ( n a ) P " V  a +  b x “

I V  f *  £ x ---------- —  f ---------------- ------------------
' J  x,n (a +  b x11)  p ^(p —  1) na (a -f b x") p “  *

n ( p — i )  +  m —  1_____________
( p —  1) (p  —  2 ) (n a )2 (a  +  b x n)  *"~z 

. (n (p  —  n  +  m — i ) ( n ( p  — 2 ) - f m — 1)

(p  —  0  (p  —  2 )  (p  —  3 ) (»a)3 (a  +  b x 1')  V -  3
( n ( p —  i) - f - m —  1) (n (p  — 2^ 4-m  —  1) ( n ( p — 3) 4- m —  1 )

(P— 1) (P — 2) (p — 3) (P— '4) (na)4 (a +  bx") P- 4

+ ................................................ ................... ......  - ............................

I ( n CP— Q - f t n — 0 (n (p — 2 ) 4 - m — i )  —  (n .s -J-m—  i ) n  i
(P — i )  (P — 2 ) CP— 3; -----------3 • 2 . ( n a ) P - 1( a 4- b x n) J x ,n“ I

, (n (p — i ) + m — i) ( n ( p — 2 )4 -m — 1) — - ( n . i - j - m — 1 ) £X 
(P— 0 ( P — 2 ) ---------—  3 . 2 . 1 .  (na) p_ i J  xln (a-fbx")’

2 S 5 .  P r o b l e n i a .
Integrare exponentes differ enticdes fra ffo s

e x  e x  xm£x ,  e x
(a 4-b x 11)  ̂ * (a 4 - b x ”) q * ^  (a 4 - b x ”) 1 * p r°  Vulbus’  

cunque numeris integris et pofitivis m , n , q .
S o l u t i o .

1 . P ro  n = 2  h a b e n tu r  in te g r a l i s  in  (264. 266. 267. 268. 270. 2 7 1. 

272* § .) •  Q u o d fi a u tem  fit n  > 2, d ifp ic ia tu r  a n te  o m n ia , a n n o n  fit n
xm e x  x m e x  . t .  . .

m  a~4- b x V  n u m e ru s  lflte g e r  p o i i t iv u s ,  q u o  cafu  q u a e ra n tu r
in te -

120 C A  P U T  I K

__«x___ x m e x

a 4- b xn * a 4- b x" *



integralia per (28 2. §.)> pofito p t r r — 1 ) ,  pro p rim o , e t p t = — q pro fe ­

cundo exp on en te. P orro v id eatu r, annon fit — ^ —  in x ,7, ; »

€ X « • •
------—  —------ r -  num erus in teger p o fitivu s: h oc  enim  cafu  integrabuntur
x in(a +  b x " ) li v

ifti exp on en tes com m odiflim e per (283* §•)•

2. A bfentibus his conditionibus ( 1 )  quaerantur integralia  hac ratione. 

S i eft b : = + _ h ;  invenies integralia

7r» e x __ ___ J  C  e x _____ C  x — me x ____  1 ('
x 11 h « /  J L 4 . x n ^  a +  t ) X " ~~ ~ h ~ J ~

C A P U T  JV. 121

x ± - me x

+  T 1 w « t w a  u a -
x 11 —  4 - x  n

n —  h —

per ( 2 7 6 -------28i-  inventis autem iftis , determ inabis integralia

per (284' § 0 -

Volumni /. Q C A P U T
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C A P U T y.
D E

I N T E G R A T I O N E  E X P O N E N T I U M  I R R A T I O N A ­

L I U M ,  F O R M A E  G E N E R A L I S  

x m e x  (a  +  b x n J b  c  x zn) pk

2 8 6 .  P r o b i  em » *

Integrare exponentes differ entiales formula generali — ^  £ —

comprehenfos.
S o T u t i &.

P ro z t= :X '/ " c + > / '( a 4 - b x 4- c x 2) obtinebitur fequens transform atio 

dati exp on en tis, fum to c  cum  figno -f, unde per (252. § .)  elicietur 

ejus integrale (l) .

______ A_ex __e x
\ f  (ji 4-  bx 4 - c x a)  b +  2 ^  y / c

S i vero  ponas z  == 2 C X , 7  , obtinebis fequentem  transforma^-
^  U  a c - i- b 2)

tionem  dati exponentis differentialis pro c  cum figno — ,  unde per (240. § .)  

reperietur ejus iitfegrale ( I I ) .

_____ A  £ x_________A  < z  __
A »  +  b x  —  c x z) \ f c ’ 1 —  z*)

i* f  n  r r ^ r — r r = “ 7 "  1 C  2c* + b+ 2/ c/'C»4 t a + c x * ) \ + aJ  f  (a 4- b x - f  c x 2) y / c \  J
„  r A  e x  A  K c . 2 C X -  b , ^11. i - 77— i-r- = = —7“  A re Sin -77-------------------------——r 4- C .J  /^a4-bx— cx2) / c  / ( 4 a c + b )

A A rr* 2 1 X b 1 /i
=  - p — A r t ,T a n g ----p— 7 — —  •-------- : \ T  C-

V^c h  2 / c/ ^  +  DX —  c \ 2J

2 8 7 . C o r o l l a r i u m  1.

Pr o b “ o ,  e t  a £ = o  feorfim  prodibunt iiiuc (286. § .)  fequentes fo r­

mulae integrales*

y" A e x  
^  (a4-cx2)



S 7 1 G/c+a*+cx20 +c-
f —  A rc  Sin - f  C.

»/ v (ai— c *  ) v  c v  a
/

r ~ r ~ ~ ------ =  - 7 -  1 C 2c*  +  b +  3/ c / - (b x + c x 2) ^  +  C.
x z/ ( b - f c x )  v c V. «/

/ A e x  __ A  2 c x —  b , ^
----- ------------ - - / c  A tc  S m — b------ + C -
x Y ( b  —  c x )  v

288- C o r o l l a r i u m  2.

In  (2 6 2 . § .  I I .)  ponatur q = : £ ,  obtinebitur inde f s x ^ X

_____ C2 y,xj h £  / X  4 ^ — pr o X  “  « +  /3 x +  y  x 2: quodft
4 7  8 v  ^ / X ’

erg o  fiat « = a  , /3 =  b ,  y — + . c ,  reperientur per (286. § .)  fequentia in- 

tegralia.

y i x / ( . + b x + c x » )  = < a ex  +  b V ( .  +  bx +  CX3 

~ h  V .CJ ~ ~ 1 ( 2cx+ b+ 5Vr'c / ( a + b x + c x 2))  +  c .
Q C y  C

/ I x / M - b x - c x » ) = <3CT: = iO / £  +  * « - ” 2

+  41£ + ^ A r c S i „ ^ i ^ -  +  C
^  8 c / c  / ^ 4 :1C +  b

__( 2 c x — b) /~(a 4- bx —  c x 2)
_  —  4C

. 4 a c b2 2 cx —  b , *
-4— - — 7—  A rc  T a n g  — 7 — 77— r - ----------—4-C^

8 c v c & 2 / c / ( a 4 - b x — c x z;

2 8 9 . C o r o l l a r i u m  3*

H in c autem  pro b t r z o ,  e t a ^ = o  feorfim  obtinebuntur fequentes for­

m ulae in tegra les.

a 4” cxa) 5= l x / ( a 4- c x 1) 4- U * / " c 4 - / ( a + c x 2)) 4-C , 

^ e x / ( a — c x 2)  —  i x / ( a — c x 2) 4- A rc  Sin 4- C.

q  2 y ; i

C A P U T  F.  i a ,



1 3 4  C A ?  V  T  F.

/ x V C M - c x )  = 4 
—  " 8^ /T  1 ̂ 2CX +  b +  V*c/ ( b x  +  cx*)) +  C.

y A x / ( b — c x ) = — ---- b) / c b1 - - r x ^

b 2 A  r .  2 c x  —  b  , _

+  T Z 7 Z  A r e S *“  — 5—  + c -

290. C o r o l l a r i u m  4.

E xpon ens — -r— ^ * x- -  -  pro z  t =  abibit in
x y  (c x z +  bx Hh a) H- 2 a x

MM ^

-f- 4 Tc------- h 7-------------------C  :  ^ u a m ° b r e i u  p e r  ( 2 8 Z -  § 0  r e p e r i e n t u r  f e q u e n -/ /  r  4 ac  —  b2 , ,-v
/ I - ± 4T - ± a z 0
tes form ulae in tegrales.

y1̂  A e x _________A , ^ a -fb x ^ V ^ a ^ c x ^ -fb x - f-a ^ iN
x / " ( c \ 2-f- b x - f  a) V^a \  x J

/ A e x  __A a ^  „  2 a  —  b x  , ^
--- ~P--------T~Z-------------==: ~~7~ -Are Cofln----~ry------ ------- -4- C.
x /  (,C x- - f  b x  —  a; x ^ ( 4  ac -f- b2)  ^

=  A  A rc  T a i,6 V V ^ ^ z i )  +  C .
/ a  & 2 a  —  b x

291, C o r o l l a r i u m  5.

E t h in c , pro b t ^ o ,  c = o  feo rfim , fluunt fequentes form ulae inte­
grales.

f  _  r  A  / / a - f / ( c x 2 +  a)N

• / * / 0 * *  +  O a v  X ,/
f  7 7 ' *z~— =  C " f  - 7 -  A rc  Cofin •x / ( c x  a) a c

r  A £ x _  A  t / ^ a  +  bx 4. 2/ a / ( b x  - f  <0\
y  7 / ( b x + S j  * =  c  _ / r 1 v .  *  / *

y'  A e x  ^ . A  2 a— b x
— — ----- r- ; = C  +  - 7 - Arc Cofin — ----- *

^ b x— a) y  a  b x

292. Co.



2 9 2 . C o r o l l a r i u m  6 .

Pofito z s = b  x  4 - a fiet p — 7- —  3 adeoqtie ^ -----
“  b x  +  a b x ± a

I s z  -p. a e z

C A P U T  V\ 125

b a /  ( z  4 “ a)  z  / ( z  4 - a)

E ap ro p ter, fi in tegra le  algebraicum  primae partis capiatur per 

(2 4 1. 248. § 0 *  et pars altera integretur per (2 9 1 . § . ) .  prodibunt fequen­

tia integralia.

Z 'x ^ e x  _ 2 X 1  , /4>x4- a 4-2 \ f  a b x ^  { r

J b l = »  ~  ~ b -------- b / b  1 J  +
X_ T

yr x 2 <?X 2 x 2 / a  .  a —  b x  ~
— —  == — --------- -X— . A rc  C o fin — r—r— f-C.

b x  4*a b b / b  a 4“ b *

2 9 3 .  P r o b l e m a .

Integrare exponentes differentiales e x / X 1',

p-o  quovis numero integro impari et pofttivo k ,  et quolibet trinomio

«c -f- /5 x  +  y x 2

Sol ut i o.
P onatur in (262. § . TT.) q — + . § ;  invenietur fequeijs formula (I) e t

(I I ) /  P orro fiat in (2 6 1. § . III.) m ^ O  et p =  +  5 ? obtinebitur fequens

form ula (III)  et (IV)» Cum  pro n : = 3  pars fecunda prim ae form ulae fiat

• g x  •
aequalis n ih ilo ; erit in tegra le  exponentis differentialis - 7 ^  pro quovis

V  X
num ero impari pofitivo k  > 1  p e rfe fte  a lgebraicum , licet id pro k.—  I u t 

lo garith m icu m , aut trigonpm etricum  (286. § . ) :  invenietur v e ro  illud

ope form ulae ( I ) ,  fi in hac fiat fu cce iiiv e  n r = 3 , n = 5 ,  n — 7 -------n r = k .

Secunda autem  form ula % fi in ea ponarur fucceifive n = 5 I ,  n =  3 » n =  5,

------- — 2, dabit i n t e g r a l e p r o  qnovis nom ero impari pofitivo

k dependenter a noto integrali / e / X (2 8 8 - §0* Pari rati°ne> fiat
n = — 1 ,  n ; = i ,  n =  3 ,  n z=  5 . ------- n =  k —  2 ,  inven ietur in tegra le

/ £  X  * m
-— - ----------ope tertiae form ulae dependenter ab notis integralibus

j A r r r ,  f ~ T ~  (286. 290. §■). Form ula quarta demum dabit integrale 
y A  J  X

Q 3 - . expo-



, 2 6  C J P U T V .

S X j  i  ^ ‘ i  ̂ . m ._i____ t#i 6 X
ex p o n e n tis  — 7 ^r- dependenter a notis • integralibus ----- 7 - r - (290. § \

X ^  A. X

“? V V  *7vT  etc*» fu ccefllve  fiat n ~ 3 , n r = 5 ,  n == 7 , ------n r = L
v A v A

r A i L _  = _____________ 2 ( 2 7 x 4 - /3)_1 4 ? ( n  — 3) f  e x  ^J  /x» (n—2 X 4 * y — /32)/x"”'2 C°—2X4«*y— /32)̂  /X.u_i’ *

II. / « / X » + *  -  ^  +  +  +  / ; x / x . .
J  2 g C n  +  3) ^  4 7 (n +  3) J

TTT / ^ x / X "  + * / X »  + * , A x / X “ , _

m- 7 “ t —  -  V + r + *J *— + *  >3f‘x/x-
i v  / 6X — _______ 1___________ L .  f e x  1 1 ( i —H .  .

J  K\{ X'* ( n  2) x y f X U~ Z *  *^Xy^XQ" '2,

3 9 4 . P r o b l e m a .

X r £ X  £X\/ 5v 6 X
Integrare exponentes differentiales x T£ x ^ X , ~ 7v> ,

V X  x  x 1 y  X

/?r<3 quovis trinomio X  5= «  +/3x + y  x * , quovis numero integro pojitivo r.

S o l u t i o .

P one p s = !  in (2 6 1. § . I .) ,  obtinebis fequentem  form ulam  (1) ;  hinc 
autem pro —  m lo co  m elicies form ulam  (II).  Porro fiat in (26 1. § . I.)

p?=z— prodibit inde fequens form ula (II I) , et ex  hac form ula ( I V )  

pro — m lo c o  m. O pe harum form ularum  facile jam  reducentur quae-
f* E X / 'f  x

fita integralia ad integralia 9uafi *n ( 288- 286.

290. §•) perfe& e determ inavim us, et integrale Pe r *C293*S*HI*)

pro — I determ inabile, -  ■’

I, ^ ' iS / X = ^  -  - ^ h / x — 6x / X  _  ^ ± 5 1  / > £ x / X . 
J  y  yCm +S) v(m 4 -3)  2 7 (m-}-3;^ v

II  / X 3 _________________7 ( m — 4 )  /»6X / X /3 (2 tn — 5 )  e x / ~ X
J  x m (m — I ;« x lu—x (m — l ) x J  x ‘“ ~ 3 2(111— i ) x j  x .m~~l

IT I  /  * r*  + I £ X  ____ x m y ^ X __________ m «  r x m ~ ‘  e x  / 3 ( 2 m _ + i )  / » x m e x

/  / X  “y C m + l) y (m 4 " 0  ^ X  2yi.m4" l)* /  ^

r  e x _____________ — / X  /3( 2 m—  3 ) r  £ X _________y ( m  — 2 )  * x
J  x uV X  (m — J j« x ,u- 4 2(m — l) « '^ x ,a~ * y r X  (*n —  I > y x “ “ » / X *

395. Pro-



2 9 5 .  P r o b l e i n a .

Integrare exponentes differ entiales x rs x / X k, ~ ~ ~

pro quovis trinomio «-f-/3x - j - y x 2 ;= :X , et quibuslibet numeris integris pofi- 

tivis  r , impar ibusque k.

S o l u t i o .  '

In (261. § . T.) fiat p =  § ,  nafcetur fequens form ula (T ), et (IV ) p ro

—  m loco  m. Porro pro — n lo co  n in (I) obtinebitur form ula (I I ) , et
( 111)  fi fum atur etiam — m lo co  m. D enique in ( 2 6 1 .§ .  111.) f k t p ; = — § , 

e t m ^ n  —  1 ;  elicietur inde fequens form ula ( V ) .  Q uam obrem , invento 

integrali / s x ^ X k per (295. § . ) ,  determ inabis f \ rg x / "X k op e primae fo r­

m u lae, fi pro n ^ = k  fucceflive ponas m = o , m t i i ,  m — 2 ,  m ~ 3 , ------

m : = r  — 1 :  captis autem  in te g r a lib a s j— ^ ,  per (29 3. § .)>  *n-

ven ies integrale J ^  ~y\ ° P e te rtiae form ulae > fi in illa  pro n = r k  fuc­

ceflive  ponas m n r i ,  m t = 2 ,  m z=z^f ------- m = x r — l .  P orro determ i-

r t x S X k
natis integralibus /ex.^/rX w>J— ^----  per (293. § .)  in ven ies eadem ra­

tio n e i n t e g r a ° P e  p a r t a e  formulae* Q uod autem ad integra-

X*" B \  T
tionem  exponentis differentialis -7  adtinet; difpiciatur, an fit r < k — l ,

V A

quo cafu invenietur ejus integrale ope folius fecundae form u lae, fi in hac

pro n " k  fu cceflive ponatur m =  o ,  m ^ l ,  m ^ = 2 , m ~  3 » -----------

j n ^ r —  1 :  unde fim ul conflat, integrale hoc futurum p erfe& e algebraicum ,

dependens ab in tegrali a l g e b r a i c o ^ ^  per (293. § .)  determ inabili. Q uod-

fi autem fuerit r =  k — i ,  vel r > k  —  1 ,  debebit form ula (II) cum (V ) 
conjun gi ,  ita ut ope formulae (V )  ea integralia defin iantur, quae form ula 

0 1 )  exiftente m = n  —  2 dare n eq u iverit, integralia a u tem , quibus in ad- 

p licatio n e form ulae (V )  opus fuerit, ope form ulae (IT) determ inentur.

1  . / 2 “ + ' « / X ” = ; p C S ! ± ! ---------- ! 0 £ —
* 7(^4-24-m) J

C A  P U T  y.  127

7(>>4-2+m) y 0 '+ 2-+-fu)

/S( n-f-2— 2n 
2y ^n+2-t-a

f$ rn-f-2—2m)' /*
---------~ J*  "sx / x « .

JL



/ xm +1 «x x™ ____  m tt px™  ~ xe :
^  X‘‘ y (m -f2 — n )./X u~a V{n\ +  2 —  n) J  / X“

 /3( 2n i- f2— n) Z- xm «x

2' ( rn “f" 2— n) /  / X u

y"* e x   __ ________—  I____________ /3(2 m -f n — 2) / '  e x
l̂n + i ^ X 11 m&Xmy^X “'"'2 2 m a  7 x '

, 2 g c  A P  u  T  V.

III. ' / X “
yfrr-J-n —  2)) P __ ex^__ _

mos '  x m~ 1 ^ X ?1

IV A x / X *  _  / X n + 2 1 YCn +  2 — m) r e x / X "
/  xm + » m *xm ' m a  y xm~*

. /3Cn +  2 — 2m ) P  g x / X "
2 m a xm

/
xn--1ex 2xn — I 2« /"*xn~zex 2 /* xn*“2ex
/ X n ~ A “ — 2 ; / X 'r- "  T J  / X »  ^ (n — 2 ) /  / x « ~ *  ’

3 9 6 . C o r o l l a r i u m ,

P ro  z tr = x k transform abitur exp on en s differentialis x r ex(<x4 -/3x k 

- f  7 X l k ) ^  in — - • z  u " 1 . e z '/*(«-!-/3z - j - y  z 2)^: om nes ig itu r e x p o ­

nentes diflferentiales iila formula comprehenfi perfefte erunt integrabileS, 

r 4 * 1 •
m odo fit —£—  num erus integer , p o fitivu s ve l n egativu s.

2 9 7 .  P r o b l e m a .

Z)afo i n t e g r a t i x  (<x4 -/3x)p inveniri/ x me x ( *  +  /S x )P , r f  dfofo 

hoc invenire J~x-m e x  (a  /3 x )p  + r.

S o l u t i o .

Primum in te g ra le , ut fequitur in ( I ) ,  obtinebitur e x  (2 6 1 . § . I I .) , 

pofito y =  o. Q uodfi porro idem ejus vafor fubftituatur in (2 6 1. § . III.), 

tum fcribatur m +  1 lo co  m ; prodibit inde in tegra le  (II.).
’■ *' " ’ ; ' ‘ ’ V. < ' 1 * ’ : . ’ . . .  •. ;> 't*!i) j;

l / x » « c« + w ( « +

298. Co-



398*. C  o r o l l a r i  u m I.
Prim a form ula pro — m lo co  m dabit fequentem  ( I ) ;  fecunda vero 

form ula pro —  p loco p dabit fequentem  (II) .

T ___  ( « + ftx)P + 1 1 /3(p-j-i— m ) / *gxQ -f/3x ) r  ^
J  x ,n + I n ia x m *" m  x J  x m»

T T  / ~*x>n g x  ____ x m  +  *___________  ( m — p - f - 2 )  P  X m 6 X

J { * + P * ) V “ ~ * ( p — l ) 0 +/3* )p*“ * <*(p— I )  « /

3 9 9 ,  C o r o l l a r i u m  3 .

x\ x -
Dato integrali --_j_ ^  (292; § .)  determ inabuntur fequentia integralia

pro quovis num ero in tegro  pofitivo q, et quovis impari n, fi in (297, § . I.)

pro p =  — 1 fiat fu ccefiive  m ^ = | ,  m t=  | , m “ ^ , ---------- m = § ,  e t in

(298- §• II-) pro m = §  fiat fu cce fiive  p = 2 ,  ^ t = 3 , p = = 4 > ------- p t = q .

5  5 m  , !L ii/  x e x  __2 x 2 x x  2, | 2  «zx a

J o t + f i x .  n /3 (n —  2j/3z ~‘ ( n — 4'jfi3
n - 6  n  -  R2 <x3x 2 2 «♦ x" 2'

(n —  6)/3* ' ( n — 8) P* "
n..li 1  n  i2 oc z . x —  a a, A x gx

n . i  11- i >/ « +  /3x
' 3/3 a. /3 z

C A P U T  V.  i a *

—  n - g q - H
(« +  /3x)'l VCq—  l)«(«+/3x)« 1 2( q— l)(q— 2)«2(a4-/3x)'l-a

1 (n —  2q +  4Ni(n —  2 q -f 6)__________
* 22(q—  l)(q— 2)(q—  3)*,C«+^x)q“ J

-4- ( n— 2q-f~4)/n— 2q-4-6) -  -  - ( n— 4)Cn— 2) *\ »•*•>
2q - i .(q— i)(qJ—2 ) ------3. 27i .« * -\ « + /3x )V x 1

n
(n— 2q-f-4)(n— 2q-}-6)------(n— 2̂)n____   / h l f ?
2q~ *.(q — l) ( q — 2 j -------   3 . 2 . 1 . “  / «-fy3x  *

300. C o r o l l a r i u m  3.
Per idem integrale 2̂92. §.) determinabuntur quoque fequentia inte- 

gralif» pro numeris integris politivis n, q, fi in (298. §.) fumatur prima 
VdHmtn I. R formu-



form u la, e t in ea pro p^= —  i  fiat fu cceffive m ~ — m t =  m = r | ,

____ m t r § — I ,  in fecunda autem form ula ejusdem  §p lii pro — §

fu ccefiive  ponatur p —  2 , p — 3 ,  p =  4 , ------- p £= q.

f  g x  ____ __________ .______ 2J 3_____
— n ~ 3 11' 4

x z( « + ;3x) (n— 2 )a x  2, (n— 4 ) « 2x “

g f t 2 '___  I ”  • I
n - 6 I - - - - -  - - - -

(n— 6) a 3 x 2.
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+

. n - J  n - i  i  n + i  i
2i3 2 2/3 z x'*’ __ f~*x ZgxJ P 2 X _  __/j 2. /^X

i t  n + f  n + i / ~ £
a z .x  & 2 a  2

n -j-2  q —  4

+  /3x

7  ̂ e x  __ /-__i______  ______, n +  2 q ~ 4 _ 

x \ a  +  f ix } *  - V q 2(q— i j ( q — 2) a 2 («+/3xjH- 2
, - (n +  2 q —  4 ) ( n  +  2 q —  6) ______

“T” 22(4—  l) ( q — 2)(q—  3; a 3 a - f ^ x ) l~ 3

. (n4-2q— 4 )(n -f2 q  —  6 ) ------- ( n + 4 ' ( n + 3;N  i _
'*  2^ ~ 2. (q— l) ( q — 2 ) ------- 3 2.«‘i “ I â -f.yg x) j

^  v  oX 2
________ ____________________ + 2 )n  /  J
3 1 T . 1. ^q— j ; ( q — 2 )   ----------3 ,2 .* 'i

( n - f2q— 4 )fn -f2 q — 6 )---(n -f-4 )(n -f2 )n  /  € x
r-« J

3 0 1 .  C o r o J J a r i u n i  4 .

Duo fequentia in tegralia  determ inata per notum integrale 

y ?  e x  f  ( z - \ - x )  (289* § )  derivabuntur ex (2 9 7. § . ) ,  fi in prima formula 

pro p ~ l  fiat m “ | .  m =  4 » -  -  “ m — § — i *  et in fecunda formula 

V t = b  p = | , ------- p ~ § — 1 pro m = r § . ,

/ x ^ x / ( > + / 3x )  =  (^ x *
V  f  n - i-  Q(n +  31/3 ( n - B y C u + O / S 2

n -4
.  n (n — 2 ) otz . n 2.________

‘ ( u + 3X n+ IX u~“ 'l 'P 3 ~ ~ '* "  **

( n - f3) ( t i+ r X n — 1 ) ------- 8 .6./3T
n - 1

■ n(n— 2)(n— 4 )----- 5 3 «  2
■ ^ / x Z£ x / ( * + / 3x).

(u+3Xn+ I)(n— 0 ------ S.6./3 2.
A*



f j s x  / ( « + / 3x ^ = ( f k + M l  J _
/  • ; ; v. n+ q +  2 ' (n-fq-f 2) (n-fq)

, q (q ~ 2  )xzf  (et+ P *)  S ~ 4 1 . _

(n+q+2)(n+q)(n+q~2) '

q̂ q 2Yq — 4 )-----7-‘)-x~r ~ Y W 8)3 V t
' (n-t-q+2Xn-}-qXll+̂ l— 2) - - -  D̂+ 7A o +5V

q - f
I EjCgzi3 ) ^ — 4) -------- 7 5 - 3 -*  »_____ f A x S f » * 8 x )
‘ ( n+ q + 2)^>+4X n -fq -2y --( i.-4-7X T1+ 5)

302. C o r o l l a r i u m  5.

E x  (297. § . I.)  pro p “  —  i  et m : = l ,  m = l , ------- m = J  deri­

vabitur fequens primum in tegraie per notum  integraie^/*- --------------------
r , x 2 / ( JC +  /3-x)'

(287* §■) perfecte determ inatum , per id ipfum vero determ inabitur fequens 
fecundum  in tegraie, fi in-(2<)8>-§- It-) pro m x = §  fiat p ~ | ,  p =  i - , ------

P —  5-
£ \ - n ~4

y '* x  e x  _ f x ____  n a x  2 . _______ . nfn—  2) x m z

/ 0 + / 3 x )  \ n  +  l)P  [ n + i j ( n — i j p 2 » (u - f i  (n — 1; ^ — 3)^3

--- ---------------------------------- ----  + ............................ r  -  -  -

- • - ± X n - a V F - 4\ —  -  £ I ± ± I ^ p J  » '/ ( «  + j3»)
✓ • v /•_ n /*_ « n r> * ^

C A P U T  t*. , 3 i

(n * H X n— xX n— 3) ------- 4 2 .y3 z
- -  n + 1 A

—  nfn— 2)(n— 4 V - - - 5 . 3 . 1  .cTT P sx 
+  "  ....................... ;

r §/  X2SJ

( n + i ) > —  0 ( n — 3 ) ---------4 . 2 . /3  2. x  / ”( « - + / 3  x )
x ^ f x   _______ 1________ __ _____n —  q +  4

/  ( « + /§T /I V q — 2 ) * /  ( « + p & p - 2- U — v U i — 4) * V ( « + ^ > ’r T
, (n— q-f4) (n— q-f-6>________ ._____

^  ( q - 2 ) ( q - 4) C q - 6 p / ^  +  "  "

Cn— a + 4) ( n — q + 6 ) ---------- (n— 1> N  tL lr
±  ;— :---------------- - • ---------------- q t t ~ ------------------ j 2  x  a

(q — 2 ) ( q — 4 ) --------3 . 1  . «  2 • V ( a + / 3x /
- - ( n — q-j- 6 >------- (n— i K » + 0  C  v|

q - i  J — _ _
£X

( q  — 2; ( q ^ 4 )  - - - - - -  3 - 1 . « ^  V ^ C a + Z ^ ;

R 2 Erit



E rit autem  hoc alterum  integrale p e rfe fte  algebraicum , independens 
a prim o in te g ra li, quoties fuerit q = n - f 4 ,  vel q >  11-4-4.

303. C o r o l l a r i u m  6;

P er idem integrale --------- notum  e x  (28 7. § .)  determina-
x ^ / ( « + / 3x)

buntur quoque duo fequentia in tegra lia , fi in (297. § . I I . )  pro m : = —  \  

fiat p ; = — y ,  p ~ i ,  p —  1 » —  —  P  —  1:— i ;  e t  in (298. § . I.) pro 

p s = i  ponatur m : = £ ,  m = l , ------- m — 1.

13 » C A P U T V.

/e* \ f  (ot4 -/3x )q __(a + / 3x)q .

" “ v  q +  i ' (q + 0 ( q — O
. q (q— 2 >«V(oc-j-ftxQq " 4 ,

(q+0 (q— iX q  —  3>
<?-» . x. qfq—2)(q—4) ------- $ 3•* 2 • /(« + £ * )  J i"* Cq+i;(q— i)(q—3) - - - - 4 .2  ^  x

q + i  ^  «x. q(q— 2)(q— 4 ) -------5 . 3 . I  * z  / - 7 -" ---------
r (q +0( q - 0Cq— 3 ; ------ 4 .2  x v 0*+<(q + iX q -O C q — 3 ; ------ 4 - 2 x5/ (* + / 3 x )

/ e x f C «+/3x)  ̂ _  x- 1 . (q  —  n -f4)/3
" \  n - +

*  — 2 )a x  2. (n —  2) (n — 4 ) a a x z

, Cq—  n 4 - 4 ) ( q  —  n - f 6)/3*
T  1^6

(n —  2)(n —  4)(n— 6 )a 3.x  *

+  ^ + 4) ( q - n+ 6) - - - g - V - P  \ / ( a W l

(n— 2)(n— 4) -  - -  3 .1  .*  » . x 2
n -1

, (q— n+4)(q— n+61 - - - fq— l)(q + l' ff~T
n" 1 J -i---""

(n— 2) (n— 4) -  - -  - -  -  3 . 1 . « a  x5

Ceterum per fe patet, hoc alterum integrale futurum perfefte alge­
braicum, independens a primo integrali, fi fuerit n = q  +  4 vel n > q -f 4.

304. C o r o l l a r i u m  7 .

E x  iisdem form ulis (297 II. et 298. § . I.) determinabuntur per integrale

ex (291. notum, fequeatia integralia, fi io priori for­
mula



mula pro m ^ — x fiat p = — £, p = £ , p = l ,  - - -  p t= §  — i, et in po- 
fteriori formula pro p ~ ^  fiat m = l ,  m ~ 2 ,  m^=3, -  - -  ms r n — i.

/ s x / __ 2/o-j-/3x)q ■ 2̂ /(a + /3x)q~a
x q > q —  2

. 2*2/(Vf-/3x)q--4 ,
q—4 ‘

^ ' 1 />,  N q + t "
4 - 1 *  2 • / ( «  +  foQ . /»__ ex
^  i  *+■ y x / ( « + / 3 x ) ‘ '

/ ex/Cdc-f/3x)q___ / ___________ I_____ , (q — 2 n + 4)/3_
\ ( n — i)axw'-1 ' 2 (n— i ) ( n—  2)x z.x 11'~z 

. (q —  2n + 4)(q  —  2n+6)/32 ___ ,
• 22(n —  l)(n  —  2)(n —  3)*3. xu""3 •
. C q - 2 ; ' + 4 ) ( q - 2 . + 6 )  — + 1

^ 2 u _ i .Qn— l ) ( n — 2 ; ------- 3  2 .1  . * n ~ 1 . x / ^
i (q— 2n+4Xq— 2n-f 6)----(q— 2)q,3n ~~I p x f jx + f ix ) '*
• 2a""I.(n— l)(n— 2 ) ------3.2.i.a,1-x V  x

3 0 5 .  C o r o l l a r i u m  8*
Denique per dem notum integrale (291. §.) determinabuntur etiam

fequentia integralia, 11 in (298. §  II.) pro m = — 1 fiat p ~ £ , p =  l , ----
p = : § ;  e t  in  (298. § .I .)  p ro  p = — * p o n a tu r  m = : i ,  ra^*2, m : = 3 ,  
------m = n — 1.

r  «x......  ........ 2 ______, __ ____ f ________
^ x / C a  + ̂ x)^ (q— 2 > / ( a+/3x)q_'t (q— 4) * V  (<*+/3:0q~4

J ____________________? _______________________ L ............................................................................' r Cq _ 6> 3/(a+/3x)q- . - r

j _____________________ * ______________________ 1________? — r _________« _______________

^  t i  , 3̂  c / x / 0  +  /3x)
1. a 2 . yXa*r p x ) a z

P __«x___  (  — 1____^ r q-f-2n —  4)/3_______________
xny^(«+P*)q >(n— i ) a x n-*  '2(^11— l ) (n—  2)a2.x “ "'a

(n4-2n —  4)(q +2n —  6) fi2 
3z(n—  i)(n  —  2)vn —  3)a3.x n“ 3

jT  —"̂ 2n— 4Xq+2n— 6 ) ------(q-f 2)/gir~2\ ____I_____
^  2n“ z. (n-—i)(n— 2 j ------- 2.1 ccn~"1. x / /  (a + ^ x )^
2T (q-f2n— 4)(q4.2n— 6 ----'q-f 2)qy811~I P  ex #
*** 3« ” *. (n— j; Cn— 2 ) ------------------------------3. i . aa ~7 */ x/(«+/3x)q

3  3 0 6 .  PrO*
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3 0 6 . P r o b l e m a .

D ato integrati / x m £ x ( k« 4- y x 2')p invenire integralia / x m + 3 £ x O + y x 2)? , 
/ x * ne x (a -J -y x 3,) 1,+I»

S  o l u  t i o .
P rim u m  in v e n ie s ,  fi in (261 . § . I .)  p o n as  /SU=ro, e t  m - f  1 lo c o  m :  

a lte ru m  v e ro  o b tin e b is  e x  (2 6 1 . § . I I I . )  p o lito  /3= o ,  e t  m - f  1 lo c o  m .

I .  / x m+2£ x (a -f-y x 2,P -------------f * m(x-\-yxzy .
J  7vm +  2p +  3; 7!m-j-2p+3; /  v

II. /^ £ x (« + yx2)P+I —  £ ^ ± I L  /7™ex(;cc +  v&*y.
J  • 2 p  +  m  +  3 ~ 2 ^  +  m +  3 /  v

3 0 7 .  C o r o l l a r i u m  1 .
Si in prima form ula ponatur — m loco m , et  in fecunda — p lo co  p, 

prodibunt inde fequentes form ulae.

j  __ ___ ( c t + y x ^ P * 1 i yr~2r>4-3— m ) r e x ( x - \ - y \ ZY
J  x m ( t n— * (m  —  i j x  J  x 111" 2

T j  /  x me x _______ x m + * _________________ ___ ( m + 3 — 2^*) f *  xmex
1 y  ( a - f y x ^ P  2«(p— I^(x+yX.2-}? ~~1 2a(p— 1 )  v / ^ a + y x ^ P " - *

3 0 8 . C o r o l l a r i u m  2.

E x  (306. § )  obtinentur fequentia integralia, per integrale / e x / ( *

+  y x 2)  ex  (2 8 9 . § .)  n o tu m  d e te rm in a ta ,

yr , n /v  1 /" x 211" -1 (2n  —  i ) a x 2 n ""3X“neX v/^(«+ yx2) ~ (  ------- ;------------------------ j— —
\  ^ 2 n - f - 2 ; y  s,2M-f 2 j 2 n y 2

. (2n-^-i) ( 2n— l ) x 2.xZn~s __  ,

(2n-j-2) 2n (211 —  2; y 3 . "

T ± ( » n - i ) ( i n - ^ )  -  -  -  5 S ( * + y x ‘ »
(2i) -f- 2)2n (2n —  2 ) ------- 6 . 4  . y 11./ *  ̂ '

- _ ( 2 n ^ i ) ( 2 n  —  3) -  -  -  5 . 3 . 1 . a"  C  s ,  ,
+  - z r ~ T 1 ^ r J s x /  C* ■+

J  v \ fc2 «'4 - q  +  i  • 1 ( 2 n 4 - q +  i X a » + q —  O
, q ( q —- 2 > a s f  Q - f y x z>i ~ 4 ______

*+* ( 2 u + q + i ; ; 2 u + q —  i ) ( 2 n + q — 3 ) +
I l i  'N

1 q ( q — 2 )Cq— 4 )  -  -  -  7 -5 -* 2 . / ' > + y x ^  J  x 2 n  + I 
( 2 n + q + I ; ( 2 u + q —  l j  — -  (2 11+ 6/ 3 1 3 + 4 X

* u +

I34 C A  P U T  V,



o- t
I 2 ) Cq 4  ̂ 7  • 5 - 3 • g 2 / ? 2n£X\A’oc4-vx2l

+  (2n + q + iX 2n4 - q ~ i)  —  ,2 « ,+ 6 X 2n  +  4) /  ^  '

30 9 . C o r o l l a r i u m  3*

E x  (306, § , I.) et (307. § . II.) elicientur fequentia per integrale
_ g x

/ T T - f ' “  GX S*) notum  determ inata integralia.

7 r x2rtg x  ____ X2- n - 1  __(2n—  i V x 2 " " »
/■(a4-yx2) \  2 n , 7  2ni^2u— 2)yi

. ( 2 n — 1) (2n —  3) x 2-. x 2 n ~ 5 __

‘ 2n^2n —  z)(2 n  —  4 ) ? 3

C A  P U T  r .  , 1 3 5

_j_(2n —  i ) ( 2 n  —  3 ) -------

211 (2 — n 2) —  7 6 . 4 , 2 .  y r

—  ( 2n — I ) (2n — - 3 ) ------- 5 3 . 1 . x 11 r  e x
2n (2 n — 2) -  -  -  6 . 4 . 2 . 7 11 J 4" T*2)

yo  x 2n ex __ /  I _______ 2n —  q 4- 3

+  7  * 2) q \ ( q — 2 > / ri «4-y \ V 1-2 (q— 2)(q— 4) * S f  («4-y * * )^ *

. (2n q 4~ 3) (2n —  q 4 ~5)____________________»
* (q —  2) (q —  4) (q —  6 > 3 /  0 4 -y x 2) i - 6 

4- (g n ~  (I +  3 K 2 n  —  q 4 - 5 ) ------- (2U —  2)_______ \ 2 n + I

—  J L l1 7
( q — 2) ( q — 4 ) ---------- 5 . 3 . 1 . * »  / ( « 4 -7x2r
(2n— q4~ 3)(2n— q4~5) ------- (2n —  2p2n C  x2nfcx_____j_ ^  j  ~

(q  — 2 )(q  — 4 ) ---------- 5. 3 . 1 ,  « 2

H inc p a te t, fecundum integrale debere fieri perfefre algebraicum , 

indepen den sa p rim o , fi eft q = 2n 4- 3 , su t q > 2n 4- 3.

3 1 0 .  C o r o l l a r i u m  4 .

P orro ex (306. 307. § .)  derivari pofTunt fequentia in tegra lia , per inte- 

gralia  ex (291 289. § )  nota p erfe fte  determ inata.

g < 7  o 4 - y v-2 ’ q  J  (x  4- yx2)  ̂ . c t f '  ( a 4 - y x 2) (l""*

x  q q — 2

<*?>/'(oi-\-yx2) q~~4
J

q -  4
f l l l  q + 1

*T-g_ 2 V C * + Y X 2) 1 —  P  «\ ~ r  r  <

1 * o* +  * x20 _
/ £ X



„ 6  . C A P V T  V.

/ • jx / fa + V X 1) ’ _____ f _____I _ _____|J x m  + i  V ^ 2 n . a x Zn ' 2n <̂ 2n —  2 ) x z. x 2n " z

i (q —  2n + ?.X q  —  an+  4) y2 , 
' 2n (2n — 2) (2n —  4 > 3.x z 11-4 *

■ f o - 2n + 2) (q - ^ n + 4>- -Cq-2)y" 'N ,  „
* 2n(2n— 2)  - - - 4 . 2 .  x z y  * '

. (q —  2n + 2)(q — 2 n - f4 )-----(q— 2^qyn A x / « - f y x 2)^

* 2n(2n— 2)^2n— 4 ) -------4 . 2 . a" J  x

y’  +  I q a / C ^  +  TX2) '’ - *
. * / ( . + t * ) ' * = Q - 5 + r - +  1 , + . , < , - « —

. qfq —  2  ̂«2/~(Vf-yx*) ** 4

(h+ i ;'w — i A q — 3)
I l i  N, qCq— 2")--------- 7 . $ . « * .  y^C«4- y x a)3 J

"* ( q + 0 ( q — i X q — 3 ) ------ 6 . 4

■ q(g— g^Cq— 4n ------- ] _ ± ± _ j ±  f a r r x .1 Y I» ) .
+  C4+ 0(q-< X 4-3) - - -  6 .  4 7 / ( + ?  ;

/fe x / ( « 4 -V **)q __ /* I________ I (q  — 2 n - f3 ) y _________
vC2n— 1 j a x 2” ” 1 (2u— 1) (2n— 3)<x*. x 2,“ ” *

. ( q— 2n + 3 ) ( q  —  2 n + ^ )y 2_______
* (2n— 1) (2n— 3)(2n— 5)«3.x2n“' 5 * - - - - -

■ ( q - 2 n + j ) ( _ q — 211+5) —  (q —  !)?"-■ >. ,  +2
+  (2.1— l ) ( 2 n — 3 ; -------- 3 . 1 . a n. x  J v  ( * + » *  J1

q ^ ^ ) C q - 2 n + ; - - c q -  ; ) j a + O y ; > x /
1 (2n— i y(2n— 3) -  r  -  3 • I • *  J

E rit autem  ultim um  integrale p erfefre  a lgeb raicum , independens a 

te rtio , fi fuerit 2 n : = q + 3  ve l 2nP>q +  3.

3 1 1 .  C o r o l l a r i u m  5 .

Denique ex  (306. 307. § .)  derivari poffunt fequentia in tegra lia , ad

in te g r a le y ^ — (29 t. §.) notum relata.

___ ___________ L________ ___ 1___________ 1________
/  * / ( «  4- y X2; 1 (q— 2)x/ (* -t- y x 2) 4 a “  Y  («+yxz;4 “  4

" f”  (q — 6 ) & v  (“ - H * 2) q ~
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q - I 4 "  q j r r  C  «x
<X a J  X \ / 4-'I .«   ̂ . \ f { x  -j- y x 2) <* 2 J  x / (« + 7 xz) *

y g *_______  /* — I , ( q - f  2n — 2) y
x lu  + Y  - f  q \ * 2 n . a x i n 2n(2n —  2) x2. \ 2n~ 2'

__ (n - f  2 n— 2) (q 4 - 2n —  4)y2_____ .___

2n(2n —  2) (2 n —  4 ) x 3. x 2 n ~ 4 ‘

4- (q-t-2 1— 2)(q -f 2n— 4 ) -----(q + 2 )y H~Ix _______ I ___
2n(2n— 2;(2u— 4 ) ----- 6 . 4 . 2.«». x zJ ^ (x -{ -y x 2) ll~2
(q4-2n— 2)(q-f-2n— 4 ) ---- ( q + 2 ) q?n r  e x  _ '
3 n(2n— 2) ( 2a ~ 4) ------6 . 4 ,  2 . » n J  x / (a-f ’

3 1 3 .  P r o b i  e m  a.

Integrare exponentem differentialem x ms x ( a - f b x n)P, in quo p efl nu­

merus integer negativus, alteruter vero , vel uterque exponens m, n, fraffius

ita tamen, ut aequetur alicui frattioni — ■ denominatoris 2.

S o l u t i o .

D en otante q num erum  integrum  p o fitivu m , ponatur p = — q;  erit 

pro z : = a - f  b x n
m ti

xm s x  I e z ( z — a ) »  “ I
X» « x (a + b x » )P = r =  ----------- ----------------

n b  11

Q u a re , cum  per hypothefin  fit adeoque etiam - —  *

V  •
certa fra& io  Hh —  denom inatoris 2 ;  p o terit quivis hujuscem odi ex p o ­

nens differentialis per (304. 305. § .) perfefte  integrari.

3 1 3 .  P r O b l e m a .
x- .  m - f  f

Integrare exponentem irrationalem xm ex (a -fb x n) 2 , in quo ejt -— •

aut numerus integer negativus, aut aliqua frattio, pofitiva vel negativa,

denominatoris 2, quin ideo aequetur numero integro negativo

( 283- §•)•

Volutatu £ S  S o l u i -



S o l u t i o .

Pro z = ^ ' ( a - f  b x n)  erit

x rof x ( a + b x n)1  ~ — 2 _ t Z u+* £Z 

n b   ̂ "

Cum jam  u fit num erus in teg e r, pofitivus v e l n ega tiv u s, et —  

m -}- i
adeo que etiam  — --------- 1 ve l num erus in teger n eg a tiv u s, vel aliqua

fraftio  +  denom inatoris 2 ;  p o terit h ic exponens om ni cafu per

( j O S . -------3 1 1 . § .)  p erfefte  integrari.

3 1 4 .  P r o b l e m a *
U

I n t e g r a r e  e x p o n e n te m  d if fe r  en tia le m  x mgx(a 4-£>xn) t* p r o  q u a c u n q u e  f r a , -

Rione —-  denominatoris ^ > 2 ,  modo f it  — numerus integer negati-

, m 4 - 1  , u . A r j .
v u s , a u t -----------j----- numerus integer pofitivus.

n  ff.

S o l u t i o .

I. Pro z ^ = )/ '( a  - f b x n)  fiet

1 3 *  C A  P U T  V.

x m£x(a-fbxP) v  "~7„Yr • z u + ^ “ I. 6 z ( z M— a n ' 
n b lT “

II. Pro z = r Z 2 ± —  erit
V  x 11

m-f t u
w ^ a » + a* £ZZtl + A*~*

x™ £x(a+bx'0 *  = ---------- ------------r--------------r1I+7- _ul
; n (zt* —  b) » + f* +I

TT1
lam  vero u, ,tt funt numeri integri per h yp o th efin : fi ergo  fit — -—  

numerus integer n egativu s; poterit in tegra tio , adbibita prima transfor­

m ation e, per (285. § .) perfici; fi autem fit — 1 - f -  —  num erus ia-
n 1 ju-

teger p o fitivu s; poterit ea per (285. § .) p e rfic i, adhibita fecunda trans­

form atione.

3 1 5 .  P r o -



3 1 5 .  P r o b l e m a .

Definire c o n d i t i o n e s , quae e x p o n e n t e m  d i j f e r e n t i a l e m  s y : = : x ms x ( a  

- f b x n) f  r e d d a n t  p e r f e c t e  i n t e g r a b i l e m .

S o l u t i o .

1. Omni cafu , feu fit e y  fu n ftio  rationalis, feu alia quaecnnque 

fu n ftio , modo fit m 1 num erus integer p ofitivus, vel — "f" p nu­

merus integer negativus, poterit datas exponens per praecepta 4ti capitis 

p e rfe fte  integrari.

2. Si nulla harum conditionum  ( i )  adfit, attendatur ad exponentem  p.

E xiftente p num ero in tegro  p o fitiv o , poterit in tegrale com pletum  per 

(250. § .) determ inari: fi autem fit p numerus in teger n egativu s, unico

c j ( ' u  poterit datus exp o n e n s in teg ra ri, nimirum per (312. § .) ,  fi fu erit 

m -4- 1■--------aliqua fraftio denominatoris 2.
n

3. S i v e r o ,  abfentibus his omnibus conditionibus’ (1 )  (2 ), fit p nu­

merus fraftus —  denom inatoris ^ “ 2 ,  vel  ^ > 2 ;  cafu primo aut per-
fl,

tinebit datus exponens differentialis ad form ulas, quarum integralia in

( 2 9 9 -----311* § 0  funt exp ofita , aut tunc folum  erit is p erfe fte  integra-
m “I- 1

bilis, fi f u e r i t ------- vel n um erus, in teger n e g a tiv u s , vel aliqua fraftio ,
11 *

pofitiva aut n eg a tiv a , denom inatoris 2. (313; § .) :  cafu autem  altero non

po terit datus exponens in tegrari, nifi per C314*§•)? fi fit numerus

. m - f  1 , u . _
integer n e g a tiv u s , vel — -1— —  numerus integer pofitivus.

3 1 6 .  C o r o l l a r i u m .

Si fu erit integrandus exponens differentialis formae e y ^ = x r £ x ( a x "  

4*b x v)kj fiat £ y ~ * r + u k . s x ( a  +  b x v “ “)k , vel g y ^ r :x r + vk. £ x ( a x u ~ v 

+  b)k , tutn inveftigetur per (3 15 . utrum , et qua m ethodo is fit per­

fecte integrabilis.
S c h o l  i o n .

Om nes exp on en tes differentiales, quorum  integrationem  in praefenti 

capite e x p o fu in u s, ita  fu at com parati, ut iliorum  integratio ad pauca

S 2 praecepta

C A  P U  T  V.  1 3 9



praecepta generalia poffit revo cari; om nes fan e, u t videbimus in (eqiienti 

c a p ite , formam exponentium  rationalium  poffunt in d u e re , eoque ipfo reddi 

integrabiles. V e ru m , cum haec integrandi m ethodus in adplicarione cal­

culi integralis fit fatpenum ero admodum mol e f t a ; cum que hi ipii exponen­

te s  irrationales frequentiffim e ingrediantur in disquifitiones an alyticas; et 

demum innumeri alii exponentes irrationales ad illos fummo calculi com pen­

dio pofiint revo ca ri; operae pretium e r a t , com pleta illorum  integra/ia di­

lig e n tiu s , quam folet f ieri ,  e v o lv e r e , aliamque Ompliciorem raethoduru 

integrandi e i ,  quae pro trinom iis irrationalibus a doftoribus calrirlr inte- 

gralis pallim p raecip itur, fubftituere. A rtific ia , quibus exp o n en tes irra­

tionales poliunt reddi in tegrab iles, quin transform atione in ratiouales opus 

f i t ,  ufu et allidua exercitatione optim e d ifcan tu r; praecipua tamen ad biua 

fequenti-a capita puftunt revocari.

f. M ulti exponentes irrationales, qui non videntur effe integrabiles, 

fola m ultiplicatione , d ivifion e, aut radicis extra& ioire redduntur integrabi­

le s :  quaenam harum  operationum  inftitui d eb ea t, ex  com paratione

fo rm ae, fub qua exponens integrandus p ro p o n itu r, cum form is illorum  

exp onentium , quorum  integratio  nota e ft , oportebit determ inare.

U . Palmare artificium, quo e fiam in antecedentibus faepiu? jam ufi 

fumus, confiftit in introduftione novae variab ilis, quae, pro diverfitate e x ­

ponentium  in tegran d oru m , jam  toti fun ftion i fign o radicali fubftanti, 

jam  certae ejus p a rti, aut alteri cuipiam fun ftion i fo let aequari. C eterum , 

denuo m oneo tyro n e s,. u t ,  dum formam exponentis integrandi attente 

e x p e n d u n t,  form as quoque exp on en tiu m  differen tialium , de quorum inte­

gratione fuperius eft a ftu m , praeceptaque calculi differentialis perpetuo 

prae oculis habeant. Sub his conditionibus even iet fane faepenum ero, 

u t eertae fun& iones p ro  variabilibus fponte fe offerant.

S c h o  1 i o n a* ,

Quodfi autem nullum  artificium  in poteftate habeatur, quo datus e x p o ­

nens irrationalis ita poffit tran sform ari, ut fecundum  praecedentia princi­

pia fiat, retenta « ratio n alitate , in tegra b ilis; tentetur transform atio per 

fu blatio nem irrationalitatis. Mulri profecto  occurrent e x p o n e n te s , qui, 

Jicet ii nuilo m odo integr.ibiles effe videan tur, fi per fubftitutionem  novae 

alicujus variabilis ab om ni irrationalitate lib e re n tu r, fiant eo ipfo per-
fetbe

I4* C A P  U T  r .



fe tte  intcgrabiles. C onflat praeterea , quem vis poflibiletn exponentem  

differentialem  form ae rationalis per praecepta 4H capitis perfecte pofTe 

in te g ra ri, modo concedatur refolurio cujusfibet functionis integrae et ra- 

tionalis in fuos fa& ores fim plices: eo circa optandum e fte t, ut e x ta re t 

aliqua generalis methodus omnibus exponentibus irrationalibus formam 

rationalium tribuendi, quam tamen penitus ignoram us. Quam obrem  e x -  

pendemus in fequenti capite peculiares a liq u o t, latiflitne p aten tes, for­

mas exponentium  irrationalium , artificiaque d oceb im us, quibus ii ab ir- 
rationalitate liberari poffunt: tum fubjungemus methodum in defperatis 

cafibus, quales in adplicatione calculi integralis fere perpetuo fe offerunt, 

adproxitnandi ad integralia exp onentium , quorum perfefta  integratio  nulla 

via poteft. im petrari.
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C  A  P  U  T  Y L

D E

I N T E G R A T I O N E  E X P O N E N T I U M  T R A N S C E N D E N ­

T I U M ;  T R A N S F O R M A T I O N E  E X P O N E N T I U M  

I R R A T I O N A L I U M  I N R A T I O N A L E S ;  IN-  

T E G R A T I O N E Q J J E  F E R  S E RI E S ,

3 1 7 .  T h e o r e m a .

^4 jfum tis fignis  / Y e x ;  Y e x z = j 's x / Y  a x ; 3/ Y  s x r r / f x y Y s x ;  et
g e n e r a t im  " / Y  e x z = f e  x n~ y Y  a x ; e n t  p r o  d u a b u s  q u ib u s  cu n q u e  f u n f f i o -
nibus Z ,  Y  variabilis abfolutae x.

/ 7*Y « x ~

-  2/ Y e x  * - § - ! # «  +  ^ f i  s x  -  x  + x _  e t e

D e m  o n f t v  a t i o.
1. Pro quolibet indice n integralis 31J  Y e x  erit per (257. § .) .

e x r

— ± , * . v/ y « * +
s  x n

2. Cum  igitu r fit / Z  Y  a =  Z / Y e x — / e Z / Y e x  (257. § . ) ;  erit per 

( * )  pro fignis in theorem ate affumtis

/ Z Y « = v s r .  x - f ^ y y . x + # « =
J £X fcx ^

=  Z / Y e x  -  ,  *  +  / / v  £ x - 1|  7 y  ,  X + f ~ f v  * .N, et fic

porro- • \
318. Co-



3 1 $ .  C o r o l l a r i u m  r*

P ro Z : = : y  efc Y ~ x °  obtinebitur p e r (3i 7*§-) fequens riotiffima feries 

Eernoulliana, cujus ope integrale cujusvrs exponentis differentialis y « x

per exp onentes e y ,  e y ,  e y ,  etc. rationum  differentialium  funftionis y  

com m ode poffet determ inari, nifi ea id vitii h aberet, q u od , fi y  nou ^  

fun ftio  integra rationalis, in infinitum excurrat.

C A P U T  n .  143

C  __ x -e -y  , x 3. e v  x4. e vJ y  e x r =  x  y ---------- - -4-  ------y------------------ ------- U etc.
2 . e x * 2 . 3 . ex2, 2 .3 .4 .£ X 3 *

3 1 9 .  C o r o l l a r i u m  2.

P ro (p =  kx eft: e(p =  k * i : X . l k  (112. § .) :  igitur debet e f f e / k ^ e x
k x ~ 1 ‘ .

—  -— (239.. 241, § .). Q uam obrem , pofito Y ^ a x , erit in (3 17 . §•) J ^ £ x
1 cl '

=  y Y e x r r r ^ p ;  J y  s x  —  J et fic porro. Pro qualibet

funftiohe Z  variabilis abfolutae x erit ergo per (317. §•}.
2, 9

C, v Z  ax ax e Z  . ax e Z  ax e Z  .
J  a l a  (la)2 e x ' ^la)3 gx2 (la)4 ex3 '

3 2 0 . C o r o l l a r i u m 3*

Series haec (319. § .) abrum petur, fi aliquis exponentium  differen-
2.' ' T 4

tialium  « Z ,  « Z ,  e Z ,  e Z ,  etc. fuerit aequalis nihilo r quo cafu dabit 

ilia in tegrale com pletum  exp on en tis differentialis Z a x e x :  exponens hic

erit ergo  per (3 19 . §•) p erfefte  in tegrabilis, quoties fuerit Z  aliqua fun­

ft io  integra  rationalis variabilis abrolutae x.

3 2 1 -  C o r o l l a r i u m  4.
Pro Z  =  x a obtinebitur ex (320. § .)  fequens fe r ie s , q u ae, nifi fit n 

num erus integer pofitivus, in infinitum e x cu rret, abrumpetur autem, Com- 

pletumque dabit integrale exponentis differentialis a ^ x ^ e x , quoties fuerit 

n num erus integer pofitivus:

J  ( l a ) a ' ( l a ; 3
n (n —  1 ) (n —  2) xn~~1 

(
.)  +  c.

322. Cow
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332. C o r o l l a r i u m  5.

E xp on ens n e g a tiv u s  n : = —  1 d a b it in (3 2 1. § )  fequens in tegra le ,

pro quo finita expreflio ignoratur.

/ ^ - >sC^+xw+iw+x1w*+etc0 +c-
3 2 3 .  C o r o l l a  r i u m  6 .

Cum ubique logarithm i naturales fu b in te llig an tu r, abibant p ra ece­

dentes feries (3 19 . 32 1, 322. §.)»  pro bafi a =  e  logarithm orum  natura-

liu m , in fequentes.

C, rj v e xe Z  , ex eZ  e x s Z  .
/ Z e xe x := :Z e x -------- - -4------- ----------- r  +  etc.

J  £ X  1 £ \ z £X  *

j x nt xex t= . e* (x n —  nxir"x+ n ( n —  i ) x n'“z — n(n— i)(n — 2)xn“ 34- etc.)-4-C.

( l + f + § + # + ^ # +  * ) +  c - 

3 2 4 .  T h e  o r e m a .

AJfumtis ftgn is f Y  s x ; e x  e x ;  UJ \ r ex  £ x ,

m r  / 'e x  11 r
J Y e x Z = J - ^ -  J Y e x ,  et i ta  p o r r o ;  item  e Z  A  e x  ; e . A  x = r B  e x ;

e . B x x r C s x ,  et fic porro: erit pro quibuslibet duabus funftionihus Z ,  Y  

variabilis abfolutae x.

J z Y e x t = :

t = r .z j ^ e x — A x J y b x  +  B x  J y  e x — C x  ^ Y f i X + e t c .  

D e m o n f t r a t i o .

I. Per ( 2 5 7 . § . )  erit generatim  pro quocunque indice N  integralig
n  r

+/&U x * f y ex =  ± f ^ ~ —  IyYsx =  

= ± M  x f ~  " f i a + f t . M x/—  Y y cx =  

E= + Mx.N+yYex+yi.MxN+yY£x= 

—±Mx .^'/vsx+ypsx N,yYtx
polito £ .M x ^ = P g x .

2. Qua-



2. Quare, cum fit / Z  Y e  x r= Z J Y s  x — /sT ^/Yex  (257. §.) 
Z / Y s x — / A e x J Y e x ;  erit quoque pro lignis in theoremate affutntis 
per (1)

J z Y £ x z z z z J y £ x-— A x V y c x  -f . J y  s x ~

= : ZJ y s x —  A x  y Y f ix  +  B x .  J y s x — J c e x  J y  s x ^  

t = = z / Y , x ^ x y Yfix + B x y Y « ~ C x Il^ x+/ D 8x1I/ Y fix= ;

=  Z / Y*x— A x^ /vex+ B x I[/yex— Cxlly Y s x +  etc.

325. C o r o l l a r i  um 1.
Pro Z := (!x)n erit in (324.5.) £Z:=n(Ix),1",x. ~ ;  A x :=  n (Ix)n “ 1;

« .A x = n C r]r- i)C lx )n- 2.~ s = B £ x ;  e .B x  =  n(n — i)(n — 2)(Ix)"-3. —  ;

et fic porro per (104. n o . § .): pro hia valoribus in (324. §.) fubftitutis 
obtinebitur fequens formula

J y  ( lx )n«x^=(lx)ny Y f ix — n (Ix)n"*t . %/ Y s x

+  n(n— i)( lx )n - *. V ysx —  n(n—  i)(n— 2)(lx)n“ J. ^ Y y x̂
I V / °

+  n (n— i)(n— 2)(n— 3Xlx)n “  4. J Y e x  —  etc.

Quodfi ergo faerit n numerus integer pofitivus, abrumpetur haec 

feries: et ideo, fi praeterea exponentes differentiales - ~ / y «x,1

^ y y „  » y Y „  , etc. (324. §.) fuerint perfette integrabiles, dabit
X  x

illa completum integraie exponentis differentialis Y(lx)nex»

326. C o r o l l a r i u m  a.
P  x tn + i  I r  Xm + X \ \ r

Sit igitur Y t= x mj fietj Y s x  = : •; j Y ^ a -  ,/ Y s xm-f-i J
—  -—-̂ -i ~ ; et ita porro: ob (325. §.) obtinebimus pro his valoribus 

fequens integraie, conftans terminis numero finitis, fi n eft numerus in­
teger pofitivus.

C A P U T  V I .  1 4 5
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327. C o r o l l a r i u m  3.

Series haec (326. § .)  valorem  infinitum  o b tin ebit, li  fiat tn“ — r ,

✓YlxV»
deberet autem illa dare in tegrale J--- —  s  x . V erum  conftat eiTe

( ! \ 'n + I ( l x ) n

140 C A P U  T  VI.

£ . m + 1  ^  4 x  ( i o 4* §.) ,:  d e b e t  e r g o  eJTe p e r  (2 3 9 .  § . ) ,
'Q x ?  ( lx ) "  + I

f - s x £ = — ---------l - C .n - f  1 1

3 2 8 . C o r o l l a r i u m  4.

Exponenr —  1 in (326. §.) dabit fequens integrale.
/ V n'gx __ f  1______.______i______ , I .2

** lx +  • (in-f-l)2Ox)2 (m + i)3(lx)3
» 1 2 - 3  . t  . 2 . 3 . 4___f e t c  ^ Xra + I i . r

(*n ■+ i)4 ( l x ) ^  (m +  i)* (lx)5 +  V
Hinc pro m^=o fiet.

/ # - 0 - + ^ + ^ + ^ + ^ +  “ 0 - + c - 

329. C o r o l l a r i u m  5.

■ Pro Z = r x m +* et Y = —r r ^  invenies per (524. §.) fequentem for-
X^lXJ

mulam integralem.

P  x mfx  ____ /*______ 1_______ . m -{-1 ____

/  ( lx )n V n — i)( lx )a~ x » (n— l)(n— 2 )( lx )n Ja

, -------- ( ? + » >  1_______ ^ + » ) 3 ______ +  e t c . \ » «
( -* X n“2X l,~3) (kOn ~5 • (n-l)(ri-3Xn-3Xn-4XlxJ“ -'* J

1_____ (tn -f-i)0""1 ____  f ‘ xm e x
(n - i) ( n - 2 )( n -3 )------3 . 2 . 1 /  lx

Verum ignoramus artificium, quo exponens differentialis — — 

ad perfectam integrationem recipiendam difponi queat.
41

330. Problem a.

y • s (P  .S in
in teg ra ri exponentem dffirentialem  •

S 01 U*
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S o lu tio .

0t> Cr I 9 -§ 0  er{fc

_ £^Sin(^m __ S in i|> ^ !t..eCof<P

(a-f-bCof<£>)B (a-fbCof<p)n
Pro a - f b  Cof<p:=x fiet

C o f< P = — ; Sin<f> =  ~ ~ y f (b 2,—  a2 +  2 a x — x z) ;  eCoflp

pro his valoribus transform abitur datus ex p o n e n s in

£ (p S in ^ m __ i e x ^ f b 2—  a2+ 2 a x — x a)m~«

"(a 4* bCofijp) ” i F  * x * ~ ~  — ,

H inc evidenter p a te t, om nem  ejusm odi exponentem  differentialem  

per praecepta 4 t i ,  aut 5ti capitis p erfe& e effe jn tegrab ilem , m odo fiat 

m , n num eri integri,

331 .  C o r o l l a r i u m
P ro a^ = b in (330. § .)  habebitur fequens form ula differentialis

x i = a + a C o f ( p . =  a ( i  +  Cof<p)

e(J> Sin (P™ s<pSin0m 1 m.r.^U.
—   3 - ' x  * . » x / ( 2« —  X)® "-

. C  A P  U T  VI. 1 4 7

(a -fa  C of(p )n a n( i - f  C o f <£>)n am 

Q uare erunt om nes exponentes differentiales hujus form ae per prae­

cepta 4ti aut 5ti capitis p e rfe tte  in tegra b iles, fi pco num ero in tegro  m 

fu erit n num erus in te g e r , aut fraftus denom inatoris 2.

3 3 2 . C o r o l l a r i u m  2- 

P ro  m = o  et n = i  in (330. § .)  determinabis per (230. § .) fequentia 

integralia ( I ) ( I I ) :  e t  fi praeterea fit a = b ,  obticebis fequens in te­

grale (III). . ' |

S i eft a > b

T C  __ 1 a — CnC ^4-«Cof(p , n
V a + b C o f < p ~ 7 v = i b 3J A r c ^ ° { ‘T c U f ^ r + T " " 1'

S i eft a <  b.

TT C  =  C 4 -____ L___ I /^b + a C o f f t - f  Sin<P. \ f  (ba— a2)N
J a-f-bCof<P ^ / C b 2—  a2) L  a +  bCof<p J

Si eft a =  b.

H I. __ r r  —  J_ T a n g  4 0 + C .
J a+aCol'<p * / ( i + C o f < p )  a **

T  2 E o



Eo autem determinato cafu, quo fuerit m = n  =  I in (330.§.). fiet 

i v . / - ^ ^ = c  -  - f  K«+bCof(p>

333.  C o r o l l a r i u m  3.

Et pro m;=o, n ^ 2  in (330. §.) elicies inde per (290. 294.5. IV.) 
fequentia notatu digna integralia.

, 4 8  C A P U T  Vl.

/<

Si eft a >b.
e

(a-}-bC ol<p)*

,_ b Sin <P________ j_______ a __ .  b - fa C o f( p
*“ "* (a 2— b2)(a -i-b C o f <p) ̂ ( a 2— b2) 3 FC 0 a -fb C o l< p

Si eft a <  b

i r  r __________ ____
J  ( a - f  bC ol< p )*

^  ._____ b S in  ______ a _________  ̂Z b + a C o ^ + S in ^ . '/ ( b 2-?*2) ^

(b2— azX a + b  C o f (p) \ {  (b 1— a2) 3 v  a-|-bColin^> s

3 3 4 . C o r o l l a r i u m  5 .

Eadem  prorfus o p eratio n e, qua in refolutione problem atis praece­
dentis fumus u fi, obtinebitur fe q u e n s  tra n sfo rm a tio .

x ‘:=r a - f  b Co( (p.

_ * ^ T o f ^ m ___ I (x  —  aNme x ______
(a-J-bCof(p)n bm x ny^(ba—  a2 -J-2ax —  x 2)

A tque hinc fit p erfp icu u m , exp onentes differentiale» hujus form ae 

fecundum principia quinti capitis perfecte integrabiles fu tu ro s, fi m fit 

num erus integer p o fitiv u s , e t  n numerus quiscunque in te g e r, pofitivus 

aut negativus.

5 3 5 .  C o r o l l a r i u m .  6 .

Abibit autem  haec form ula (334 §  )  pro ar=rb in fequentem . 

x t = a - f  a C o f < p := a ( l—  Cof<p).

*<pCof<pm   r ( x — a)"1 «x

<>+aCof<p)n a>“ ' —  .tL
x  * / ( 2 a — x )

U nde p a te t, p ro  quibus numeris m, n, quave determinata m ethodo ex­

ponens hic differentialis perfe& e eft in tegra b ilis: nimirum per praecepta 

quarti ve l quinti ca p itis , ii m eft num erus in teger p o fid v u s, e t n aut nu­

m erus



merus in te g e r , pofitivus vel n ega tiv u s, aut aequalis alicui fraftioni +  — ,

quo 2 n  fiat numerus in teg e r: quodfi autem  fit m " ~ f~  4 * aut quaecunque

2 r “ “  j
alia ejusm odi, pofitiva tam en , fra ftio  m £=■---------- , cum  h o c  cafu fimus

2
habituri

( x  —  a)^ __________________ x  —  a___ ^

V \ 2 a — x) — 2 a 2 + 3 a x  —  x 2-)*
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aut ( x —  a)"^ __ I_________,

( 2a —  x ) — 2 a z 4 - 3 a x — ‘ X2)*

Yel ( x — a) V J _ _____ c * — -*y  ___ .
^ ( 2 a  —  x ) — 2a2 +  3 a x — x 2) 9

erit datus exponens per theoriam  trinom iorum  quinti capitis perfefte inte-

v 2 n 4- 1  “t" v “f* Igrabilis, modo fit n aliqua fraftio H— —- •, ut —  -----=  ----------  fit nu­
merus integer.

336. C o r o l l a r i u m  7.
Similes exprefliones algebraicae invenientur pro exponentibus

e(pcdr<pm e(pSin(pm . . .  _ ^  « Si n (p

reDt,i,,buS ( 1 + b S T n ^ ’  0+ b S l n - W ! im‘ m m  ‘  C o T i f ’  ‘ Um

a +  bSin(P =  x ;
c^Cof<Pm 1 e \ > / ( b 2— a2 -f2 a x — x 2)m~ J

e r i t  f .  ......  "■     - 1 — ' • —<■ * --------------- .i..— . — 9(a-|- b Sin (p)a bm ' x n
g (p Si n __  I  ( x — a)™ e x

(a-fb  J>in<p)" bm x n^ ( b z — a * - f 2 a x — x z)

A deoque etiam  pofito  a := :b .

a +  a Sin (P = x .
« (P fo fd )"1 T m -an -1

tka + a " S in '< ^  =  ; ? r  ’  x  * • « * / ( 2 a — * ) m ~

] V  r  eSWt(t>m I  ( x - a ) m t x'%/ ^a-f-a Sm (f)̂  u"~ am * znti
X Z V" ( 2 a ----X)

Quapropter pendebit integratio horum exponentium differentialium 
a theoria duorum capitum praecedentium.

' T 3  3 3 7 *  C o -



337.  C o r o l l a r i u m  8*

P ro a rr iO , et b t = i  derivabis e x  (336. § . I.) fequentes exponentes 

differentiales, prout nimirum utrum que exp on en tem , m , n ,  aut alter­

utrum  duntaxat, cum  p ro p rio , ve l contrario ( — ) figno fum feris, ve l 

etiam  m = o »  aut n := 0  p o d e ris . P atet au tem , om nes hos exponentes, 
h a c  r a t i o n e  tran sform atos, fecundum praecedentia princip ia , ea praecipue, 

^uae in capite quinto funt expofita* cojnm odiflim e poGTe integrari.

x = S in (p ;  ^ ( 1 — xz)t= C o f^ .
»eftCof<pm __< x / ( t — x1)

l5 o C A  P u  T VL

x “

£<pSin(p’1 ____ x ° e x  

Cof<pm / ( 1 — x z) m +*

«IT C  £(f> ---= ______-
Sin <p" C o f  <pm x ° / ( i  —  **)« + «

/'*£<PCof$
J  ShT(pn

I V . y T ( p  Sin <pn C o f (pm:=; x n « x  / ( i ~ X2) m *  «

y  r  £ <? -  £X
' J  Sin<p“ x" / a  — x2) * 0

/
'  £ $ _______ £_X____
Cof<pm — x z)m + I *

v n . J l < f s m r = 7 ^ x,r

VIII. / e (? C o f4> '» ~ e x / ( I  r ^ x z)m*-*

3 3 8 . P r o  b l e m a .

Integrare exponentes differentiales form ulis generalibus ~  f £ ot $1 —
(a + b T a n g ^ )*

ed/ F ang^ __  rehenfos.
^ T a n g ? / 1 '

S o l u t i o .

Cum fit ( u 9. §.); erit »  •

e (p C ot <Pm __ Cot<Pm . e T ang(P

(a-J-b T a n g  (P)" Sec (p2 (a-f-b T a n g  (p)"

i=(pTang<pm __T a n g ffim. g T a n g ff

(a-f-b T a n g  <p)a 6ec (pzX » + b  T an g <f>)n

f»ro



Pro x —  a - f b T a n g f p ,  hinc

T a n g < £ ;= — - — ; C ot Q =  — - — ; e T a n g  (p =  ~  ; e l  
D x — a , D
c  a2 - f b 2 —  2 a x + x 2 . . .S ec  <pz = 5 ----------- — ----------------  e n t  i g i t u r

J g< K ot(p™  _ bm-H____________«X___________ _
(a-fbTaog <Q)a 'x " ( x — a)m^a*-fbz —  2 a x -fx 2)

•jy gtpTangCp™ __ i  ( x —  a)m i x
’ (a +  b T a n g  <p;n bm~* ' x" O»2 - f  b2, —  2 a x  +  xA)

O m nes hujuscem odi exp onentes difFerentiales erunt igitur pro qui­

buslibet num eris integris m , n per praecepta quarti capitis p erfe& e in- 

tegrab iles.

S c h o l i o n .

M ethodus, quam pro integration e exponentium  differentialium  trig o - 
n om etricorum  praefcripfi, in eo co n liftit, ut per congruas fubftitutiones 

datis exponentibus forma exponentium  differentialium  algebraicorum  tribua- '  

t u r : quare cum haec transform atio fem per fuccedat, cum que integrationem  

exponentium  differentialium  algebraicorum  in praecedentibus capkibus 

ita  pertrattaverim , ut ea in quibuslibet cafibus com m odiffim e poffit per­

f ic i, non e ft , cur aiia m ethodus integrandi exponentes difFerentiales trigo- 

B om etricos defideretur. Subjungam  m odo problema g e n e ra le , ut ex ejus 

refolution e e lu c e a t, quinam exponentes difFerentiales trigon om etrid  hac 

m ethodo poilin t reddi integrabiles.

339. Problema.

In teg ra re  exponentem  differentialem  X f  (p ,  in quo p raeter exponentem  

differentialem  arcus <P certae hujus arcus /unitiones trigonom eticae, u t  

fu n t  S i n # ,  C of(p ,  T a n g < p ,  C o t  (f>, S inv < p ,  Cofv  (p, Sec<p, C o fec  (p, et fo r s  

varia e harum  functionum  poten tiae, quomodocunque inter Je et cum  quantita~ 

tibus conflantibus connexae, contineantur.

S o l u t i o .

i .  L o co  e fubftituatur in dato exponente differentiali X s fP  aliquis 

valorum  in ( i I 9 * § ' )  determ inatorum , qui videlicet ad transform ationis 

fim plicitatem  plurim um  conferre vifus fu erit: introducetur e o  ipfo loco 

aliquis exponentium  diflereatialium  «Sin<p, *C of<p, « T a n g ( p ,e t c .

C A P  U T  VL I 5 1
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2. E a ipfa jam funttio trigon om etrica arcus $ ,  nimirum Sin <p, v e l 

C o f # ,  aut T a n g  e t c . ,  cujus exponens differentialis lo co  g(p introdu& us 

fuerit ( i ) ,  confideretur inftar quantitatis variabilis x ,  aut fumma vel d if­

feren tia  ejusdem fun & ion is et certae quantitatis conftantis, e .g r .  a + b S in # ,  

fi quam datus exponens differentialis X«<?> c o m p le & itu r , ponatur varia­

b ili x  aequalis, prout illud aut hoc aptius vifum  fu e r it;  deinde exprim an­

tur per variabilem  x  om nes reliquae fun & ion es trigon om etricae arcus 

fecundum principia in (5. §. I- S ch o l.) addufta.

3. H a c  r a t i o n e  r e d u c e t u r  in t e g r a t i o  d a t i  e x p o n e n t i s  d i f fe ren tia l is  t r i -  
g o n o m e t r i c i  X e #  ad  in t e g ra t io n e m  c e r t i  e x p o n e n t i s  Z e x  f o r m a e  a lg e -  
b r a i c a e ,  quae fe c u n d u m  pr in c ip ia  fu p e r iu s  e x p o f i ta  pe rf ic ia tu r .

340. C o r o l l a r i u m .
Si datus exponens differentialis Xa<p p r a e t e r  e x p o n e n t e m  d iffe ren t ia -  

l e m  £<?> a rcu s  <P c o m p l e f t a t u r  fu n & io n e s  a rcu s  m # , p u t a  S i n m # ,  C o f m # ,  
T a n g  m ( p ,  e tc . ,  c u m  fit  e x p o n e n s  d if fe ren t ia l i s  £ . m ( p  =  r o « # ;  fu b f t i tu a tu r
t ’ 1T1̂  lo g o  e(p , d e in d e  p e r a g a n t u r  r e l i q u a ,  u t  fupra .

Exempl a.
S it s y z = : e ( p . S i n m ( p .  C o C m ( p n;

e r i t  e m < p . S i n m # . C o f m # n :
J m

= — “  e C o f m ( p . C o f m # n ( i i 5 * § 0 *  
n  C o f m # n4' 1

ig itu r

e (p
S it « y — C o l-m (pn » 

e r i t e y = 7T -  hinc per ( U 9 S )
1 « S itim #  „ « x  . _0.

g y = l T *  Cofm<p” ^ 7 c I - x 2) ^ * 'p r °

341.  P r o b l e m a .

Integrare expoitintes differentiales # ne(p.Sin<p, <pn6 # .C o f # .

Solu-
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S o l u t i o .  ♦ ,

1. P on atu r Z  =  ^ n ; erit s Z t= : n (p n~ J e ty , s Z ^ n C n * — l)<p<'“ 2 s(p 2 ; 

] z ^ = n ( n  — i) ( n  — 2)(|>n “ 3.£(p3, etc.

3. Porro e ftfe Q .  Sin <p =  — fs C o t ty  ( 1 1 5 .& )  C o ftp ; ety^ .C oft?» 

=:/fiSin{p ( 1 1 5 .  § .)  :=Sin<p.

3. Qnodfi ergo  ponatur Y := S in < p , aut Y ^ C o f < P ;  obtinebuntur ex  

( 3 I 7 ' SO  fequentia integralia.

Jqvsq t.S in ty —  C  —  $ nCoC(p - f  n <pn “ 1 Sin <p +  n (n —  1 \<pn“ 2Cof<p

—  n(n— i) ( n — 2)(pn~3Sin<p— n(n— i ) ( n— 3 X n“~3)<Pn“"'4Cof<p 
4 . .

J $ ne$  . C o f ^ ^ r C - f  <Pn Sin  (£>4-n (p*~~t C o f $ — n ( n — 1) ( fn ' ‘ 2 Sin <p
— n (n— 1) (n— 2) (pn~3Co{'(P - f - - - - - - .

P a te t , ita alternare figna 4-----, ut poft quosvis binos term inos con­

tig u o s pofitivos fequantur bini contigui n e g a tiv i, et viciflim . P orrp cla­

rum e ft , feries has eo folo  cafu poffe abrum pi, fi n eft num erus integer 

p ofitivus.

3 4 3 . P r o b l e m a .

D a tis  integralibus /e r P £ <p. Sin <£n C o f <p m”  z , f e r ‘Pe . C o f  Sin<pn-"2, 

pro bafi e logarithmorum naturalium, invenire integraie / e r<p£<p.Sin<pnCof<pni.

S o l u t i o .

1. O b  s . ^ e r P : =  e r P * ^  (1 1 3 . § 0 > d e b e t  effe i n t e g r a I e / e riP£<p£=perP
(239- §•)•

2. H inc ( i )  per (2 5 7. § .)  elicies fequentem  expreflionem  quaefiti in­
tegralis.

JerV e (p. Sin (#n C o f 

=  i - e r<PSin<pnCoGpra—  -p / e r(P€^(nCoAp,t?+ISin(pn~, ---m Sin(pn+TCoftpra~1) -

3. Si porro partem alteram hujus aequationis refolvas per (257. § . ) f 

affumto integrali ( 0 ,.iurtipoifu:Q i - ^ S i p f 2= C o f < p V e t  1 —  C o f ^ ^ S i n ^ ,  
obtinebis

Vtlwnent» f 0  fgfy
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J e  Q ety . Sin (pn C o f <£>m e r P  Sin $ n Cof<pm'

------ L , e r< P ^ n C o f (p m + xS in (p n ' " 1 —  m  S in  <pn + r C o f(p m“' 1 ^

+  - ~ r f GX<r>£$  (m— i)  Sin(pn Cof(p*»-a +  n(n— i )  Cof<p™Sin

»—  (n24-m2 +  2mn)Sin<pnCof

Q u a p r o p t e r  d e b e t  effe

J e r 9 £(p . S in  <pn C o f  <pm =
__ e r $ ( rS in (p nC o f  tym-\-xr\ Sin <£>n + 1 Cof<pm ~ 1—  n Cof<pm + r Srn<pn *"*)

r 2 +  m 2 4* n 2 +  2 m  n
J ------ - J T fo. ~ .J - ------ fe*Qe<p. Sin <pn Cof<pm *  a

* r2 - f m 2 +  n2 4 -2 m n

J ------ - Û ~ ~ --------/e r<Pe(p Cof(pmSin<f>n'“a:* r 2 4 :  m  +  n 2,4 - 2  *n n*'
343. C o r o l l a r i u m  i .

P r o  n =  o ,  m = o ,  a u t  n t = o ,  m t = i ,  ve l  m = o ,  n t = t ,  o b t in e b is  
e x  (3 4 ? .  § . )  i e q u e n t i a  i n t e g r a l i a

l.J e '< P eq > z= —  e r<P 4-C :

W .J e -*„(f .Sin<J> £ ? f^ 4 -C .r  l

344. C o r o l l a r i u m  2;

Si p o n as  m = o ,  in v e n ie s  p e r  (342 . § . )  f e q u e n te m  fo rm u la m ,.  cu ju J  
o p e  p o te r i t  in t e g ra r i  e x p o n e n s  d if fe ren t ia l is  «r $  £(f» .. S in  <pk p r o  q u o l ib e t  
n u m e r o  in te g ro  po f i t ivo  k .

J * *  Sin<p.  =  e» z « r i  

= = ^ n ^ y e ' * e < p S i D r " * -

**4 C A P U T  VL
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3 4 5 . C o r o l l a r i u m  3 .

S i vero  fiat n t = o  in (342. § .)  , obtinebitur fequens formula., ex  

qua integrale exponentis differentialis er$ e(p .C of< P m pro quolibet num ero 

in te g ro  et pofitivo k  poterit derivari.

f c t  e <Z> C of® » =  e ,*l ( '•C ° l̂ r  +  m S in g l C ° l̂ ^nl~',) 
u  Y T x 24 -u i2

4 - C ofq>m- *

3 4 6 . C o r o l l a r i u m  4 .

P ro  t n t = I ,  v e l n : = i  in (342. § .)  reperientur fequentes form ulae, 

■ope quarum integrari poterunt exponentes differentiales er<Pg (p Cof<pSin<pk, 

e rV e<pSin(pCof<pk pro q uolibet numero integro  et pofitivo k.

I. J e T Vaty. C o fQ  S in # 11
  eT(P (r Cof (p Sin Q" —  n Cofff2- Sin q>" ~ *4- Sin + *)

r2 -j-n2- f 2 n - | - i

-1-------H f o j U l I —  e(p. C o f<p Sin ~ 2.
1 r^-f- nz +  2 n + i

I I .J e r<p £(?. Sin (p Cof<Pm =

__e r<P (r Sin Q C o f m- f  m Sin ( p - C o f ~ x— Cof<pm+l)  
r2, +  m2, +  2 m -4- »

J --------------- m ( m — I ) -------------r r<p _ S i n  ^  C o f ^ p m - i

* rz +  m2,4“2 m 4" 1

3 4 7 . C o r o l l a r i u m  5.

Cum fit Sin <£>2; = i  —  C o f# 2, et C o f# 2“  1 —  Sin#2; poterit quod­
libet produ&um Sin # u C o f <pY explicari per feriem formae C o f <pv
4 - A  C o f# v + 2 4-BCof<?>v + 4 -̂------------ 1- P C o f # v + u, vel per feriem aliquam

form ae S in #  C o f# v 4- A S i n # C o f # v + l 4- B S in # C o f # v + 4 ------------- --  -

4- P S in #  C o f# v + u - x , prout fuerit u numerus par v e l im par: aut per

feriem  form ae Sin #«4- A S in # u + 2 4-B S in  # u + 4 + --------- + PSln(f>" + r,

vel C o f # S i n # u 4- A C o fc p S in # u+2 4----------------------- f- P C o f#  S in # u + v - * .

L iceb it erg o  exponentem  differentialem e r<££#SinCpu C o f# v pro quibus­

lib et numeris in tegris  e t pofitivis u, v per (346. 345* 344* §0  perfecte in­

tegrare.

C A  P U  T  P7. I55
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I 5 6  c  a p  v  t  v t

348. P r o b l e m a .

D ato integrali / X e x , invenire integralia / X e x  A rc  Sin x ,/ X e x  A rc  C o f  x , 

/ X e x  A r c  T a n g x .
S o l u t i o .  

Per (257. 120. 122. §.) invenies fequentes expreillones pro integra- 
libus, quae defiderantur.

I . J k t x  A rc  Sin  x  S= A r c  Sin  x / X  ex  —  •
v C1— x )

II. y k e x  A rc  C o fx S =  A r c  C o f x / X  ex ~k / ^  ̂

l l l . J x e x  A rc  T  ang x t r  A rc  T a n g  x / X  ex  '

Q u a re , fi generatim  integrale / X e x  fuerit fu n ftio  algebraica va­

riabilis x , pendebunt haec integralia ab in tegration e exponentium  difFe- 

rentialium  a lgeb raicoru m , de qua fuperius traftavim us.

349. P r o b l e m a .

Invenire functionem rationalem variabilis z  aequalem exponenti d\fferen* 

Hali X  £ x , in quo funCtio irrationalis /  ( a - f b x  + c x 2)  cum variabili x  
ejusdemque fuu&ionibus rationalibus quoquo modo connexa contineatur,

S o l u t i o .

Praeftabitur id , fi in dato exponente differentiali X e x  lo c o  x ,  «x, 

\/(a  +  b x  Hh c x 2)  fequeutes valores fubftituantur. t

I. P ro  p o fitivo  coeiliciente quadrati x a.
s ,  , , , . b z  -j- fa - f z 2'" \ f  c z * — a

\ f ( *  +  b x  -J- c x z)  ~ ---- r~f-------- 7------ i x r = ~ ---------7 - ;
v v  1 J b - f 2 z / c  b +  2 z / c ’

._2 ( b z +  ( a - f z 2) / c ) £ Z  __ / ' » / • / ,  1 1
• x i = ----- pro z — x / c  +  / ( a  +  bx +  cx*).

II. Pro n egativo coefficiente quadrati x 2.

v J  ( I + Z 2- ) / c  2 c ( l + Z Z)

£XS= —  2z e z / ( b a +  4ac) _ 2 ^ c ^ (a  - f  b x —  c k z ) ____ 

c Q i + z 2; 2, 7 ^ v^(b2 +  4ac) —  b + 2 c x

1 5̂0. C o»



3 5 0 ,  C o r o l l a r i u m  r.
Si d a tu s  e x p o n e n s  d if fe ren t ia l is  X e x  fo la m  f u n & io n e m  i r ra t io n a ­

l e m  V ^ C a j + c x 2) ,  q u o m o d o c u n q u e  c u m  variabili  x  e t  e ju s  fu n f t io n ib u s  
r a t io n a l ib u s  c o n n e x a m ,  c o m p l e c t a t u r ;  v a l o r e s ,  p r o  q u i b u s ,  l o c o  x , e x ,  
/ ( a  +  c x 2)  fub f t i tu t is ,  i l le  fo rm a m  r a t io n a le m  in d u e t ,  e r u n t ,  o b ( 3 4 9  § . )  
p r o  b £ = 0 ,  f e q u e n te s .

I .  P ro coefficien te pofitivo  quadrati x 2. , .

/ v  i z z - f a  z 2 —  a/ ( a  +  c x 2j = r --------- x : = ---------------- ^ - 5
V  ̂ '  2 Z 2 Z / C

( z 2 4 “ a)  e z   ̂ . y* t /■/ i« x = --------  —7—  p r o  z t = : x \ f c +  v (a  +  c x zj .
2 Z Z / C  r  v v

I I .  P r o  c o e f f ic ien te  n e g a t i v o  q u a d ra t i  x 2.

V ( . a  x  ( l + z * ) / c  »

—  4 z « z /  a  \ /Y a  —  c x 2)
* X ( i  +  ^ 2) 2 V^c ’ P r 0 Z “ " ^ a - f  x / c

3 5 1 .  C o r o l l a r i u m  2 .
P e r  (3 5 0 .  § . )  d e te r m in a r i  po ffu n t  feq u e n t ia  m e m o r a b i l i a  in teg ra l ia .  

P o f i to  z  =  x +  4- x2) .

7 (x  +  / ( *  +  x 2))n e x =
A* a r  7 n + ! * z n" !/ z n e z  +   ;J z n~ x e z = z ---------  — r 4-  — -r--------  ^2 2 (11 +  1) “  2 (n  — I )

__ ( x - f  Z ' | x ( x 4 - ^ (g - f x 2) ) 0 - 1  4 .  C  '
2 ( n 4 - i )  * 2 (n —  1)

U nde pro n = r — 1 obtinetur per (246. § .)  / ^

• £ ^ £ + 55= * 1 ( x ( * T ( i + 7 ^ + 7 F  + c -

• A ex +  c / ( a + x 2))(x  +  / ( * + x 3))n e x  = :

=  J ( e  +  c)./2»  + ' t z +  — 7 ^ ” - £ Z  +  —  (c  —  e ) / z n - 5£ z ~
2 4

— ( e + c ) r x 4 - / f « 4 - \ - 2) ) n+2 «c(x-{-Z (c t4-x2))n , ocYc-e)('x/'f o * x 2))n"-2 , p

4 ( n 4 “ 2)  2 n  4  ( a  —  2)
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H inc autem pro n p = o  fit per (2 4 6, § .)

J ( e x  - f  c / ( «  -+ x 2)) a  =

= i  ( c + c )  ( « + / W » ’ );1 + ^ i ( * + / ( . + * » » - +  C.

3 5 2 . P r o b i  e m  a.

Exponent m  d:fferentialem  X  e x ,  compleSentem funStionem irrationa­

lem / ( a  +  /3x +  y x 2) quacunque ratione connexam cwn variabili x ,  et ejus 

funUionibus rationalibus, jtw  refolutionem trinomii a-f-/3x +  y x 2 m /«ojp 

f  affor es jhnplices , convertere in rationalem.

S o l u t i o .

D uo cafus funt hic diftinguendi: fa fto res  enim trinom ii # 4-/3x-J-yx* 
debent efie ambo rea les , aut ambo im aginarii ( 1 7 1 . § .).

I. Pro fa&o-ribus realibus.

F a& ores reales trinom ii a - f / 3 x +  y x 2 fint gen eratim  a - f b x ,  et 

f - j - g x .  V alo res, qui lo co  x , e x , et \ f  {x +/3  x - f y x 2);= :^ (a -{ -b x )  ( f+ g x ) , 

in dato exponente difFerentiali X e x  debebunt fu b ftitu i, ut is form am  ra­

tionalem  ob tin eat, fu n t’ fequentes.

^ ( « + / 3 x  +  y x 2) ^ —  ( a g ~ b ° Z

, 5g C A P U T  VI.

b z 2 — g

2

f + g x

___f — a z 2 _ __ 2 (a g —  b f )  z  e z
X b z 2 — g  ’ e X ' (b z 2-— g ) 2

a +  bx-

II. P ro faftoribus imaginariis.

Q uodfi autem ambo fa ftores trinom ii x  + ' 3x + y x 2 fint imaginarii 
confideretur hoc trinom ium  fub form a a* —  2 a b x C o f(p 4 -b I x 2 , pofito 

a; =  « ,  b2 —  y , —  2 a b C o f< p = r /3 (17 2 . § .) ;  erunt valores loco 

x ,  £X, / ( a  +  ̂ x  +  y x 1)  in exponente differentiali X e x  fubftitnendi, ut 
is  in rationalem c o n v e rta tu r , fequentes.

/ O  +  0X +  ■y-0 = / C i ’  -  2abxCof(p +  b V )  =  .

—  a ( i  —  z a)   a (r —  2 z  C o f  (p -f- z 2) g z
X 2 b (CofCp —  z )  ” £ 2 b (C ofip —  z ) 2 *

( b x —  \ f  (a* —  2 a b xC c'f< p -j-b 2x 2)).

S c h 0-



S c h o  1 i o  n-»

H is principiis nititur m ethodus, cujus m entionem  in ( 3 r6.§'. i .S c h o l.)  

fecim us. Si generatim  pro quocunque num ero in tegro  m , tam pofitivo 

quam n e g a tiv o , et alio impari p , pofitivo et n e g a tiv o , integrari debeat 

« xpon en s differentialis e-y —  x n‘ e x  f ( x  - f  /3 x  - f  y x 2)  p ; ponetur

pro fa& oribus realibus

*y —  —  a-Ca-g— bf)P + I. - t,.+ l£Z : .
J U  (b Z 2  g)m + p + *  -

et pro faftoribus im aginariis ?

_ ( ia)m + P+i ( i_ z 3)m( l—2zCof  ̂+ Z3)P+r. S T

'  bm + 1 * (Cof<p —  Zjm +p + a

55.3. P ro  b lema.
Invenire funStionem rationalem variabilis z  aequalem exponenti diffe-

€ x *** in
ventiali X  —  , in gwo diverfae potentiae >/̂ (a +  b x n) p, ^ ( a  -+• b xn ) %

V"(a +  b x n) r, etc. unius cjusdemque mefimae radicis binomii rationalis a4*bxn,. 

cum functionibus rutionalibus potentiae x n quomodo cunque connexae, con- 

tineantur..
S o l u t  io 'r

m g x  > <-
V a lo r e s  lo c o  ^ ( a - f b x " ) ,  x n, et —  in X ~  eum  in finein fubftk-

tu en d i, erunt fequentes;

z m —  a « x  m z m_" r. e z  „
p r o z = / ( a  +  b x» ).

354. C o r o l l a r i u m . .
f  X

S i in dato exponente differentiali X  —  contineantur diverfae radices

*  & V
^ ( a  +  b x n) e , / ( a  +  b x n)g , /*(a  +  b x n) h, e t c .f  poterunt illae co n v erti in

radices ejusdem  denom inationis, utr *

* afiy
/ ( a + b x B)« csr / ( a  +  bxfl) ^
fi/ ( a + b x n>  / ( a  +  bxn) K %
V afi y

V (a*4” b x n)K : =  / ( a  4 - b x n) ho^ :

&6ta vero hac reductione, reliqua per (3.53, §•) perficientur.

C  A  P U T VI. 1 5 9
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355. P r o b l c m a .

Invenire funttionem rationalem variabilis z  aequalem exponenti dijferen-

tiali X  —  comple Etenti funttionem irrationalem  « c wn rationa- 
x  » i g  x 1*

kb us functionibus potentiae x n quacunque ratione connexam.

S o l u t i o .
£ X 6 X

Subftituantur in dato exponente differentiali X ~  lo co , x n, , e t
X x

t*  ̂a 4- b
/— 3— -—  fequentes valores.

I' - f  g  x '1
n  f z 1* —  a e x   f  —  a g ) z ^ ’“ r.£ z

X b — g zi* ’ x  'n ( f z ^ — a j ( b — g z ^ )*
''V —a -f- b x “ 

p r o Z = ^ f + ~

3 5 6 .  C o r o l l a r i u m  1.

p r0 n t = i  obtinebuntur ex (355. § .) fequentes v a lo re s , q u i, lo co  x ,

s x , et y '  » aflu m ti, quem libet exponentem  differentialem  X  g x

A* 2 1 Jj
reddent rationalem  , fi is folam fun& ionem  irrationalem  : qua-

cunque ratione connexam  cum  rationalibus funftionibus variabilis x ,  

com pleftatur.
( f z * — a  w ( b f — a g ) z M ‘" 1. e z

X b —  g z ^ ’ e X ' (b —  g z p ) a 9
b x

p r°  Z = V  T + g i i

357. C o r o l l a r i u m  2.

Si autem fiat (it= . 2 , prodibunt ex (355. § .)  fequentes exp reflion es,
g x

quae valores in exp onente differentiali X  ~  fubftituendos exh ib en t, ut 

is eo cafu, quo X  binas fun& iones irrationales / ( a + , b x n) , / ( f - f  g Xn), 

folis conflantibus a, b, f, g  a fe invicem  diferepan tes, et cum funftionibus 

rationalibus potentiae x n quoquo m odo connexas c o m p le & itu r , in ratio­

nalem poflit co n verti.

160 c a p u t  r / .
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n  f z * —  a _ e x  __ 3 ( b f — a g ) z s  z
b —  g  z 1 ’  x  n ( f  z 2 —  a ) ( b —  g z 7)" ’

* - < • « • • > = ? § * = ■ 0  ■
pro z  =  ( a 4~b xn)  \ f  (a  +  b x n) ( f + g  x» )_

~  / ( T + g * 11)  f + g x "

Hac enim fubftitutione fie t , ut novus exponens differentialis unicam 

funttiotiem  irrationalem  y f(t> -^ -gz2)  c o m p le b a tu r, d* cujus e.liminatione 
fiaperius eft aftum .

3$g. C o r o l l a r i u m  3.

E t pro nt=: 1 in (357. § .)  reperientur fequentes v a lo re s , qui in 

dato exponente irrationali X « x  fubftituti ipfum reddent rationalem , quo­

ties ille binas fun& iones irrationales ^ ( a - f - b x )  et cum  varia~

bili x  ejusdem que fun & ion ibus rationalibus quocunque m odo conuexas, 
continuerit.

_ f z * — a  2 ( b f — a g ) z g z 4

x — b = i ? : ‘ f -  ( b — g z ’ ) 1 !

rr  ,1 -  \ _ z / ( b f — a P ) src  . - >  / C b f —  a g ) ,/ ( a  +  bx ) - — ^ — r y  / ( f + g x ) _ ^ — ,
_  / ( a 4 - b x )  _ / ( a - f b x ) ( f - f  g x )

Pr°  Z / C f +  & x >> * '+ g *

N ovus enim exp o n en s differentialis continebit unicam funttionem  

irrationalem  7 ( b — g z 2)> de cujus eliroinatione fuperius eft aftum .

3 5 9 . P r o b l e m a .

D atum  exponentem differentialem X s x ,  f i  is completam integrationem  

non admittit f integrare per feriem  infinitam.

S o l u t i o .

E xp licetu r fun & io X , fecundum  principia primi cap itis, per feriem  

form ae A  xa +  B xb - f  C x c 4 . e tc . , u t fiat X sx  ; =  ( A x* - f  B xl) -f* C xc4- etc.) e x ; 

 ̂ deinde flat in tegratio  per (249. § . ) :  obtinebitur pro quaefito integrali

/ X s x  feries in infinitum  excu rren s, quae id circo , quia tota haberi non 

p o teft, perfe& um  Integrale haud d a b it, quotquot ejus term ini fumantur. 

Clarum  tamen e ft , adproxim ari polle hac via ad verum  in tegra le , quod 

in adplicatione calculi integralis aeque eft u tile , et neceflarium  , ac 

VtiiiigsH I. X  adpro-
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adproxim are ad radices n um erorum , quorum  p erfe& ae radices nequeunt 
afii gn ari.

360. C o r o l l a r i u m  1,

S i fu n ftio  X r = / ’(axn, +  b x n)s=(®xm4- b x n)^ Juxta (54- § .)  explice­
tu r  per feriem ,  obtinebitur p e r  (249. § . )  fequen s notatu  dignum  in ­

tegrale.
a x m+ b x n)

( \  ™+* g n - m 4- 2 4 n - j m  + S
a »X z b v x  2 i . b z . x~  2

m +  2 '

162 c  a  P  U  T  VL

\  -j 
2 a (2n— m + 2 )  2 .  4 a (4 n  —  3 m + 2 )

i n . ^ i m 2 :  g n -  7  ni *  s

I .  3 b * . x  a _________ I .  3 .  5 b4 .x  I
I- £

2.4.6a (6n —  j m  +  2 )  2 . 4.6.8» (8a—  7 m  +  2 )

.* v n -(a r - i)m  + 2 x
-f 1 - ?• 5 - 7 -------(2r— jH r.x - 2 \ c
—  2r ~ 1 V

2 . 4 . 6 .  8 -----------2 r . a ~  (2 rn — (2r— r)m  +  2 )

T erm in u s ultim us, utp ote r tu s , dabit fin g u lo s, po ft primum ordrne 
fequentes,, term in o s, fi lo c o  r  term ini feriei I» 2 / 3 , 4 ,  Sr etc . fucceffive 

fubftituantur.

361. Cor ol l ar i um 2-

E t fi X : = ( a x m - f  b xK) z exp licetu r  p er feriem  (5 5. S-)» obtin ebitur 

per (249. § 0  fequen s integra le .
f *  e x  

*J \f\ f  ( a x m - f  b x n;

3 m - 2 n - 2 
X 2( —  I ______________lj>_

1  111 ~a 1  
(m —  2 )a  . x  2 2 (3 m  —  2 n — 2 ) a  .

r .q b * ____________ .__________ 1 . 3 . 5  b*________
—  £ 5 m - 4 n i  2 - % 7 m - 6 n - j  A

2 4 (5 1 1 1 — 4 n — 2 >  . x  2 2 .4 6 ( 7 m - 6 n - 2 >  .x 2
--------- •

r r ^ - 5 - 7  - - - - - -  -  -  -  -  (2 r— i) b rN  c
3 1  2 r +1 (2 r + i~) m - 2 v n - 2 J

2.4.6 g ----- 2r((2r-f O m —  2rn— 2)a“  2 x 2 ‘~ /
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S c h o l i o n  i,

N onnunquam  com m odius perficitur ad p ro xim atio , U , aflumtis inde­

term inatis coefficientibus A , B, C, D , etc. ipfutn in tegrale q u a e fitu m / X e x  

ponatur aequari feriei A x  +  B x a“|- C x 3-4-D x4 +  « tc ., aut a lteri form ae 

fim ilis/  deiftde e x  aequatione per differentiationem  p ro d u & a, X e x  

=  £ x ( A - f - 2 B x - f 3 C x 2- f - 4 D x 3 -{-etc.) valores pro A , B, C , D , etc. fecu n ­

dum principia primi capitis determ inentur. Saepenum ero e tia m , inventa 

aequatione X ~  A  +  2 B x - | - 3 C x 2 - f  4D X 3 +  etc. £ =  S , logarithm i lo g  X  

lo g  S  utiliflim e c a p ie n tu r, unde ulteriori differentiatione aequatio

6 X S S
—  —  d erivab itu r, quae guaefitos va lo res  A ,  B , C, D , etc. debebit

prodere.

H aec m ethodus quaerendi aequationem  p ro determ inatione valorum , 

quos coeffic ien tes indeterm inati debent ob tin ere , tunc praecipue notabili 
com pendio calculi poteft ad h ib eri, fi fu n ftio  X  in dato exp onente difTe- 

rentiali X e x  potentias ^polynomiorutn com pleb atur.

E . gr. S i u , v  fint certae fun & ion es variabilis x , petaturque integrale
uin

exponentis differentialis ~ e x ,  quod feriei A x - f  B xz -|-C xJ- f  D x4 +  etc.

um
aequari deb eat: cum eo  ipfo fiat —  =  A - M B x  +  S C x 2- ^ ^ * 3-^ e tc ., 

pofita hac ferie  : = S ,  erit

Ijm
—  =  S ,  hinc lo g  —  =  l o g S j  feu

m 1 u — n 1 v 1 S : ig itu r debet effe

m £ u n e  v  eS_

u v S '

unde valores coefficientium  A , B, C , D , etc, quaeri poterunt.

S c h o l i o n  a .

H aec v e ro  per coefficien tes indeterm inatos integrandi m ethodus 

( i .S c h o l .)  id habet incom m odi, q u o d , nifi e x p o n e n t e s  variabilis x  certa 

le g e  crefcan t, au t d ecrefcan t, inan iter perm ulti coefficien tes introducan­

tu r : fic e. gr. fi ponas / r =  ■x5 +  x7 A x  +  B x  + C x +  D x  4 - E x

F  x* 4- e t c . ; in v e n ie s  A — I»  B s = : o ,  C — o ,  D ? = : o ,  E ^ = o .  Q u o c i r c a ,
X  2 u t
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u t id v ite tu r, confultum  e r it , dum non facile perfp icitur, qua leg e  e x ­

ponentes fefe excipere debeant, eos interea indeterm inatos relin q u ere, at- 

que e x  finali aequatione, unde jam  v a lo re s  ipforutn coefficientium  eli­

ciendi fu erin t, ita determ in are, ut ad illo s principia in (2 &  29. § .)  ftabi- 

iita pollin t adplicari. C e te ru m , prouti in (3 16 . § .  2. S ch ol.) tacite m o­

n u i, nunquam hac aut alia m etfaoda integrandi per feries in indefinitum  

excurrentes utem ur, fi alia via fupereft, qua com pletum  in tegrale dati ex ­

ponentis differentialis per quam cunque dem um  fu n & ion em , algebraicam , 

log arith m ica m , tr ig o n o m etrica m , aut m ixtam , invenire l ic e t :  ubi vero ad 

ejusm odi m ethodum  refugiendum  fu e r it, curabim us, nt fer ies , term inis 

fequentibus continuo decrefcentibus, co n v e rg a n t, divergentesque feries, 

in  quibus fequentes term ini fiunt m ajores praecedentibus, om ni cafu v ita ­

bim us. Q u o enim m agis con vergit fe r ie s , quaefito integrali aequata, eo  
pauciores term ini primi fufficiunt ad integrare prope verum  exhbendum . 

E x  hac potiffimum ratione feriebus form ae A x a - f  B xb +  C x c +  etc. aliae 

feries form ae generalis A x a( a 4"i3xn)P -l-B xb ( « - f  j8x n)9 +  etc. in m ultis 

difquifitionibus poffunt fub ftitu i, cujus integrandi m ethodi exem pla in  fe­

quentibus o ccu rren t

164 c  a  p  u  T  VI.  ‘
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C A P D T m
d  s

I N T E G R A T I O N E  E X P O N E N T I U M  A E Q U A T I O N U M -  
Q U E  D I F F E R E N T I A U U M  P R I M I  A L T I O R I S Q U E  

O R D I N I S  P L U R E S  V A R I A B I L E S  C O M ­
P L E C T E N T I U M .

3 6 2 . D e f i n i t i o .

I n t e g r a t i o  e x p o n e n t i s  differentialis e y  involventis da as  a u t  plures va­

riabiles u, v , z ,  earum que exponentes differentiales e u ,  e v ,  s z ,  abfolvi- 
tu r inven tion e fun ttion is Z  +  C  variabilium  u, v, z ,  cujus ratio differen* 

tia lis  determ inata per (142 . § .)  habet exponentem  dato e y  aequalem , at- 

que haec fu n & io  Z - f - C ,  in qua C  denotat conflantem  indeterminatam, 

v o ca tu r  completum integraie exponentis differentialis e y .  In tegraie 

ejusm odi liceb it  aut fim pliciter ligno f e y , ve l figno uy7f e y  exprim ere: 

quocirca po terit fignum y Y e r ,  et quodvis ei fim ile , indicare integraie 

exponentis differentialis V e r  fp e fta ti inftar unius funftionis folius varia­

bilis r ,  lice t fors V  alias praeterea variabiles et earum  exponentes difTe- 

rentiales com p leftatu r.

S i c e . g r .  pro s u = z x J « x ,  et  e v t ~ z J f z s x  erit

U =  */zx2a x |  z x 3, et zf e v z = : zf z z e z e x t = $ z h x .

3 6 3 .  C o r o l l a r i u m  1.
N ullus exponens differentialis uv£ y  involvens duas variabiles u , v 

erit per fe in tegra b ilis , nifi jg aequetur certae fun & ion i variabilium  u , v  
form ae M t u  +  N t v ,  in qua fit v£ M*  u : = u£ N e v (14 5 . 362. §•)•

3 6 4 .  C o r o l l a r i u m .  2 ,

Dato autem  exponente differentiali g y ^ M « u  +  N < v ,  in quo fit

T« M € u rr:u« N £ v , captoqtie integrali "fM  e u (362. § . ) ,  quod differentia-

tutn pro utraque variabili u , v per (14 2 . § .) det exponentem  M « a

j= M e u  +  n * v ,  ita o t fit v« M « u t= :uc n e v  (14 5 . §.)$ erit U« (N  —  n ) = o ,

X  3 adeo-



adeoque N — n aut quantitas conftans, a u t aliqua fu n ftio  foiluS variabilis v , 

carcn s variabili u ;  omnis erg o  exponens differentialis eyr=M £U - f  N ev, in 

quo fuerit vsMeu “ sN e v , habebit p ro  in tegra li co m p leto  (3 6 2 . § ,)  fie- 

q u en tem  funftionem .
y  ^ ^ M e u - f  vf ( e y — uve>nf N [ e  u )- f-C r = :

s = " / M « u  +  y ( n —  — f v: U " ) « v + C .

365. C o r o l l a r i u m  3.

S i detur exp onens differentialis uvzey in volven s tres variabiles u, v , 2  ̂

non erit i s ,per fe  integrabitis, nifi fub form a U e  u +  V e v  +  Z e z ,  in qua 

fic v<s U  eu — • u£ V  s v , ze U e u : = : u£ Z e z ,  *e V -ev =  v6 Z £ Z  (14 9 . 3 6 2 .§ .) .

3 6 6 . C o r o l l a r i u m  4 .

Q uodfi vero in exponente d ifferentiali trium  variabilium  form ae

e y : = r U e u - f  V e  v +  Z e z  fit ve U £ U J = ue V  e v ,  ze U f i U ^ uf Z 6 Z ,  zsVf iV 
^ ' e Z e z ,  capto in tegra li jyT Jeu  (362. §.)  quod differentiatum  pro o m ­

nibus variabilibus u , v ,  z ,  dabit certum  exp on en tem  differentialem  

uvz£ . iy T J e u ~ U e u - f - P £ v 4 - Q £ Z ,  ita ut fit veU sU £ = :u6 P e v ,  ze U e u  

z = ue Q e z ,  zeP e\^ = :ve Q e  z  (14 9 . § • ) ;  erit eo ipfo s y — Uvz£ , l/ U « a  
=  ( V — P ) s v + ( Z — Q)ez>, e t zt ( V  —  P ) g v  =  ve ( Z  —  Q ) e z ,  exiftente 

U£ ( V  —  P ) = o ,  c t  l,e ( Z — Q)"— o ,  adeoque tam  fu n ftio n e V  —  P quam 

Z  — Q  carente variabili u :  in tegrale com pletum  ejusm odi exponentis dif­

feren tia lis e y  com prehendetur ergo fequenti form ula (362. § .) ,  cujus pars 

prima per praecepta praecedentium  cap itu m , pars altera v e ro  per (364. § .)  

e ft p erfe fte  determ inabilis.

y  =  y U  e u +  vrj{8 y  _  . y g  U) +  C.

3 6 7 . C o r o l l a r i u m  5.

S e m p e re rg o , dum exponentes differentiales, in v o lv e n te s  duas tresve 

variabiles earundemque exp o n e n te s  d ifferen tiales, fuerint integrandi 

(362. § . ) ,  difpiciatur ante om nia, utrum  ii  fint per fe integrabiles (363. 

365. § .) ;  t um,  fi fint per fe integrabiles, quaerantur illorum  integralia  

ju x ta  (364. 366. § . ) :  fic en im , ut per fe p a tet, integratio illorum  re­

ducitur ad integrationem  exponentium  differentialium  unicam  variabilem  

in vo lven tiu m , de qua in praecedentibus capitibus eft aftum .

3 6 8 . D e *
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3 ^ 8 . D e f i n i t i o »

Aequatio differentialis primi ordinis, vei fim pliciter Aequatio differen­

tia lis  vocabitur in  fequentibus om nis aequatio inter duas aut plures varia­

b ile s  u, v , z , earum que ex p o n e n te s  differentiales «u, ev, «z : aequatio au­

tem  inter variabiles u, v, z ,  carens exponentibus differentialibus harum va­

riabilium , vocatur Integrale datae aequationis differentialis, fi iHa Per 

(141* § .)  differentiata reftituat datam aequationem  differentiaiem.. Om nis 
porro aequatio differentialis form ae M s u  +  N e v  +  O s z ^ o  erit homoge- 

neaf v e l heterogenea'. prim um , fi M , N ,  O  fint totidem  hom ogeneae ejus- 

cfemque dlm enfionis fun ttfon es variabilium  u, v, z  (12 . 8- § • ) ;  alterum , fi 

alterutrum  aut utrum que horum defit. D icentur demum variabiles u, v , z  

in aequatione differentiali M e u - f - N e v  +  O e z ^ o  feparatae effe aut per­

m ix ta e:  prim um , fi M co m p le& atu r folam  variabilem  u ,  adeoque careat- 

variabilibus v ,  z ,  N  folam  variabilem  v ,  e t  O  folam z ;  alterum  v e r o , fi 
aliquis fa& orum  M , N , O  in volvat variabilem  ab  i l la ,  in  cujus exponen­

tem  differentiaiem  is duttus e ft ,  diftinftam ,

3 6 9 . C o r o l l a r i u m  I»

O m nis aequatio differentialis poteft induere form am  aequationis 

$ t= z o :  com pletum  ve ro  ejus in te g ra le , denotante C  conflantem  inde­

term inatam , erit Z r = :C ,  fi exponens differentialis functionis Z  per 

( 1 4 1 . § .)  p ro  om nibus variabilibus, quae in con tin cn tur, determ i­

natus exaequet fun ftion em  differentiaiem  \p (368- §■)•

3 7 0 . C o r o l l a r i u m  2 .

D a to  Integra!! Z “ f e y  exponentis differentialis e y  duas tresve v a ­

riabiles in v o lv e n tis , fum taque conflante indeternjinata C ,  erit Z  — C inte­

g ra le  com pletum  aequationis differentialis e y  1 = 0 ( 3 6 9 . 362.

371. C o r o l l a r i u m  3,
C riterlum  generale integrabilitatis omnium aequationum  differentia- 

lium  M e u -f-N e v n = :o  inter duas variabiles u ,  v in  eo  confiltet» ut fit 

v€ M £ u t = u£ N e  v :  nulla enim aequatio differentialis hujus gen eris erit per 

fe  Integrabilis, quae h ac proprietate deftituitur (368. 145 . § 0 » quaecunque 

v e ro  aequatio differentialis habuerit hanc p ro p rietatem , erit illa eo ipfo 

per fe integrabilis y a& uque Integrabitur, fi quaeratur integrale Z z==J{Mexi 

N e v )  per (364. $ .) ,  tum  fiat Z  =  C  (370.

C A  P  U  T  VIT. 167

372. Co-



372. C o r o l l a r i u m 4 .

E t  criterium  integrabilitatis aequationum differenti altum U s U - ^ V e r  

-4- Z e z r = : o  inter tres variabiles u, v, z  confiftet in relationibus ve U e u  

t=rl,e V € V ,  7e U e  u ue Z e z , 7a V e  v “ ve Z e z :  aequatio nimirum dif­

fe r e n t ia lis  non erit per fe  in tegrab ilis , nifi fingulae hae relationes in ea 

loeum  habeant (36g. 149. § .) :  quoties vero propofita fuerit aequatio diffe­

re n tia lis  fingulas has relationes o fferen s; to ties erit ea per fe in tegra­

b ilis , eritque ejus integrale com pletum  Z ^ = C ,  fi V ev  -^ Z ez)

per (366. § .)  determ inetur (370. § .).

373. C o r o l l a r i u m  5.
O m nis aequatio differentialis M eu4-N s v := o , ve lM eu +  NVv +  O s z r ^ o ,  

in qua variabiles fu n t fe p a ra ta e  (368. d-ebet effe p e r  f e  in te g r a b i l is ,

ita  ut integrale com pletum  prioris fit "/'M e u +  y N  s v S S  C ,  e t  y W I e u  

4* V/ N  £ v - f  7/ 0  e z =  C  pofterioris (3 7 1. 372. § .).

374. C o r o l l a r i u m  6.

Si aequatio M e u + N f  v ^ o ,  quae dat 111—  non fit arbitra,

r ia , fe d  in  r e f o la t io n e  c u ju sp ia m  p r o b le m a tis  l e g i t im o  r a t io c in io  d e te r m i­

n ata; n e c e f fe  e f t ,  ut ea certae fun & ion i y s = C  variabilium  u , v refpon- 

d ea t, pro qua debet neceffario extare aequatio aliqua differentialis P e u  

-j-Qe v : = uvs y : = : o ,  ita ut fit ve Pe u : = l,« Qe v ( I 45.§ .) *  ig itu r  erit etiam

—  =  ——  , hinc proinde v e l e f t N ~ Q  et M : = P ,  hinc

quoque vs  M ^u^ 2 u<* N e v , ve l debet dari tertia  quaepiam fundtio F  varia­

bilium u, v ,  pro qua fieret N F ^ Q  et  M F : = P ,  hinc ^ e . M F e a

s = « e .N F « v .

375. C o r o l l a r i u m  7.

Quamobrem om nis aequatio differentialis M e u + N e v ^ o ,  ad quatn 

in reCblutione alicujus problematis legitim o ratiocin io fuerit perventum , 

d e b e b i t  effe per fe in tegrab ilis , aut ,  fi non fit per fe integrabilis, pofiibilis 

erit fa& or F , ex quo et data aequatione nafceretur aequatio identica 

MF-s  u + N F s v — o  per fe integrabilis (3 7 1. 374. §.)•
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376. C o r o l l a r i u m g.

Q u aevis aequatio hom ogenea (368- § .)  M s u  - f  N s v ^ o  variabiles

u, v perm ixtas involvens eft talis in d o lis , ut ilia  fim plici fubftitutione no- 
v

vae variabilis z = : - ^ - i n  aequationem identicam  variabiles u , z  feparatas

involventem , adeoque per C 373* § •) integrabilem  poffit transform ari. 

Cum enim in hac h ypothefi M , N fint fun & ion es variabilium  u ,  v et ho- 

m ogeneae et ejusdem  puta mtae dim enfionis (368- §•)> neceffe utique 
e f t ,  ut pro v =  u z ,  hinc s v t = U 6 z  +  z 6 u ,  M , N  abeant in produ& a Pu"*, 

Q u m e x  certis fun& ionibus P, Q  folius variabilis z  in potentiam nm, 

dataque aequatio differentialis abeat in P um e u +  Q  um(u e z  - f  z e  u)z=zot 

ex  qua nafcitur fequens aequatio differentialis variabiles u ,  z  feparatas 
com pie& en s (3 6§. § .) ,  ejusque integralis per (373. §.)•

eu  . Q e z  . . f Q e  z  _
r~ 1 — — o; 1 u +  / y . - f-r—•— .C.

U 1 P - \ - Q . z  ' • ' P + Q z

377.  C o r o l l a r i u m  9.

H oc m odo p o terit quoque aequatio hom ogenea M*u - f  N ev +  O e z i= :o  

involvens tres variabiles perm ixtas u, v, z  (368- §•) transform ari in aliam, 

quae unam variabilem  a reliquis  duabus feparatam co m p le& a tu r, quo ipfo 

ejus integratio ad integrationem  exponentis differentialis involventis duas 

variabiles (362. § .)  reducitur. Si enim M, N , O fint funftiones hom oge- 

neae m ti ordinis (368- 12. 8. §•)> et fiat v := u < p , zz= u /u , hinc sv := u £ (p  

+<P e u , e z ^ u e u  +  ^ e u ;  neceffe e ft , ut pro his valoribus fun&iones 

M, N, O  abeant in produtta P u m, Q u,n, Rum pro certis funftionibus P, Q , R, 

variabilium  (p,/ 1  carentibus tertia variabili u ;  data autem aequatio con ­

vertetur in P u nie u - f  Q u m( u e ( p - f ^ e u )  + R u m( u < / * - f- / is u ) ^ :o ( ex  qua 
fequens prodit aequatio d ifferentialis;

e u  . Qfi<P-{-RejCt 
u * p +  Q e*p +  Rejt — ° ’

378* C o r o l l a r i u m  10.
L ic e t erg o  aliqua aequatio differentialis non fit per fe integrabilia 

C371 • 372- §0  > inde nondum feq uitur, eam abfolute non effe integrabilem : 
fieri enim p o teft, ut certo  modo transform ata reddatur per fe integrabilis, 

ficut e. gr. omnis aequatio hom ogenea in (376. § .).

i  y  3 7 9' Pro.
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379. Probl ema.

Integrare datam quamcunque aequationem differentialem M e u 

+  N e  v ! = o .

S o l u t i o .

1. Ante omnia d ifpiciatur, utrum ea fit per fe in tegra b ilis , et fi eft per 

fe integrabilis, quaeratur ejus aequatio integralis per (3 7 1. § .).

2. Quodfi v ero  data aequatio differentialis non fit per fe  integrabilis 

( 371 • §•)> v id e a tu r , an non certis artificiis ita poflit tran sform ari, u t eo  

ipfo reddatur per fe  integrabilis (378* § • ) :  generales regulae in eum 

finem nullae polTunt praefcribi; particulares autem  m ethodi, quae in fpe- 

cialibus cafibus fu cced u n t, ufu optim e difcuntur. C eterum  conflat ex  

praecedentibus, omnem aequationem  differentialem  per fe non integrabi- 
lem  vel hom ogeneam  efle vel h etero gen eam ; om nem  porro aequationem

hom ogeneam  per (376. § .)  poffe reddi in tegrab ilem , unde e lu c e t, fo las 

aequationes heterogeneas fu p ereffe , pro quibus defiderantur a rtific ia , ope 

quorum  eae reddi queant integrabiles.

3. Quare videatur, an non data aequatio heterogenea fic fit com parata, 

Ut aut ,  reten tis variabilibus u, v , vulgaribus operationibus a lg eb ra ic is , aut 

fubftitutione novae cujuspiam variabilis fic polfit transform ari, ut trans­
form ata vel variabiles feparatas co m p le& a tu r, vel faltem  fit h o m o g en ea : 

cafu enim prim o erit ea per (3 73 . § .)  in tegrab ilis; et cafu altero per 

(376. § .) . Nonnunquam licebit fa& orem  F  quaerere, qui propofitam  aequa­

tionem  h aeterogen eam , li ea per illum  m u ltip licetu r, reddat per (3 7 1 . § .) 

integrabilem  (375- § .) .

4. In defperatis caCbus quaeratur feries, quae variabilem u per alteram  

v ita exprim at, ut ea datae aequationi differentiali fatisfaciat. E apropter 

fingatur effe u r = A  v “ - f  B v “ + I +  C  v °  + 2, +  e t c .,  hinc e u  z=: (x  A  va - x  

+  ( a +  i ) B  va - f  (a  +  2 )C  va + I +  e t c .) e v ,  tum  fubftituantur hi valores loco 

u et e u  in data aequatione M e u - f N £ v = o :  hac enim ratione obtine­

bitur aequatio, «x q u a, vaiore exponentis x  r ite  determ inato, valores 

coefficientium  indeterm inatorum  A , B, C, etc. per (28. vel 29. § .)  poterunt 

derivari.

380. C o r o l l a r i u m  1.

E xem plum  aequationum  heterogenearum  per fe non integrabilium  

(371-§•)> quae fim plici fubftitutione novae variabilis in aequationes identicas
imme-
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im m ediate per (373-  § • )  integrabiles poffunt transformari (379.5. 3. n.), 

o ffert aequatio A f i u 4- m ( B u  +  C  v)  e u —  D s v 4“ n ( B u  +  C v j £ v  = 0 :
s z  - _13 s 11 *

haec en im , pro B u - f  C y ;= :z , hinc e v  = ------^------ , abit in fequen-

tem  aequationem  differen tialem , cujus integraie com p letu m , u t fequitur,

per (373. §•) licu it determ inare.

, ( n z  —  D ) e z  ___
‘ A  C 4 - B D +  (m  C —  n B) z

_ . , n ( A C + B f ) + ( m C - n B ) .z )
C o n f t ^ u  + -----------( m C  — n B )a ------------

- P  C" g - j B ) t  l & L+  BD) ]ogCA(; + Bp +  (mC_ nR)2)|

3 g 1. C o r o l l a r i u m  2.

Unicus cafus in (380. § 0  debet excipi, nimirum quo fit m C ~ n B ,  
n B

adeoque m = —— : h oc a u ta n  cafu determ inato, ob ( m C — n B ) z t = o ,

habebimus in (380.§.) +  adeoque per (373. §.)

erit > •
aequatio integralis

, n ( B u  +  C v ) 2 —  2 D ( B u - f C v )
° + - --------2— C +  B D )--------------

aequationis differentialis

A e u - f "  (B u 4-C v) e u —  D s  v 4- n ( B u4-Cv)e  vJ=:o.
v

383. C o r o l l a r i u m  3.

E xem plum  autem  aequationum  heterogenearum  per fe  non integra- 

bilium (3 7 1. § • ) ,  quae fim ili fubflitutione in aequationes hom ogeneas per 

(376. § .)  integrabiles pofTunt transform ari (379. §• 3. n.) habemus in aequa­

tio n e ( A 4- B u 4- C v ) e u  —  ( D 4 - E u 4 - F v ) e v ^ = :o :  fi enim ponatur A 4- Bu 

4-C v := < p  e t  D 4- E u 4- F v t = (tt, hinc

_ Fe< P '— C eju R e / i — Ee(J>
* u —  B F  — C E ~ ; 6V B F — C E  ; 

abibit data aequatio in hom ogeneam  identicam  (F<P4‘ E ltt)s<p — . (B^t

+  C £ ) £ ,« :=  0.(368. §•)> qua pro z  =  =  D ^ n + f r V '  pec

Y a (376.
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i7a c J  p  u t  vn ;

(276. § .)  obtinetur fequens aequatio in tegra lis , co m p led en s in tegrale per

(373* §•) determinabile.

. f  ( E - f - F z ) e z  «  „

lo g  ^ + v/ F 2* +  ( E — C) z — B

N otetur tamen cafu s, quo fit B F ^ C ^ ,  adeoque B F — C E  =  o  

in expreflionibus pro e u , £ v :  hoc enim cafu abit data aequatio in A  e u
F

+  ( B u - f C v ) e u  —  D e v ------ ( B u  +  C v ) e v s = : o ,  quae per (38o-3 8 i . § . )

eft integrabilis,

383* C o r o l l a r i u m  4.
Exem plum  porro aequationum  heterogene&rtim  per fe non integrabi- 

lium  (3 7 1. § .) ,  quatum conditiones a priori licet determ in are, fub quibus 

illae in hom ogeneas per (376. § .)  integrabiles poflin t transform ari (379. § .
3. n .) , exh ib et aequatio (u a vb +  uc v d̂  e u - f u e v f e v := o .  Si enim in hac 

ponatur v r= rzn , obtinebitur aequatio (a a z ab +  uc z nd) e u  + n \ i e z ntf+1)“ \ s z  

=  0 , quae eo duntaxat cafu erit h o m o gen ea , li fuerit a +  n b t = c  +  n d  

t = e - f  n ( f - + 1 ) — 1 ( 3 6 8 .1 2 .8 . §.)> adeoque ( d — f — 1)  (a —  c) =  (e —  c 
d - c

*— 1)  (d —  b ), et n x = z  ̂ , unde feq uitur: om nem  aequationem  he-

terogeneam  (ua vb -f- uc v d) s  u -f- ue v { e  v — o ,  in qua eft ( d — f — i ) ( a  —  c )
f = ( e  —  c — i ) ( d  —  b ) ,  transform abilem  effe in hom ogeneam  per (3 76 . § .)

a —  c

integrabilem , nimirum pro v : = z d — b , e x c e p tis , ut per fe p a te t, duo-
Q_ -- C O

bus cafibus, quorum  prim o fit Pro a — c ,  et altero

~  ~~q—  Pro d : = b :  his autem  cafibus abit data aequatio in fe-. 

quentes aequationes per (373. §•) integrabiles.

u a~ e e u +  =  0 ; (ua “ e +  0c’' e) « u + v f * b 6 v t = 0 .

384. C o r o l l a r i u m  5.
Integratio datae aequationis differentialis MfiU +  NTs v := :o  per fe non 

integrabilis (3 7 1. § .)  ope faftoris (379. § .  3. n .) e x ig it , ut determ inetur 

fu n ftio  F ,  pro qua aequatio identica IVI F  e u +  N F «  v : = o  fit per fe inte­

grabilis C375 . § .) : quare ,  cum in hac hypothefi debeat fieri ( M ve F  

+  F ve M ) e u ^ = ( N u« F - f  F ue N ) e v  (3 7 1 , § .) ;  habebimus fequentem  aequa­

tionem ,



tio n em , ex  qua fa& or F  deberet e lic i, fi is a priori effet determ inabilis: 

verum  non facile difficultates fu p era veris, quibus haec difquiGtio eft ob­

n oxia.

\  e v  eu  y  * e v  eu

385. C o r o l l a r i u m  6.
/ vg M ue N *\

Interea n otetur cafus p ecu liaris, quo eft ( ------ — -------  J : N  certav. e v eu  s
fu n ftio  folius variabilis u, carens variabili v . Cum  enim  in propofita aequa-

N e v
tione M s u  +  N e v i = o  debeat elfe  M = ----------- , fi hic valor fubftituatui*

e u
uve TT /VcM  up N "\

in  ( 384- §•)> obtinebitur —p —  =  U e u ,  pofito U  =  ---------T u s  ''

Q u am o b rem , quoties caruerit U  variabili v ,  quo cafu in te g ra le /C J e u  per 

c a , quae in praecedentibus funt capitibus tradita, poterit determ inari; toties 
erit l o g F t = / U e u ,  ad eo q u e, fumta bafi e logarithm orum  naturalium,

i r p r e ^ U£U fa fto r , pro quo data aequatio differentialis M e u  +  N e v = 0  

per fe non integrabilis transform abitur in aequationem  identicam

M e^ 1  SU‘ £U +  N e ^ U . e v r = o  per fe  integrabilem  j ipfum  autem  in te­

g ra le  erit id circo ob (364. § ,)

/ U  c u n />  / U  t u ne V/ N  e . ev "N
y N  e . e \  +  J n A e ---------- ------------------- Je U~ C *

386. C o r o l l a r i u m  7.

E xem plo fit aequatio differentialis P v e  u - f  Q «  u - f  s v =  o ,  com ple- 

fte n s fun & ion es quascunque P, Q  variabilis u carentes variabili v. P ofito
/U t\x f P s u  / P f u

]V1 ~  P v +  Q , e t N  —  I ,  a d e o q u e '/ N e  . e v t = vy e  . « v “ v e  ,
SU *11 / U  * u # / P  f u

h i n c u« . y N e  , e v : = v P e  .e u ,  obtinebitur per ( 385. §0  ve 

+  y «
tialis.

C A P U T VII. 1 7 3

/ P f U  . . .
+  '/ « u  Q e  — «C pro com pleto integraii illius aequationis differen-

387. C o r o l l a r i u m  g.

P er (386. § .) poflunt integrari om nes aequationes dlfferentiales for­

mula generali U v « u  +  V v D€U +  T fiV ^ = o  com prehenfae, m odo fun & io-

Y  3 n e s



U  V
nes U , V , T  careant variabili v. Cum  enim  fit -^r- v e u  +  ~  vn«u -f- e v 

=  0 ,  polito z  = i  t obtinebitur aequatio e z — ( n —  0  z  eu

- ( n - i )  y  £U =  °  Per (386. § .) in te g ra b ilis , nifi fors fit n £ = i ,  

quo cafu data aequatio differentialis abit in aequationem  — ^  « u

i £ V
-J- — = o  per (373. § .)  integrabilem .

388* D e  p i n i  t i o .

Aequatio differentialis fecundi o rd in is , feu Aequatio differentia - diffe­

rentialis erit in fequentibus omnis aequatio in ter variabiles quascunque
*  2. a

u , v, z  earumque exponentes differentiales e u ,  « v ,  e z  fecundi ordinis.

389. C o r o l l a r i u m  i„
2 . a  a

S icu t exponentes difFerentiales e u ,  e v ,  e z  fecundi ordinis obtinen­

tur differentiatione exponentium  differentialium  e u ,  « v ,  e z  primi ordi- 

^nis; fic pro om ni aequatione differentiali fecundi ordinis relata ad varia- 
biles u , v ,  z  p o terit cogitari aequatio differentialis prim i ordinis relata

ad easdem variab iles, e cujus differentiatione refultet aequatio differen­

tialis fecundi ordinis datae identica (388- §.)•

390. C o r o l l a r i u m  3.

Om nes aequationes differendo-difFerentiales inter variabiles u, v in 

duas claffes poffunt d iftribui: ad primam d a ffem  pertinent aequationes, 

in quibus alterutra variabilium u vel v pro abfoluta fum itur (4. § . ) ,  quo 

exponens differentialis e u ;= :i  vel e v ^ = i  fiat conftans (8 1 . § .)  et diffe-
2 2

r e n t i o - differentialis aequalis n ih ilo ,  nimirum s u ~ o  vel  e v ~ o :  ad al­

teram  vero claflem  poffunt referri aequationes, in quibus neutra variabi­

lium  u, v  fumitur pro abfoluta, quae idcirco utrum que exponentem  diffe- 
2 z

rentio - differentialem  e u , e v  involvunt.

391. C o r o l l a r i u m  3.

Dum petitur aequatio inter variabiles u , v  carens exponentibus diffe- 

rentialibus harum variabiJiujn, cujus fecundum  differentiale idem  fit cum
data
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data aequatione difTerentio - differentiali, duplici integratione eft op us: 

primum integrale datae aequationis differendo - differentialis eft aequatio 

differentialis prim i o rd in is, cujus differentiatio reftituit datam aequatio­

nem  differentio- differentialem ; fecundum, integrale datae aequationis dif­

feren d o-d ifferen tia lis  eft integrale ejus prim i integralis (389* 368-§0*

392. C o r o l l a r i u m  4.

E ft autem  in tegratio  aequationum differentialium  primi ordinis fem per 

in p o te fta te , ita ut illa omni cafu faltem  per feries poffit perfici (379* SO • 

fecunda in tegratio  cujuslibet aequationis differentio - differentialis poterit 

ergo  pro abfoluta h ab eri, fi prim a illius in tegratio  fuerit in poteftate

(391- §•)• 
393* C o r o l l a r i u m  5.

C eterum  facile ex  ha& enus d ittis  co llig itu r, integrale primum aequatio­

nis differentio - differentialis pendentis a variabilibus u, v ,  in qua variabilis v 
pro abfoluta fum itur, conflantem  indeterm inatam  C e v  debere in volvere , 

u t id com pletum  fit (391. §  ).

S c h  o l i o n .

D efideratur itaque m ethodus inveniendi prima integralia aequationum 

differen tio-d ifferen tia lium  (392. § .) :  ge n e ra lem , quae om ni cafu fucce- 

d a t , nullam habem us : q u are, ne extra  fines egrediam ur, quos in concin­

nandis his inftitutionibus debebamus c o n ftitu e re , indicia immediatae inte- 

grabilitatis aequationum  differentio - differentialium  , m ethodum que in te­

grandi aequationes per fe in tegra b iles , tum  nonnulla artificia breviter ex­

planabim us, quibus aequationes d ifferen tio-differentiales per fe haud inte­

grabiles fic poffunt in certis cafibus transform ari, ut illae eo ipfo reddantur 

integrabiles. Infigne ejusm odi transform ationum  exem plum  offert aequatio 
2

x 2 (a +  b x n) e y  +  x ( c - | - e x n) f i y 6 x - f ( f - f g x n) y e x 2z = o ,  cujus integratio 

com plures celeberrim os A n alyftas ha& enus o ccu p avit, a nem ine vero  adeo 

fim plici, ge n e ra li, perfe&aque m ethodo pertrafrata e ft, ut ejus m editatio­

nes illis poflin t aequiparari, quas C/. P f a f f  in fuis disquifitionibus analy- 

ticis recennfiim e ex p o fu it. Verum  haec interea inta& a cogim ur relin­

q u ere , expofituri in fequendbus, fi iis opus habuerimus.

C A  P U T VII. 175
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3 9 4 . P r o b l e m a .
J 2

Explorare, utrum aequatio differentio - differentialis formae e Z  5=  Me  u 

- f N e v - f P e u e v  +  Q e u 2 - f R e v 2^ = o f i t  per f e  integrabitis.

S o l u t i o .

D ifpiciatur, an fit Q e u ; = ufiM , R e v £ = ve N ,  et  P s u  e v i = ve M e u  

- p s N e v :  nifi enim  hae relationes inter functiones M, N, P, Q , R locum  

habeant, aequatio propofita non erit per fe in tegra b ilis: pro iisdem  vero  

relationibus erit e Z ~ M s u  +  N e v ? = o  primum in tegrale ejusdem  aequa­

tionis C391. 392. I48.§.)»  e x  quo per praecedent praecepta fecundum in­

tegrale  Z ^ = C  debebit derivari.

395. C o r o l l a r i u m  1.

Cum fit ue R e v =  u« *vs N  in (394. § . )  =  ve . ue N  ( 1 4 6 .  § . ) i  erit in
(394, § .) P e u e v = ve M e u - f - e v y ' ue R s v :  11 ergo  fuerit v variabilis ab-

fo lu ta , proinde e v t = i  con ftan s, et e v ^ = o ;  debebit fieri v« P e u « v

7=  ve M e u +  (‘6 P  £ v2.

396. C o r o l l a r i u m  2.
2

A equatio  autem  e Z — o  in (394. §.) erit per fe p rim o - et fecundo- 
in tegrab ilis , id eft, tam prima quam fecunda in tegratio  ejus aequationis

(391 - §•) poterit citra omnem praeviam  transform ationem  p erfici, fi fue­

rit Q e u = l' e M,  R e v  =  ve N , et P e u e \ —  2 ve M e  u;=; ve N e v : erit au­

tem  ejus fecundum integrale per (394. 364. § 0

Z = ' / M  ,  D +  ' / ( N —  y  v +  c .

3 9 7 . C o r o l l a r i u m  3.

Quodfi vero v pro variabili abfoluta fum atur, quo ? v “ i fiat con-
2 •

ftans, et £V =  o ,  habebimus aequationem differentio -differentialem  ge-
2 2

neraliftimae form ae e Z  : =  M a u  +  P e u e v - j - Q e u 2 - f  Re  v2 =  o :  omnis2
aequatio hujus fo rm ae, fi fuerit Q e a = ue M ,  et ve P e u e v ^  ve M e u  

+  ue R e v 2, erit per fe in tegrabilis, prim um que ejus integrale exhibebit 

fequens form ula (394. 395. 393. §0 »  q u ae, ut expendenti p a te t, ita in- 

telligenda e ft , ut in illa pars tertia in certis cafibus poffit aequari nihilo.

Meu - f  ev '/R ev +  ’/ ( e Z  —  uve(M su +  ev '/R ev)) - f  Ce v =  o.

n a C A  P  V  T  VII.
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3 9 8 . C o r o l l a r i u m  4 .

H aec tam en indicia nequaquam dem on ftran t, aequationem  

0397* §•) € "̂e <luoclue fecundo - in teg ra b ilem : poteft enim  ea ob illa indicia 

effe  per fe p rim o -in te g ra b ilis , quin ideo fit per fe etiam  fecundo - integra-
>2r

bilis (394. 397. §.)• S ic  e. g r . aequatio (u5 —  v ) e u  - f  (v —  i ) « u s v  

+  3 u2 e u 2 -f-us v2~ o  dat M := u 3—  v ,  P ^ = v — I , Q := r 3 u 2 , R —  u, ad- 

eoque Q e u : = : us M ,  et ve P e u e v —  ve IVI e u-f- u« R s  v2 : ob has relationes 

eft illa per fe p rim o -in teg ra b ilis , fed non ideo per fe  etiam  fecu n d o -in ­

tegrab ilis ; primum enim  ejus integrale eft ( 397* § •)  aequatio differentialis 

(u 3 —  v )fiu -f-v j3 €  v - f  C s  v  =  o ,  per fe  haud integrabilis (363. § .) ,

3 9 9 . C o r o l l a r i u m  5.

Indiciis quidem , quorum  ope ex relationibus inter fa& ores M, P, Q , R 

co llig i q u eat, utrum  propofita aequatio d ifferen do -differen tia lis formae
% % r
£ Z ^ M 8 U  +  P s u s v - J l - Q s u 2 - f  R s v 2= o  u t  per fe  tam p rim o- quam fe­

c u n d o -in te g ra b ilis , carere poffum us (392. § .)•  ea tam en e x  (394,
2.

<597. § .)  ultro fe o ffe ru n t, nimirum Q s u : = ue M , V* P  s u s v : = 2 ,  vg M e u

400. C o r o l l a r i u m 6.

2 2
A equatio  differentio - differentialis s Z  s=  M e u -j-  P £ U £ V - f - R e v 2J=:«

2.
carens exp on en te differentio - d ifferentiali e v  variabilis abfolutae v ,  et 

quadrato £U2 exponentis differentialis variabilis u , erit per fe p r im o -in ­

te g ra b ilis , fi fuerit U£ M — o ,  et ve P s u e I V I  e u-f- "fiR fi v 2 (397. § . ) :  

debebit erg o  M aut conftans effe quantitas, quo cafu fiet veP 6 u sv= : ueRevaf 

ve l certa fun ftio  variabilis v ,  carens variabili u :  omui vero cafu exprim et 

praecedens form ula (3 9 7. § .)  primum illius integrale com pletum .

4 0 1 .  C o r o l l a r i u m  7 .
z z

E xe m p lo  fit aequatio e Z n = v 2 ( a- } - bvn)£U - f  v (c  -f- e v " ) « D « v  -f-(f 

-J -g v ^ u e v 2 ^ © , in qua eft M : = v 2(a +  bv11), P ~ v ( c - f e v n) ,  R j = ( f + g v n)u j 

hinc vf c M ^ = ( 2 a - f ( n + 2 ) ( n - f  i ) b v n) e v 2 ; v£ P = r ( c  +  ( n +  i ) e v n> v ;  «eR 

= ( f + g v n) 6 U :  iHa ergo fit per fe prim o - in tegrab ilis, debet effe

(4 0 0 .§ .)  c +  (n + i ) e  v n^ = 2 a - f  (n +  2 )(n  +  1) b v n- f f - f  g v n, unde pro cafu 

ejusm odi integrabilitatis obtinemus c = 2 a + f ,  et ( n + i) e = ( n - f - 2 ) ( n + i) b + g . 

Vtlnmtn l  Z  Qua-



Q u apropter, nifi hae relationes inter quantitates a, b, c, e, f, g, n locum  
2

habeant, aequatio e Z = o  non erit per fe in tegrab ilis: pro his autem re ­

lationibus facile per (397. § )  definietur ejus pnm um  in tegrale e Z  — o ,  e t 

e x  hoc per praecedentia praecepta fecundum  ( 9 1 . § . ) ,  licet aequatio 

e Z  =  o  non fit eo ipfo per fe etiam fecu n do -in tegrab ilis. Si enim rela­

tiones inter a, b, c, e, f, g , n p e ta s , pro quibus data aequatio fit per fe 

prim o- et fecundo - in tegrabilis, debebis fum ere aequationem  c - K n - f i ) e v n 

t= 4 a  +  2 ( n - f 2) ( n 4- i ) b v n^ = 2f - i- 2g v n per ( 3 9 9 . e x  qua obtinentur
2 QT

relationes c : = 4 a ; = 2 f ,  et e 2 (n -f- 2) b = — r-2— •
n t  1

E  x e m  p i u m ,
2 Z

P ro  n ~ I  erit aequatio e Z  =  v2(a +  b v) b u  -f- v ( c  + e  v) e u e v  
- f-( f- f-g v )  u e v2; =  o  per fe primo in tegrabilis, fi fuerit c =  2 a  +  f ,  e t

2 e : = 6 b - f g :  pofito igitur c ~ 2 a - f f ,  et e r r ^ b - f ^ g ,  invenietur per

(3 9 7. § .)  pro prim o in tegrali aequatio differentialis e Z = : v 2 ( a - f  b v)« u

+  v ( f + ig v ) u £ V - | - C * v ^ = o , quae non eft per fe in teg ra b ilis : hinc itaque
2

e lu cet, affumtam aequationem  e Z = r o  pro illis relatio n ib u s, quae ipfam 

reddunt per fe prim o- in tegrabilem , non effe per fe etiam  fecundo - inte­

grabilem .

U t nimirum illa fit per fe p rim o - e t fecundo- in tegrabilis, debet 

effe c =  4 a n = 2 f ,  e t e ~ 6 b  =  g :  pro his autem  relationibus erit per

(397. § .) ejus primum integrale com pletum  aequatio differentialis s Z  

=  v 2 (a -l-b v )fiu  +  v ( f - f  lg v ) u « v  4-CfiV =  o ,  feu eZ  =  v 2 (a - fb v )  e u  - f  v 

(2  a + 3 b v}u £ V  +  C«v==:o per (3 7 1. § .)  com plete integrabilis.

4 0 3 . C o r o l l a r i u m  8.

Dum  ergo  integranda fu erit aequatio differentio - differentialis 

£ < ^ = 0  deftituta criteriis in tegrabilitatis, quae adhuc expofuim us, viden-
* •  ̂

dum e r it , aunon ea certis artificiis in aequationem  identicaxn e Z J = o  pof- 

fit transform ari, in qua ea criteria locum  habeant.

403. Probl ema.
*

Integrare aequationem differentio - differ entialem «u +  P e u e v - f - Q e u 2 

4-R e v 2^ = o pro quibuscunque fafforibus  P , Q ,  R independentibus a varia­

bili u.

i 7 8 C A P  U T  Vll.
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S o l u t i o *  <

t .  Confideretur u inftar funftionis variabilis abfolutae v ,  quae per da-

tam aequationem  determinata f it , quo pro certa fu n ftion e Z  independente
2

a variabili u fiat 6U =  Z « v , et s Z  =  ZfiV, hinc e u r = z e v 2 ; erit faftis 

fubftitutionibus z s v 2- f  P Z s v 2 - f  Q Z 2g v z +  R * v 2: = o ,  hinc zr= .— ( P Z  
+  Q Z 2 +  R). '

2. Habebimus ig itu r aequationem  differentialem  prim i ordinis e Z  

+  ( P Z +  Q Z* 4- R ) g v =  o  inter binas variabiles v ,  Z :  quamobrem poterit 

haec aequatio faltem  ope feriei cujuspiam  per praecedentia praecepta inte* 

g ra ri:  invento vero  hoc in teg ra li, eruatur ex  illo  expre/Iio variabilis Z

p e r v ,  atque ea lo co  Z  fubftituatur in e u z = Z s v ,  tum hinc quaeratur u

per praecepta praecedentium  capitum .

4 0 4 . C o r o l l a r i u m  I.
H o c m odo (403. § .)  obtinentur fequentia integralia  com pleta (I) (H) 

(III) aequationum  differentio - differentialium  (1) (2) (3) pro quibuslibet 

faftoribus P , Q , R independentibus a variabili u ,  ubi e denotat bafim loga- 
rithm orum  naturalium .

I. « u +  R « v 2 ~ o .  I. u : = B - f C v — f e v / R e  v .

a . e a  +  Q e ^ = o .  II. u : =  B +  -------
C - h / Q e v

3. fiu +  P fiu ev= :o . III. u = B  ------

e

4 0 5 .  C o r o l l a r i u m  2 .

E o  cafu determ in ato, quo fa fto res P, Q , R etiam a variabili v inde- 

pendentes, ideoque totidem  quantitates conflantes fuerin t; habebimus ob 

(403. § .)  fequentes aequationes: integrale in (3) poteft determ inari per

(253. §•)> ex  iU ° autem poterit elic i exp refllo  variabilis Z  per v ,  qua 

lo c o  Z  in (2) fubftituta, quaeri p o terit u per praecepta praecedentium  

capitum.

I . su  +  P e u e v  +  Q « u 2 +  R e v 2 ; = o .

8. eu— Ze v .  5 / q z I ^ p 2 + r - = C - v .

C A P  U T  VII; ' l79
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406. C o r o l l a r i u m  3.
Q uodfi in fpecie fit R = o  vel Q = o ,  obtinebim us per (405. § .)  fequen­

tia  integralia (f) (II) aequationum  differen tio-d ifferen tia lium  ( 1 )  (2 ), quid­

quid fint quantitates conflantes P , Q ,  R.

1. £U-{-Peuev +  Q eua= :o. I. n = B - { S—~*
e V— C Q

P v

2. 6U -f  P eu e v - t -R sv2:= o .  I I .  u = B  -fJ * - -  b v .
P e  V

407. Problema*

Integrare aequationem differ entio - differ entialem eu  - f P s u c v  +  Qf;  u2 

4 - R e v2= o  pro quibuslibet faStor ibus P ,  Q ,  R inde pendentibus a variabili 
abfoluta v.

Sol ut io.
E x  (403. § .) obtinebimus fequentes aequationes. Cum jam  fa fto re s  

P , Q ,  R careant variabili v ; poterit aequatio differentialis primi ordinis in

(3) per praecepta fuperius tradita in tegra ri: ex integraii porro aequatio­

nis (3) poterit exprim i Z  per u , et hac expreffione lo co  Z  in (2) fubftituta. 
iicebit d e m u m  etiam exponentem  differentialem  e v  in (2 ) per regulas in 

praecedentibus capitibus traditas in te g ra re , hacque ipfa integratione deter­

minare in tegra le  com pletum  datae aequationis differentio- differentialis (1 ) .
2

1. *u +  Peu£V +  Q£U2-fR£v2 =  o.

I SO C A P u  T  VII.

e u
2. 6 V = Z Y '  Z £ z + C p z  +  Q z 2 +  R ) £ u  =  a

4 0 8 . C o r o l l a r i u m  1 .

H inc (4 ° 7 -S O  elicientur fequentes aequationes integrales ( I ) ( I I ) ( lI I )  

aequationum differentio - differentialium (r) (2 )  (3) p erfe& e determinatae, 
quidquid fint faftores P ,  Q ,  R carentes variabili v.

1. £U +  P£U£v=:o» I. v P = B +  f*-------~ ------ 
J  c —yp eu

2. £ U - fR s v 2: = o .  II. v 5=  B  - f  f -Y 7 T — S~ T u ------ T *
« / / ( C  —  2 / R e u )

/ Q i«

3. £U +  Q e u 2 ;=:o. III. v £ = B + ^ - ^ ^ ---------

409. Co-



4 0 9 . C o r o l l a r i u m .  2 ,

S i fa& o res P ,  Q ,  R utraque variabili u ,  v careanfc, totidem  idcirco 

quantitatibus conftantibus aequentur; habebimus ob (407. § .)  fequentes 

aeq uation es, quarum tertia per (254. § .)  integrata dabit expreffionem  va­

riabilis Z  per u ;  hac vero expreflion e in (2 ) fubftituta reddetur exponens

differentialis s v  per regu las praecedentium  capitum  integrabilis.
2.1. eu -f -Peu *v +  Q « u 2 + R e v 2“ 0.
€ U ’ — Z e Z  :

2. e v tz :  3. «u:

C A  P U T  VIL 1 8 1

Z  *  Q Z 2 +  P Z  +  R

4 1 0 ,  C o r o l l a r i u m  3 .

B in i fim pliciores cafu s, quorum  uno eft R p = o ,  e t altero P = 0 ,  feor- 

jfim notari m eren tur: his enim  cafibus nafcuntar ex (409. § .)  fequentes 

aequatione» in tegra les ( I )  (II)  aequationum  differendo - differentialiur» 

i 1)  (2) P1*’ quibuslibet quantitatibus conftantibus P, Q ,  R.
Qu

e
1. eu-fPfiUev + Qeu^O» 1» V : =  B + Q /—^

C

2 .  £ U - f  Q f i U 2 * f R £  v 2 t = o ,  U .

Q u 
C  — Pe

2Q u v 
/ ( C — R e J  

S e h o l i o n  t .

Nonnunquam  po terit integratio  aequationis d ifferen tio- d ifferentialis 

reduci ad integration em  unius tantum aequationis differentialis primi ordi­

n is ,  fi aut prim i exponentes differentiales eu , «v, variabilium u, v, a quibus 

data aequatio dependetr, aut certae variabilium u, v, vel etiam  exponentium  

differentialium  £ u , «v fun ftion es inftar quantitatum variabilium  confide- 

ren tu r, atque hae novis chara& eribus expreffae in data aequatione fubfti- 

tuantur.
 ̂ 2f- 2 t ‘ 2 ^

E. gr. Si in sy^reuev-f- U£V fiat evfrrz, hinc £V =  fz ;  erit£y:=izea
. . __ 2 2 2

-f-uez: ig itu r  £y.—  zu=±:ugv. In ey  t=:£V£U +  £U£V ponatur e v ^ x ,  su —
. 2 . * • ........................

t n t  ey z= :x e z  - f-z e x :  igitur s y — z x ^ r s u e v .
%

,  „  ' 2U2£V£V---2ll£n6V2 _ .
In eV^=---------- ^ ------  — — flat u2; = z  et £v2= x ;  ent 2u£u:=*z*

2   . . ,r ,__ zex —  x e z  x « v2
Sfivtv >— c x :  igitu r e v P ^  ------------ , e t V =  —  = ------*

Z 2, V?
Z 3 i Schu*



S c h o l i o n  2.

N o tet autem  fibi t y r o ,  m ultum  effe in e o  p ofitum , u t  variabilis abfo- 

luta n o fca tu r, ad quam aequatio integranda refertu r, quod quidem in ad- 

plicatione calculi d ifleren tio -in tegralis ad reio lu tion em  problematum ma* 

them aticorum  nullam patitur difficultatem .

E . gr. Si proponatur aequatio A y ms y e z : = y f i x - f £ x e y ,  ea  haud facile  

integrabitur, nifi praevie fc ia s , variabilem  z  abfolutam , adeoque e x p o ­

nentem  differentialem  £ Z =  i  conflantem  e f fe : in hac vero  hypothefi erit

* A  s z
pofito exn=: v, integrale f A y meyszt=^f(yev-\-w ey)} adeoque — — “ y v

+  C e z  :=» y  e x  -f- C  e z .

Si in refolution e cujuspiam problem atis deveniatur ad aequationem2, - v  . : ■ . > , ; .
fcVfX2 —  yfVfiV

y sy z = — — ~ ~ 1  , non adparebit, qua ratione illius in tegra le  poffit
y  ®x

determ in ari, nifi c o n fte t, variabilem  u r = / y e x  pro a b fo lu ta , adeoque e x ­

ponentem  differentialem  e u : = y s x  pro conflanti fuiffe fum tum ; quo cafu
2

erit utique etiam  eu2t= ryzex2 conflans, e tid e o , cum  l i t V « y — ^  —  

habebitur f V s y z = J ^ f  —  - ~ ^ f y e * y : = C —  ~  •

S c h o l i o n  3,

Confideratio haec variabilis a b fo lu tae , cujus primus exponens diffe- 

‘ rentialis z = i  conflans fit, m a xim i eft m om enti in n ego tio  integration is 

aequationum differentio - differentialium . F requenter fane f ie t ,  ut propo- 

fita aequatio d ifferen tio-d ifferen tia lis dependens a quapiam variabili abfo­

luta,  quae nullo m odo videtur effe in tegra b ilis , facile  in teg retu r, fi alia 

aliqua variabilis pro abfoluta fumatur. V erum , u t haec nova variabilis ab­

foluta rite poffit d eterm in ari, neceffe e ft , ut ante om nia data aequatio dif­

feren tio  - differentialis in aliam tran sform etu r, in  qua nulla variabilis fumi- 

tu r  pro abfo luta, quod h o c m odo praeftabitur.

t
f .  D ata aequatio com plectatur e u , e u , sv , denota»te v  variabilem  

abfolutam , e t e v i= r i exponentem  differentialem  conftantem. Cum in hac 

hypothefi. fpe& etur u inftar certae fu n ftion is variabilis v ;  debet effe e u  

:= p $ v , e t e p ;= q s v  pro quibusdam fuo& ionibus p, q variabilis v :  quare,
dum

IS» C  A  P  U T  VIL



C AP V T vn. 18 j
* . \ * *

2.
dum v pro variabili abfoluta fumitur, eft £U ~qev2; fi autem v non fu-

2, Z £ tl£V
meretur pro variabili abfoluta, fieret £Ut=£psv4- p£V~q«v2 +

2. Hinc ( i )  fequitur, transformationem aequationis differentio-diffe-

rentialis, dependentis a variabili abfoluta v et a certa fun&ione u ejus va-
2 2 2

riabilis, fubftitutione fun£ttonis~^-^---- ——  —  £u —  — — loco £U abfolvi.
£V fiV

S c h o l i o n  4.

Quod porro ad dele&nm variabilis pro abfoluta fumendae attinet, quo 

integratio datae aequationis differendo-differentialis facilior reddatur, is 

ingenio ejus, qui integrationem debuerit pedicere, relinquendus eft, cuna 

nulium generale criterium in eum finem liceat aflignare. . N otet tamen fibi 

tyro , aequatione differentio-differentiali per (2. Schol.) transformata non 
facile alium exponentem differentialem pro conftanti efTe fumendntn, quam 

cujus integratio eft in poteftate, cum hac ipfa integratione, quantitas va­

riabilis pro abfoluta fumenda debeat determinari.
2

T, .  ̂ , . T7 £V£U?-f-eU£V34 'V£V2 £U . __
E. g  r. detur integranda aequatio --- 2v37u*-5

eft v variabilis abfoluta, et «v 1 conftans: fafta transformatione per
2 . 2

,  c  £V£U34- 6U8V3 +VfiV^SU---V6USV6V
(2. Schol,) obtinebitur aequatio Vev  =  ---------------------------------------------->

in qua nulla variabilis eft abfoluta. Quodfi jam pars e u s v 3
X  2

4 . V£V2s u ~ e\z(euev-f  veu) numeratoris feorfim confideretur, illico ad-
2

paret, non modo v * u  effe perfeftum integraie fa&oris euev +  veu, fed 

etiam hunc ipfum fattorem fieri aequalem nihilo, fi. ejus integraie veu pro 

conftanti fumatur. Quamobrem, quo fimplicior reddatur expreffio aequa­

tionis integrandae, fumatur v«u pro conftanti, feu Jveu pro variabili ab-

✓ 2 £ V £ U 3------V £ U £ V g V
foluta: erit enim s(v«u)nr£V£u-|-v£Ui=:o, et V s v : = -------- ~fg\jp------- '

Hinc, quia veu, adeoque etiam 2v2eu2 conftans eft, fiet in tegraie/V «v

=  C —  1
2V2* U 2 4 V 2 4V2filla
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* # % ,
Sim ilibus m ethodis fo let peragi in tegratio  aequationum  differentiatium

altiorum  ordinum : quaevis enim aequatio differentialis ordinis n + i  ex . 

prim it e j u s m o d i  aequationem , quae per differentiationem  certae aequatio­

nis differentialis ordinis nti obtenta poteft c en feri, quae idcirco id eft re- 

fpeftu  hujus aequationis, quod aequatio differentio - d ifferen tialis, feu 

a e q u a t i o  differentialis fecundi ordinis refpeft.ii aequationis differentialis pri­

mi ordinis. Cafuni fim pliciflim um  exh ib et aequatio form ae e u := V e v n, in 

qua v eft variabilis abfo lu ta, hinc ev 5= 1 conftans integratio ejus­

m odi aequationis facile perficitur, quaerendo fucceflive exponentes 
n-i a-2 n-3

differentiales eu , e u ,  s u , ------  -  -  e\i fu n ftion is u, ex  quorum ulti-
r

ma determ inatur ipfa fun ftio  u. Si effet s u  =  p e v r, cum fit e v  con-
r r-1 r r-*

l i a n s ,  e t  e u ” «  , e  u  ;  d e b e r e t  u t i q u e  f i e r i  / s u  —  e u ,  e t / p e v r t = r e v r " I y p f i V

—  ( P -fC ^ e v 1'" 1 , pofito / p e v : = P :  igitu r effet e u  = = (P  +  C) 6Vr unde 

m anifellum  f i t ,  qua ratipne ex  s u  =  V { V" exponentes differentiales
Xk ■* x p » ^ n  * 'i
e u ,  s u , ------- eu fucceffive poffint determ inari: erit nimirum e u  =  ( a 4 “

’ n-2
A ) s v n" ' 1 pro e v  et conftante indeterm inata A  : e u = £ v n" 2/ (* « v

4 . A ev)?=(/34- A  v - f - B ) e v n" 2 pro /3==/ a « v ,  e t conftante indeterm inata 

g :°gu s=  e v n'“ 3/(/3fiV +  A vsv - f  .Bev)nn(<y +  £ A v 2 - f  B v +  C )e v n~ 3, pro 

y— f j 3bw conftante indeterminata C: et ita porro.
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C  A  P  U  T  Y I I L

D E

GENERALIBUS QUIBUSDAM CURVARUM PRO- 
P R IE T A T IB  US.

i

G<
4 1 1 . D e f i n i t i o .

reneralis om nium  curvarum  divifio eft in curvas ftm plicis et duplicis cur­

vaturae: om nis curva,  quae tota jacet in uno p lan o , vocatur curva ftmpli- 

cis curvaturae: om nes vero reliquae curvae funt curvae duplicis curvaturas.

Interea de curvis tantum fim plicis curvaturae traftabim us.

4 1 2 .  D e f i n i t i o .

Si in eodem  plano dentur curva Z M P X  (2. F ig .)  et binae reftae  Fig. 2. 

V U , D E  in pun& o A  fefe in terfecan tes, atque ex  A  in refta  V U  ab- 

fcindantur quaecunque partes A Q ,  A N ,  tum  ex pun& is Q ,  N ducantur 

re fta e  Q P ,  N M  parallelae alteri red a e  D E ;  vocabuntur A Q ,  A N  A b . 

fcij/ae, et Q P ,  N M  iis refpondentes Ordinatae feu Applicatae; punctum A  

erit Origo  feu Initium  abfcijfaruni; re fta  vero  V U  appellabitur Linea  feu 

A x is  abfcijfarum, et re& a D E  A x is  ordinatarum,

4 1 3 .  C o r o l l a r i u m .

Situs abfciffae A N  refpe&u originis A  eft fitui abfciffae A Q ,  et litus 

ordinatae Q P  refpefcu Jineae abfciffirum  V U  litui ordinatae N M  e diame­

tro  op pofitus: ea p ro p ter, dum in calculis abfciffae A Q  et ordinatae N M  

fpettantur ut pofitivae, folent abfciffae A N  et ordinatae Q P  prioribus 

oppofitae haberi pro negativis.

4 1  4. D e F  I N I T I  0.  ' Y

Q u aevis abfciffa A Q  et ordinata Q P  fimul vocantur Coordinatae: 

hinc A Q P  eft; Angulus coordinatarum aequalis angulo D A V ,  fub quo 

axes coordinatarum V U ,  D E  fefe interfecant. Sunt autem coordinatae 

A Q ,  Q P  orthogotiae feu rettangulae, v e l obliquangulae, prout illa­

rum angulus A Q P  eft r e & u s , v e l major aut minor re& o .

A  a 2 , 4 1  5. D  £-



41 5,  D e f i n i t i o .

Fig. j .  R e fta  ab tanget datum alicujus curvae arcum  M O X  (3. F ig .)  in punfto

M , fi ea arcui M O X  ita occurrat in pun fto M , ut inter ipfam et «arcum 

nulla refta  per idem punftum  M poflit tran fire ; hinc vocabitur M Pm»« 

Sum  contaffus.

4 1 6 .  C o r o l l a r i u m  x*

Inter innumeras r e fta s , quae dato arcui M O X  in p u n fto  M poffunt 

o ccu rrere , unica tangit arcum in M : poffibile quoque e f t ,  ut aliqua re fta  

c d  arcum M O  curvae M O X  tangat in punfto O ,  quin ideo etiam arcus 

O X  ab eadem refta  tangatur in O. Q uam obrem  dicetur curva M O X  a 

re fla  c d  tangi in pun fto  interm edio O ,  fi re fta  c d  utrum que arcum O  M, 

O X  adjacentem  punfto O tangat in O , arcusque hi ad eandem partem illius 
Fig- 4* refta e  ja c e a n t; fecus enim refta  c d  (4. F ig.) fecabit curvam  M O X , lice t 

fors uterque illius arcus M O, X O  ab ea in O  tangatur.

4 1 7 .  C o r o l l a r i u m  2.

Fig J.6-7.fc. S i ,  fumta in punfto A  reftae V U  (5. 6. 7 . 8 . F ig .)  origin e abfciffarum,

d uftaque ad punftum  M t in quo re fta  T S  arcum M X  ta n g a t, ordinata 

orthogon a M P , abfciffa A P  capiat increm entum  P Q ,  novaeque abfciffae 
A Q  refpondeat ordinata orthogona Q  m ; poterit per punfta M, m duci

refta  R L ,  quae cum  tangente T S  angulum  L M S = R M T  ad punftum  

contaftus M form et: decrefcente P Q ,  decrefcet angulus S M L  =  R M T *  

poteritque is fieri minor dato quovis angulo (4 15 . § .)  Cum igitu r angu­

lus S M L ^ = R M T  aequetur differentiae angulorum  R M P ,  T M P , quos fecans 

R M , et tangens T  M cum  ordinata orthogona M P in punfto con taftus M 
form an t; evidens e ft , fitum tangentis T M  refp eftu  ordinatae orth ogon ae 

M P  ita effe determ inatum , ut angulus T M P  inter tangentem  et ordinatam 

in punfto con taftus aequetur lim iti, ad q u em , P Q  continuo decrefcente, 

angulus R M P  inter fecantem  e t ordinatam eo propius acced at, quo m agis 

minuitur P Q  (68- § .) .

4 1 8 .  C o r o l l a r i u m  3.

E x his manifeftum f i t ,  reftam , quae datum arcum in aliquo p u n fto  M 

ta n g it , non poffe cum  linea abfciffarum V U  con cu rrere, quin punftum  con- 

curfus T  ad eandem partem ordinatae orthogonae M P, ad quam jacet origo  

abfciffarum A ,  vel ad partem oppofitam cad at, prout crefcentibus abfciflis 

Fig.5.6.7.8. A  P ordinatae crefcunt (5. 6. F ig.)>  vel decrefcunt (7. 8> F ig .)
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4 * 9* D e f i n i t i o .

Si re fta  T S  arcum M X  tangat in punfto M , lineae vero abfeifiarum 

V U  occurrat in T ,  ducaturque ad punftum  conta& us M ordinata M P , et 

' re fta  M N  priori T S  perpendicularis, atque lineae abfeiffarum  occurrens in 

N ;  erit T M  Tangens determ inatae lon gitudinis; T P  Subtangens; M N  

N orm alis; et N P  Subnormatis.

4 2 0 . C o r o l l a r i u m  1 .

T a n g e n s  cum fu b tan g en te, e t norm alis cum  fubnorm ali cadunt ad 

partes oppolitas ordinatae orthogon ae M P.

422. C o r o l l a r i u m  a.

D atis ordinata orthogon a M P e t angulo T  M P  inter tangentem  T  M 

e t  ordinatam M P  in p u n fto  con ta& us M , poterit determ inari tangens 
M P

T  M ~  C c T T W P  ; fabtan gen s T  P =  M P . T a n g  T  M P ;  norm alis M N  

M P 
=  s i a T M p  * et ^ n ° rmalis N  P = M P . C ot T  M  P .

4 2 2 . C o r o l l a r i u m  3 .

Si re & a e  c d ,  a b  (3. F ig .)  arcum M O  datae curvae tangant in pun& is Fig. 3. 

M, O ,  ducanturque norm ales M L ,  O N ,  et chorda M O ;  erunt anguli 

c O M ,  a M O ,  L M O ,  N O M  a cu ti: ig itu r fecabunt fefe tangentes c d ,  a b  

alicubi in  e ,  e t norm ales alicubi in n.

423. D e f i n i t i o .

A n gu lu s M n O ,  fub quo norm ales M L , O N  punttis M, O  dati arcus 

M O  alicnjus curvae refpondentes fefe interfecant (422. § . ) ,  fo le t vocari 

Amplitudo  arcus M O : angulus vero c e b ,  fub quo tangentes c d ,  ab duftae 

ad pun&a O , M fefe fecant (422. » eft A n gu lu s inclinationis unius tan­
gentis ad alteram*

424. C o r o l l a r i u m  1.
A m p litudo M n O  cujusvis arcus M o O  aequatur an gu lo  inclinationis 

c e b  tangentis c O  ad tangentem a M : q u are, cum arcus M O  poft pun&utn 

contafrus M verfus O  eo magis d efleftat a tangente M a , isque id circo  eo  

m agis curvetur in M (4 15 . § . ) ,  quo m ajor eft angulus c e M ;  ciarum  eft, 

curvedinem  datae curvae in puncto M ita effe connexam  cum  am plitudine

A  a 3  a rcu s
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arcus M o 0 , ut illa  eo tnajdr debeat cenferi, quae major eft amplitudo M nO  

arcus M O  determ inatae lon gitu d in is, et viciffim .

425. C o r o l l a r i u m  2.

Fig. 1. In circulo ( l .F ig .)  radii r = A C  erunt pro q uolib et arcu PD normales 

pun£tis P , D refpondentes, ipfi radii PC, D C (419 . § .)  ; quodfi. e rg o  fit ar­

cus P D ^ = A ;  erit angulus P C D ; = - ^ -  (5. § . 3<Schol.) amplitudo arcus 

P D = A  (423. §.)•
4 2 6 .  C o r o l l a r i u m  3.

Ubicunque in dato circulo datisque circulis aequalibus fumantur arcus 

aequales utcunque parvi; erunt am plitudines omnium arcuum inter fe aequa­

les (425. § .) :  curvedo igitu r in quovis circulo circulisque aequalibus 

conftans eft, nimirum eadem in fingulis pun ftis peripheriae unius circuli* 
peripheriarum que circulorum  aequalium (424- §•)♦

427. C o r o l l a r i u m  4.

S i v e r o  duo circuli inaequales defcribantur radiis r, R 4 erit am plitudo 

cujuslibet quantum cunque parvi arcus A  in circu lo  radii r ad am plitudinem 

arcus aequalis A  in circulo radii R , licu t eft R ad r (425. § .) :  quamobrem, 
fl curvedines conftantes duorum circulorum inaequalium (426. § .)  inter fe 
comparentur.; debebit effe curved© in circulo radii m inoris major quam ia  

circulo radii m ajoris (424. § .).

4 2 8 .  D e f i n i t i o .

Fig. 3. Circulus curvedinis pro q u ocu n q u e.p u n fto  O  datae curvae Z M O X  

(5 . F ig .)  vocabitur circu lu s, ad cujus conftantem  curvedinem  (426. § .)  
curvedo curvae Z  M O  X  in pun fto  O proxim e a cc e fle r it, ita nim irum , ut

differentia inter hanc et illam curvedinem m inor fit , quam eilet inter ean­

dem curvae Z M O X  curvedinem  et curvedinem  conftantem  cujuscutique 

alterius m ajoris m inorisque circuli (4 2 7 . § . ) :  radius centrum que circuli 

curvedinis pro pun fto  O  datae curvae brevitatis caufa appellabitur Radius 

centrumque curvedinis datae curvae in punfto O.

429. C o r o l l a r i u m  1. .

C ogn itis radiis curvedinum  in duobus pun & is unius cu rv ae , aut dua­

rum diverfarum curvarum ; patebit eo ip fo , in quonam punfto m a jo r, in 

quove minor curvedo e ft: major erit, cujus radius minor fuerit (428.427. § .)

430. Co-
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430. C o r o l l a r i u m  2.

Q uodfi ergo  a pun& o O  verfus Z  fum antur quaecunquae datae curvae 

p u n tta , nofcanturque radii curvedinum  in fingulis p u n ttis ; conftabit eo 

ip fo , an curvatura a pun fto  O  verfus Z  crefcat continuo ve l d ecrefcat, aut 

alterne crefcat et decrefcat; et an eadem fit in pun& is a dato pun& o aequi- 

diftantibus (429. § .) .

431. C o r o l l a r i u m  3.
Si in norm ali O N  dufta ad punftum  co n taftu s O  fum atur pun& um  t, 

e t  radio t O  defcribi cogitetu r circulus O x  cadens intra arcum  O X  datae 

c u rv a e , ducaturque m s tangenti c d  parallela , adeoque norm ali O N  per- 

pendicularis; erit c d  com m unis tangen s arcus O X  et circu li O x :  differen­

tia vero inter curvaturam  curvae Z O X  in puntto O  verfus X  et curvedi- 

oem  conflantem  circuli O x  erit eo m in o r, quo minor fuerit differentia in­

te r  deflexus arcus O X  circulique O  *  a com m uni tangente O  d in region e 
p u n fti con tafru s O ,  quo m inor idcirco fuerit differentia^ m r inter ordina­

tas orthogon as m s ,  r s  arcus O X  et circuli O x  eidern quantumcunque 

parvae abfciffae O s a pun fto  contafrus com putatae refpondentes. Q ua­

p ro p te r , fi conftiterit differentiam  m r  ejusmodi ordinatarum fninorem  effe , 

quam effet differentia inter ordinatam m s arcus O X ,  et ordinatam k s  ve l  

u s  cujuscunque alterius circuli 0/3 vel O y ,  qui majori radio g O ,  vel 

m inori f O  defcriptus con cip iatu r; conftabit eo ip fo , circulum  O a  effe 

circulum  curvedinis in puntto O datae cu rvae (425. § .); et viciffim .

432*  C o r o l l a r i u m  4»

S ic  q u oq u e, fi radio t O  defcriptus circulus 0/3  extra arcum O X  c 

d a t; erit i s ,  ob pares ra tio n e s , circulus curvedinis in pun fto O datae 

c u rv a e , fi differentia inter ordinatam m s arcus O X  et ordinatam  k s  cir­

culi 0/3  eidem  quantumcunque parvae abfciffae O s  refpondentem  m inor 

fu e r it ,  quam effet differentia inter ordinatam m s  arcus O X ,  et ordinatam 

r s  v e l v s  circruli 0 « vel 0 3  quocunque alio radio m inori f O ,  ve l majori 

g O  d efcrip ti; et viciflTm.

433. C o r o l l a r i u m  5.
Q uiscunque idcrirco  circulus radio t O  defcriptus fuerit circulus cur- 

▼edinis in p u n & j 0 ;  debebit is habere arcum in regio n e pun& i con­

tactus 0  adeo vicinum  arcui O X  datae cu rv a e r ut ia te r  illu m  et hunc

arcum
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arcum nullas circu lus polUt tran sire, feu is m inori radio f O ,  feu m ajori 

g O  defcribi cogitetu r (4 3 I. 432. § • ) : ° k  hanc caufam  dicetur circulus cur- 

vedinis datae curvae in punfto O  verfus X  osculari arcum O X ;  hinc ap­

pellabitur is circulus osculator; ejusque radius t O  radius osculi, vel radius 

circuli osculatoris.
4 3 4 .  C o r o l l a r i u m  6 .

Circulus radio t O  defcriptus arcum que O  X  Idatae curvae in O  oscu ­

lans tangit eundem  arcum  in p u n fto  O  interne v e l extern e (433- §•)•

435. The o r e ma.

S i in data curva M O X  fuerit fum m a quadratorum ordinatae m s  et

abfciffae O s  divifa per duplant abfciffam O s  aequalis fummae Z  +  ^  vel 

differentiae Z  —  yf/ duarum quantitatum  Z ,  yp, quarum prior independensJit 
ab abfciffa O s ,  pojlerior vero ita ab ea pendeat, ut decrefcente abfciffa O s  

pofjit yf/ Jieri minor data quavis quantitate; erit Z t = t O  radius circuli cur- 

vedinis in puntto O ,  qui arcum O X  tanget in punSo O  interne cafu primo# 

et externe cafu fecundo.

D e m o n ftr a t i o .
tn s2,4 " u2,

1. P er hypotheflm  erit — — ------ =  Z  +  yf/, hinc m s 2 =  a Z u  —  uz

■f 2 - f  u pro abfciffa O s.£ = u.

rn c — I U2
2. V e l ------------- ----  Z — yls9 hinc m s2 “ 2 u Z — u2— 2\£u.

2 u T r

3. Quodfi jam radio t O  =  Z  c o gitetu r circulus effe defcriptus, in 

quo abfciffae u ^ O s  refpondeat ordinata y = r s ,  v e l y : = k s ;  erit
y z ^=2 Z u  —  u2.

4. Hinc jam p atet ev id en ter, fem per effe m s > y  in prima h yp o th efi 

( i ) ,  et m s < y  in fecunda hypothefi (2 ) :  jn  prima hypothefi jacebit ergo  

arcus circularis radio t O  =  Z  defcriptus alicubi in O *  intra arcum O X  

datae curvae j in fecunda vero hypothefi jaceb it is alicubi in 0/3 extra  ar­

cum  O X .
' - \  * t  ■ ■ '  * t , . * *

5. Ponamus jam  in prima hypothefi ( 1 )  praeter circulum  0 *  radio

t O ~ Z  defcriptum  defcribi circulum  0/3  radio g O ~ Z - f p r o  diffe­

rentia w“ g t  quantum cunque parva; refpondebit in h oc circu lo  abfciffae 

O s = u  quadratum ordinatae k s 2^ = 2 Z u - f  2 w u — u4.

I9» C A  P  U T '  VITI.
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6. Cum  per hypothefim  poffit fieri decrefcente abfcifla u =  O s ;

extabunt abfciflae O s  =  u pro quibus erit m s < k s  in (r)  ( 5 ) ,  unde ne- 

ceffario  feq u itu r, arcum circularem  0/3  radio O g > Z  defcriptum  in re- 

jgione punfri conta& us O cadere extra arcum O X  datae curvae; arcum pro­

inde O u radio t O t = Z  defcriptum in regione punfti con ta& u s O adeo efte 

vicinum  arcui O X ,  ut inter hunc et illum  nuilus alter circulus locum  ha­

beat. V eru m , ut certo conf t et ,  hunc ipfum circulum  Oot effe circulum  

curvedinis in pun& o O , demonftrari adhuc debet, extare abfciflam u ^ : O s ,  

pro qua quantum cunque decrefcente fit m s  —  r s <  k s — m s  (4 3 l.§ .)>  quod 

hoc m odo poteft oftendi.

P er hypothefim  extabit abfciffa u =  O s ,  pro qua,  quantum cunque ea 

d ecrefcat, erit t̂ < 3 ig itu r , fum tis pro m s ,  r s ,  k s  valoribus juxta ( 1 )

(3) (5 )  erit etiam  r s 2 - f  2 k s . r s - f k  s2 > 4 m s z , hinc r s  +  k s > 2 m s ,  et  

ideo etiam  k s  —  m s > m s — rs.

7 . In  fecunda h yp o th efi ( 2 ) ,  d efcrip to 'circu lo  0 / 3  radio t O  =  Z  ob

( 4 ) , defcribatur circulus O y  radio minori O f t = O t  —  f t  —  Z —  u ,  fumta 

quantum cunque exigua differentia « : = t f ;  refpondebit in hoc circulo ab­

fciflae O s - u  quadratum ordinatae u s z ^ = 2 Z u ' — 2 w u —  u2.

8- H in c, quia per hypothefim  p o teft, decrefcente abfcifla u — Os ,  fieri 

• ^ < { 0 , manifeftum f it ,  extare debere abfciflas u ,  pro quibus quantum ­

cunque decrefcentibus fieret u s 2 <  m s2 et u s  < m s  in (7) (2); confe- 

quenter om nem  circulum  radio f O <  Z defcriptum  jacere in regione pun fti 

con ta& us O  intra arcum O X  datae cu rvae; et ideo circulum  0/3  radio 

t O  — Z  extra arcum O X  defcriptum  (4) adeo elTe vicinum  arcui O X  in 

regio n e puncti conta& us 0 ,  ut inter illum  et hunc arcum nullus circulus 

poffit cadere. Q uam obrem , quo certo c o n fte t, circulum  0/3  fore circu­

lum  curvedinis in puncto O ,  oftendi adhuc d eb et, dari abfciiTas u = O s  in 

fecunda hypothefi ( 2 ) ,  pro quibus, quantum cunque eae decrefcant, femper 

iit k s  —  m s <  m s — us.
I

Cum  enim  per hypothefim  poffit fieri e r it , fum tis pro ks,

m s, us valoribus ex ( 3) (a) ( 7 ) ,  etiam  k s 2 - f 2 k s . u s - f u s 2<  4 m s 2, hinc 

k s 4 - u s < 2 m s ,  et ideo k s  —  m s <  m s —  u s .
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436. C o r o l l a r i u m .

Cum  in regione pun tti conta& us O  exten t abfciffae u i = O s ,  pro quibus 

quantumcunque decrefcentibus fem per fit m s  > r s ,  ve l m s <  k s  pro c ir ­

cu lo  curvedinis 0 « vel 0/3  radio t O ^ = Z  d e fc rip to , ob ( n .4 .) ;  patet 

ev id en ter, circulum  curvedinis O a ,  v e l 0/3  radio t O = r Z  • defcriptum  

nullum abfolute arcum habere, quantum cunque parvus is con cip iatu r, qui 

in regione pun iti contaftus O  cum  certa parte arcus O X  datae curvae 

coinciHat, licet is huic arcui adeo fit v ic in u s, ut inter illum  et hunc n u l­

lus arcus circuli poflit ja c e re : circulus idcirco curvedinis in pun£to O  eam 

habet naturam , ut curvedo datae curvae in pun fto O verfus X non fit ea­

dem cum conftanti curvedine ejus c irc u li, fed ad eam tantum proxim e a cce­

dat ,  ita nimirum ut illa ad nullius alterius circuli curvedinem  propius poflit 

accedere (423. § .).

4 D  e f 1 n  r t  i o.

D ifcrim en generale inter Ramos curvarum  in eo  confi f t i t , qnod aliqui 

fint definitae, alii autem  indefinitae longitudinis, nimirum refpeftu  datarum 

lin earum , rettarum  vel curvarum , juxta quas excurrunt. Sic ramus P X  

Fig. a. (2. F ig .)  dicetur in indefinitum excurrere ju x ta  datam reffam  V U ,  fi i?, 

quantum cunque producatur verfus U ,  nufpiatn concurrat cum refta  V U : 
vocabitur porro refta  V U  Afymptotus rami P X ,  fi hic juxta re<5tam V U  in 

indefinitum excu rren s eo propius ad illam acced at, quo magis, verfus U  

producitur. H oc m odo folent concipi rami curvarum  ju x ta  ramos aliarum 

curvarum  in indefinitum excu rren tes, afym ptotique curvilin eae: verum  de 

b is nullibi erit ferm o in fequentibus.

438* D e f i n i t i o .

P oflibile e ft , u t uni eidemque abfciffae in data curva una tantum ordi­

n a ta , pofitiva vel n eg a tiv a , aut plures ord inatae, omnes pofitivae, vel 

om nes n ega tiv ae , aut aliquae pofitivae et aliae n egativae, iliis numero

9- aeqftales, vel inaequales (4 13 . § .)  refpondeant. Sic e. gr. in (9. F ig .)  ab- 

fcilfae A t  una refpondet ordinata, pofitiva t s ;  abfcilfae A r  refpond nt 

duae ordinatae, pofitivae r p , r q ;  abfcifiae A n  refpondent pariter binae 

ordinatae, una pofitiva n m , et altera n egativa  n o ;  ablciffae vero  A k  

refpondent duae ordinatae pofitivae k h ,  k i , et una negari va k I ; et ab- 

fcilfae A e  refpondent quatuor ordinatae p o fitiva e , ea , e b ,  e c , e d , et duae 
negativae e f ; e g .

Om nis
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O m nis linea abfciffarum vocatur generatim  Diam eter curvae , fi fumma 

ordinatarum  pofitivarum  cuivis abfciffae refpondentium  aequetur fummae 

ordinatarum  negativarum  refpondentium eidem abfeiflae- E o autem deter­

m inato cafu , quo ad extrem itatem  cujusvis abfcifiae cu ilib et ordinatae pofi- 

tivae refpondet una ordinata negativa priori aequalis; appellatur ea Diame­

ter abfoluta. D iam eter porro abfo lu ta, ad quam ordinatae funt perpendi- 

cu la res, vocari fo iet etiam A x is  curvae ; et p u n ftu m , in quo curva ab 

ejus axe feca tu r, eft V ertex  curvae. Si denique aliqua curva binas dia­

m etros habeat, quarum quaevis fit parallela ordinatis ad aliam diam etrum ; 

erunt eae Diam etri conjugatae.

4 3 9 .  D e f i n i  t  i o .

Centrum curvae eft p u n ftu m , in quo omnis curvae chorda per ipfum 

tranflens biilecatur,

4 4 0 .  D e f i n i t i o .

Dum  plures alicujus curvae rami in uno pun fto  concurrunt, fefe tan­

g u n t, aut interfecant, dicitur id , im proprio quidem fen fu , ex  pluribus ejus­

dem curvae punftis coalescere, quae nimirum totidem  ejus ramis debentur.

P unftum  cu rv ae , quod ex  pluribus ejusdem curvae pun£tis non coaluit, v o ­

catur fim p lex; om ne v e r o , quod ex pluribus punftis c o a lu it, dicitur mul­

tip lex , atque in fpecie duplex, trip lex , et fic porro.

4 4 1 .  D e f i n i t i o .

A d pun fta  m ultiplicia pertinent pun fta flexu s contrarii; punEta re- Fig. 4. 

g r fffu s , feu cufpides aut punfta reflexionis; et nodi. Si duo arcus M O ,

O X  alicujus curvae ita concurrant in pun fto O , ut refta  c d ,  quae cur­

vam in O  fe c a t, utrum que arcum  I\1 O , X O  in O  ta n g a t, e t ,  dum unus 

arcus M O  parti c O  com m unis tangentis c d  obvertit con v ex ita tem , eam 

alter arcus O X  obvertat parti oppofitae O d  tangen tis; vocabitur O  punffuttL 

fle x u s  contrarii. Quodfi autem uterque arcus eidem parti c O  communis 

tangen tis c d  convexitatem  ob verta t (10. 1 1 . F ig .) ;  erit punftum  duplex O  Fig-10.11. 

Cufpis cu rv ae , feu Punftum regreffus. Punfta denique, in quibus arcus 

curvae fe fe , ut in oc, /3 (9. F ig.) in terfecan t, appellantur N odi.

4 4 2 . D e f i n i t i o .

Aequatio ad curvam  eft aequatio eam relationem  inter curvae coordi- 

natas, ve l quaspiam refta s  lineas angulosque variabiles, et conftantes

B b  2 '  quan-
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quantitates (lineas vel angulos) exp rim en s, per quam natura curvae per- 

fe fte  determ inatur. Hinc defum itur divifio curvarum  in algebraicas et 

transcendentes, prout aequationes ad ilias funt algebraicae vel transcen­

dentes (160. §.)• Curvae porro algebraicae dividuntur in diverfos Ordines, 

ita ut omnis curva fit generatim  nti O rdin is, fi aequatio ad illam eft nti 

ordinis (164. §•)• Om nis demum curva continua e ft , feu regularis, ve l 

dijcontinua feu irregularis: curva continua v o ca tu r , cujus natura per uni­

cam aequationem exp rim itu r: difcontinuae vero c urvae,  quales in fequen- 

tibus haud confiderabim us, appellan tur, quarum variae partes per varias 

aequationes debent exprim i.

443. C o r o l l a r i u m  1*

Form ula generalis omnium aequationum  ad curvas inter binas quas-
x y xy

cunque variabiles quantitates x , y  poteft effe fi
x y

denotet quantitatem  conftan tem , ($ vero  et /i fint fummae omnium ter-
*y

m inorum , in quibus fola variabilis x ,  vel fola y  con tin etu r, et exprim at 

fummam reliquorum  term inorum , utramque variabilem x ,  y  com pleften - 

tium  (442. § .).

4 4 4 .  C o r o l l a r i u m  2 .

Q uaevis variabilium  y ,  x  contentarum  in data aequatione ad curvam ,

p u t a y ,  poteft fpeftari inftar certae fun ftion is alterius variabilis x ,  cujus
2  3

exponentes differentiales ey, e y ,  e y ,  e tc . % ex data aequatione poflint e lic i:  

primus vero exponens differentialis e y ,  prouti is pofitivi vel n egativi va- 
loris fuerit pro certa abfciffa x ,  denotabit, ordinatas y ,  crefcentibus ab- 

fc iffis , crefcere vel decrefcere ( 85- §•)•

4 4 5 .  P r o b i e m a .

Fig. 12. D ata aequatione ad curvam Z M X  (12 . F ig .)  inter ejus coordinatas 

orthogonas x ^ A P ,  y r = M P ,  invenire aequationem ad eandem curvam in­

ter ipfius coordinatas obliquangulas u =  A Q , z = M Q ,  cognito angulo 

( p ^ M Q A  harum coordinatarum.

S o l u t i o .

Cum debeat effe y : = z S i n  (p et x : = u  —  z C o C ty ,  fi hos valores loco 

y ,  x  fubftituas in data aequatione inter x , y ,  obtinebis aliam aequationem

' aequi-
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aequivalentem  inter u et z :  fem per vero  erit C o C (p ~ C o C M  Q  A  fumen- 

dus cum  f i g n o — , ubi angulus (p ^ = M Q A  verfus originem  abfciffarum A  

fu erit obtufus.

446. C o r o l l a r i u m  1.

Eadem  prorfus ratio n e, fi determ inata fit diftantia Q A r ^ a  pun<5ti Q  

ab origin e abfciiTarum A ,  ponaturque y ~ M P ,  x : = A P >  M Q  —  z ,  

M Q A ^ v ,  obtinebuntur valores y ^ = z  Sin y ,  x ~ a — z C o f y ,  pro quibus 
lo c o  y ,  x in data ad curvam  Z X  aequatione inter ejus ordinatas o rth o g o ­

nas x ,  y ,  producetur aequaticTad eandem curvam  inter ordinatas z t = M Q  

fub angulis variabilibus y^ rrlV lQ A  ad datum in linea abfciffarum V U  pun- 

ftum  Q  convergentes,  et ipfos angulos y.

447. C or ol l ar i um.  2.

Com m odiffim e exp lo ra tu r natura curvae ope coordinatarum  ortbogo- 
narum ; deinceps id circo  om nes difquifitiones ad orthogon as coordinatas 

reftrin gem u s, eas ubique, nifi contrarium  n o tetu r, nom ine ordinatarum in- 

te lle ttu r i: facile en im , ubi opus fu e r it, quasvis exprelfiones analyticas, 

c o m p leften tes  coordinatas orthogonas certae c u rv a e , in alias aequivalen- 

t e s ,  quae coordinatas obliquangulas ejusdem curvae com plectantur, lice­

bit con vertere (4 4 5 .§ .) .

4 4 8 . P r o b l e m a .

D ata  aequatione ad curvam R T M S  (13 . F ig.) inter ordinatas x = A P ,  Fig. i j .  

y ^ = M  P pro axe abfcijfarum  V X ,  invenire aequationem ad eandem curvam 

inter ordinatas u “  N Q , z r :  M Q  pro alio axe U u ,  cujus fitu s refpeffu 

axeos V X  ita f i t  determinatus, ut nofcantur, praetbr angulum  X H u t = « ,  

diftantiae perpendiculares N L = b ,  N n 'p : a  novae originis abfcijfarum  N  

ab axibus V X , D E ,

S o l u t i o .

I .  D u ftis  perpendicularibus Pq, Pr ad M Q, U u, invenietur P q = y S i n a j  

M q t = : y C o f a ;  H L ^ - ^ ° ! x - H N —  ^
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i>in oi 7 Sin ot

2. E ft v ero  P r = H P . S i n  P H r = ( H L  + L  A  - f  A P )  S i n * ,  et H r  

H P.  C o f P  H r : per (1 )  fiet erg o  Pr =  b C o f  x  - f  a Sin » - f  x S i n * >
b r c f

H r  —  "sin  t»-----[ - a C o f « + x C o f « ,
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3. D eb et pfcrro effe u — N Q — H r — P q  —  H N ,  et  z r = M Q t = M q

- f P r :  igitu r per (2 ) u;=?(a + x )  C o f « —  ( y  +  b )S in os; z  =  ( y - f b )

C o f a - f  0  +  x )S in « ,

4. E x  his demum aequationibus prodibunt fequentes valores pro y ,  x* 

quos in data aequatione oportebit fubftituere, ut ea det aequationem  inter 

coordinatas u, z .

y t = z C o f a —^ u S in a — b. x ;= :z S in G ;- f - u C o fa — a.

44.9. C o r o l l a r i u m  1.

Q uaecunque re& a fumatur pro axe abfeiffarum datae cu rvae , ejusdem  

fem per ordinis erit aequatio inter coordinatas erth o gon as ejusdem  curvae 

(448. 442. §•).

4 5 0 . C  o r o J l a r i u m  2 .

Solutio  praecedentis problem atis ita eft com parata, ut ea etiam  ad ca- 

fum lineae re& ae R T M S  poffit exten di, quae, fi illa  lineam abfeiffarum 

V X  fecet fub angulo # ~ S T X  in T ,  et  a x e m  ordinatarum D E  in n, 

fitque A n “ e ,  m n “ A P ^ x , dabic aequationem  y  —  e - f x T a n g #  pri­

mi ordinis: aequatio igitu r ad lineam rettam  R T n S  erit primi ordinis
pro quovis pofiibili axe abfeiffarum ( 449.

4 5 1 . C o r o l l a r i u m  3.

Quidquid fint coefficientes a,(3 ,y  in aequatione generali <*4-/3x 

Jf-y y X = o  primi ord in is, p o terit, ductis axibus coordinatarum  V X ,  D E ,

OC OC % mmm
fumi A n  = -------- , e t A T r = - ~ - :  quodfi ergo  ducatur per pun& a n , T

* » 
refta  R T n S j  debebit pro qualibet abfeiffa x = A P  effe ordinata y tz = M P

Ot j3 X .
fc= A  n -f- M m = ----------------- ----- — , hinc a - f / S x - j - y  y = o .  Q u a re , ficut

y y
aequatio ad lineam re£tam fem per eft primi ordinis (450. § •) , ita quoque 

omnis aequatio prim i ordinis debetur alicui lineae re& ae.

452. Coro. l l ari um 4.

Im poffibilis eft linea curva primi ordin is; quocirca curvae infimi o rd i­

nis funt curvae fecundi ordinis (4 5 1. 442, § .) .

453. Pro-
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4 5 3 .  P r o b l e m a .

Dccta aequatione ad curvam Z M X ( 5 -  6. 7. 8 - F ig .)  inter coordinatas*iz-S.6.7t. 

x S = A P ,  y ^ M P ,  determinare angulum  TJY1P inter tangentem  T M  et 

ordinatam  M P  in punffo contaffus M .

S 0 1 u t i o .

1. Si abfciffa x  A  P augeatur increm ento A x : = P Q ,  adeoque o r­

dinata M P ~ y  abeat in m Q , ducaturque per pun&a m , M fecans L R ;  
debebit cotangen s anguli T M P  aequari lim iti, ad quem  cotangens anguli 

B M P  e o  propius a cced a t, quo mirius fit increm entum  A x ; = P Q  abfciffae

x ^ = A P  (417- § 0 -

2. D u fta  autem  M p paraHela axi abfciffarum V U ;  e r itm p  increm en­

tum  (5. 6. F ig .)  vel decrem entum  (7. g. F ig .)  ordinatae y = M P  debitum 

increm en to A x  =  P Q  abfciffae x := :A P :  quare debebit effe per (444- 

157- §♦> 2 ?

m p =  +  A x  - f  A  x 2 -{- ot ~ r  A x 3 - f  « A  x4 - f  e t c ." V
r x  2 e x 2 « x 3 s x 4 y

Sem per vero  eft (5 . 6. 7. 8* F ig.) C o t .R M P = C o t M m p ;= r ^ p  : igitu r
1 jvi p

2 y 4

fem per C o t R M P = ±  A x + 1 ^  A x2 - f  i  ^  A x3 +  « t c .^ ;

eoque ipfo debebit effe ob (r )  per (78- § •)  C o t T M  P g^ H - r adhibito

£ gno +  v e  ̂ — » prout crefcente abfciffa x : = A P  ordinata y ^ M P  cre£  

c it (5 . 6. F ig .)  ve l decrefcit (7 . 8. F ig .).

454. C o r o l l a r i u m f*

A n gu lu s T M P  in puufto contactus M inter tat)gentefn ''|TM  e t  o n

«Knatam M P  ita debet determ inari, ut fit C ot T  M P = :  fum etur au-
e x

tem  e y  cum  fignis con trariis, fi crefcen te abfciffa decrefcat ordinata 

(453- §■)• *

4? 5* C o r o l l a r i u m  2»

Pro fitu tangentis T  M et norm alis M N  refpe& u ordinatae M P  et 

iineae ablciffarum V U  habebimus fequentes expreilion es (454. 4 19 -§•)

T a n g
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T a n g N M P ~ T a n g M T P : = C d t T M P = r ~ 2L .  

T a n g M N P J = T a n g T M  P “ C o t M T P = -
e x

e x

« y

Sin  M T  P =  C o f T  M P =  — ‘ f-

SinTMPs==CofMTP =
e x

/  O y *  +  e x z)
456. C o r o l l a r i u m 3.

P e r  ( 4 5 5 .  § . )  v e r o  e x  (421. § . )  o b t in e b im u s  p r o  t a n g e n te  T M ,  fub-  
t a n g e n t e  T P ,  n o r m a l i  M N ,  e t  f u b n o rm a i i  N P  f e q u e n te s  ex p re f f io n e s .

_ . ' T H s i / C v H * * 1). t p = T T -« y  ey

M N = " ^ - v > y * + s x a). N P ^ ^ L i l .
e x  v e x

4 5 7 .  C o r o l l a r i u m 4 .

P ro p o f i ta  e r g o  a e q u a t io n e  ad  d a ta m  c u rv a m  i n t e r  e ju s  c o o rd in a ta s  y ,  x, 
p o t e r i t  t a m  f i tu s  t a n g e n t i s ,  f u b ta n g e n t i s ,  n o rm a l is ,  e t  fu b n o rm a l is  r e fp e& u  
ordinatae et axeos abfciflarum, quam magnitudo abfo lutaper (8 5- 418- 4 20*

455. 456. § . )  p e r fe& e  d e t e r m in a r i :  id t a m e n  in  fe q u e n t i  c a p i te  u b e r iu s  
e x p o n e t u r .

458. C o r o l l a r i u m  5»
I n d e te r m in a tu m  r e l iq u im u s  in p r a e c e d e n t ib u s  fo rm u l is  (4 5 5 .  45 6 .  § ) ,  

u t r u m  ordinata y ,  an  abfciffa x  inftar variabilis ab fo lu tae  fit fpe& anda  (4. 

ub i  v e ro  illa  ad  h a n c ,  vel h a e c  ad i l lam  v e l u t  certa f u n f t io  ad va r ia b i lem  
ab fo ru ta m  r e la ta  f u e r i t ;  p o t e r i t  ub iq u e  p o n i  s x m  cafu  p r im o ,  v e l e y t r n i  
ca fu  fecu n d o .  I n  ( 4 5 3 .  § . )  t a m e n  p r o  d e t e r m in a t io n e  a l b o r u m  e x p o n e n ­
t i u m  d if fe ren t ia l iu m  e y ,  t y ,  e y ,  e tc .  f e m p e r  d e b e t  ef ie  e x ^ r i  ( 1 5 6 .
157- §•)•

459. C o r o l l a r i u m  6»

Fig. s. 7. O rd in a ta  m Q  (5 .  7 . F i g . ^ o c c u r r i t  t a n g e n t i  T M  p r o d u t t a e  in  pun-

1 f t o  q ,  e f tque  p q t = r M p . C o t  M q p J ^  M p . C o t T  M P ^  i . ~ T  A x ,  ac^ i -
b i to  figno +  ve l  —  , p r o u t  c r e fc e n t ib u s  abfciffis o rd in a ta e  p a r i t e r

c re fc u n t



crefcunt (5. F ig .) ,  vel decrefcunt (7. F ig .) :  cum  igitu r fub iisdem condi-
2  3

tionibus fit m p = +  — A x + - ^ - A x 2 +  * - ^ -  A x 3 +  etc. (453. § .)
—  £ x — 2 e x z —  « x 3 '

, fitque q m  =  p q —  m p (5. F ig .)  , ve l q m ^ r n p * — p q  (7. F ig .)  valoris po-

fitivi pro quovis valore differentiae A x = P Q ;  erit utroque cafu q m = ;  —  
2 3 4
g y  3 { V  4 g y  t ,

------^ A x 2 —  x  — = j A x 3 —  x  — r - A x 4 —  e tc . fem per valoris p o fitiv i, e t
2 £ X £ X 2 £ X

g y
ideo habebit exponens — val or em negativum  (7 7 . § .) .

460. C o r o l l a r i u m  7,

g y  g  y  g y  0
Pari ratione reperies p q  =  +  ^ x , e t m p = = = + -^ -A x  + — ^ A x 2 F i g . f .

g  X  g  X  2  g  X
3 4

3 g y  4 g y
+  x  A  x3 4 - x  ^ A x 4 4 - e t c . , fum to figno +  v e l — , prout cre-

fcentibus abfcifiis A P  ordinatae crefcunt (6 . F ig .) ve l decrefcunt (8. F ig .) :  

q u are, cum iit m q ^ m p  —  p q  in (6. F ig .) , e t m q = p q  —  m p  in (8-F ig .)  

valoris pofitivi pro quovis va lore differentiae A x ; = P Q ;  erit utroque cafu
2  3 4
g  V  3 g V  4 g V

m q — — ^ A x 2- f «  — =^-Ax3 +  a  — j  A x 4 +  etc. fem per valoris pofi-
*2t S X £ x  s X
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t iv i,  quod eft im poffibile quin etiam  — ~  valorem  pofitivum  habeat

( 77- § 0 .
461. C o r o l l a r i u m  8.

D um  cu rv a , ad quam datur aequatio inter ejus coordinatas x , y  con-
Z
gy

cavitatem  vel convexitatem  ob vertit axi abfciffarum , debet efle  — — vai°-S X

ris negativi cafu p rim o, vel pofitivi cafu fecu n do , et viciflim  (4 5 9 -4 6 0 .§ .),
2 '

exponente differentiali g y  ex data ad curvam  aequatione pro e x t = I  de­

term inato (458- §•)•

462. C o r o l l a r i u m  9.
Pars ordinatae m Q  ( 5 .6 .^ .8 .F ig .)  inter curvam  e t tangentem  inter-F ig .j.fij.g .

2 3 4 4 
cepta eft generatim  m q ?=■ 4 - - ~ A x z +  « — ^7 A x 3 4 - x  A x 44- e tc..

X £ X» 6 \
Volumen /. Cc adhi-



adhibito figno —  vel -f"» prout curva concava eft vel convexa ex  parte

lineae abfciffarum (459- 4^°* §•)• diftantia vero  punfti q a punfto con -
A xta6lus M erit omni cafu Mq ^ ^ C Mp ^ - l - p q 2) ^ - — pq
£  X

- ± ^ A x  (459. 460. § .) ,
S X.

4 6 3 .  D e f i n i t i o .

Tjg. 12, Pro ordinatis M Q  (12 . F ig .)  ad datum punctum Q  convergentibus 

(446. § .)  fo let ad Q  duci refta  S perpendicularis ordinatae M Q  , quae 

tangenti T M  produftae in b ,  et normali M N  in n o ccu rrat, quo cafu 

vocatur Q b  Subtangens, et Q n  Subnormalis.

4 6 4 . C o r o l l a r i u m  1 .

Pro z  =  M Q ,  M Q A  — y ,  x ^ = A P ,  y = M P ,  et a = A Q  eft y ~ z  
Sin y , x ^ : a  —  z C o f y ;  hinc e y  =  z e y C o f y  -f- e z S i n y , et e x  ; =  z  e y

Sin-y —  s z C o f y .  E ft autem  tang T M P : =  —  (455. §.)> e t t a n g P M Q  

= - &  adeo^ e ta"8 ™ Q  =  T *ngCTMP +  P M Q )= g nnZ± ^

(5 . §  1. S c h o l.):  quodfi ergo  praecedentes valores in hac exp reflion e lo co  

e y , e x  fubftituantu r, invenietur fequens exp refiio  pro taugente anguli 
T M Q ;  hinc vero reperietur fubtangens Q b  =  z T a n g T M Q ,  et fubnor^

malis Q n ~ --------—  •
l a n g  i  M Q

T a n g T M Q —  Q b « = 7 ? *  < !■ « “

4 C 5 .  C o r o l l a r i u m  2.

A n gulus M Q T  =  y eft in alfumta figura a cu tu s, hinc T M Q  obtu-

fu s; ubi ille  fuerit ob tu fu s, fiet hic acutus: obtufum  effe angulum T M Q ,

z 6 y
adeoque acuturo M Q A , indicabit valor tangentis anguli T M Q , fi is

fuerit negativus.
4 6 6 . C o r o l l a r i u m  3.

D ucatur ex pun tto  Q  ad tangentem  T M b  perpendicularis Q r : = p ;  

erit p = r z S i n T M Q ;  q u are, determ inato finu anguli T M Q  per ejus tan­

gentem  (464. §.)»  fiet
z 2e y  1 

P ' yf z 2 - f  z 2 6 yz)
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4 6 7 ,  C o r o l l a r i u m  4 .

D ata aequatione ad curvam Z M X  inter ordinatas z : = M Q  fub an­

gu lis  variabilibus y =  M Q A  ad datum punftum  Q  co n v erge n te s angulos- 

'q u e  7 ,  fem per poterit reperiri aequatio ad eandem curvam  inter ordinatam

z  e t perpendiculum  p. Cum enim fit —  =  —  / ( z 2 *—  p 2) in (466. § .) , fi
a 7 p

.  .  £ 7j
praeterea e x  data aequatione determ inetur valor pro —  ; obtinebitur ex

e 7
illo  et h oc valore aequatio inter z  et p ,  exclufo  ve l inclufo angulo y ,  

qui h o c  altero cafu e x  hac ipfa aequatione et data facile elim inabitur.

4 6 8 . C o r o l l a r i u m  5.

E t viciUim * fi detur aequatio ad curvam, Z M X  inter ordinatam z t = M Q  

et perpendiculum  p =  Q r ,  p o terit determ inari aeq u atio , faltem  diiTeren- 

t ia lis , ad eandem  curvam  inter z  et angulum  7 i = M Q A .  E ft enim e y

—  — >7 7  ~ • quodfi erg o  ex  data aequatione inter z  e t  p determ i-
Z V ( z  — P J

netur valor perpendiculi p per ordinatam z., isque fubftituatur in £ 7 ; obti­

n ebitur aequatio in ter £ 7 ,  e z  et z ,  unde ope calculi integralis licebit 

quaerere aequationem  inter z  et 7.

4 6 9 .  P r o b i  e m  *•

D ata aequatione ad curvam inter coordinatas x t =  A P ,  y t = M P  (5 . 6. Fig. 5.4. 

F ig .)*  invenire exponentem differentiaiem arcus / i ~ Z M  comprehenfi inter 

ordinatam  M P  et aliam Z C  datam in dijiantia C A  ab origine abfciffa- 

rum A -

3 0 lu  t i o ,

C refcen te abfciffa x t =  A P  increm ento P Q := A x  abeat ordinata y  =  MP 

in y ' = m Q ,  et arcus j i t r r Z M  in ^ Z m :  cum arcus ,^-et ordinata y  

po flin t fpeftari inftar duarum fun ftion um  a b fc if la e x , fi ducatur M p  pa­

rallela a x i abfcifTarum V U ,  e t chorda M m ; erit M p ^ A x ,  A y : = y '— y  

s= :m p , et A p - p — /ttS=:Mom. P ro qualibet idcirco differentia A x ;= P Q

debebit efle  ,
A  /x >  chorda M m , et A /x <5 M q 4 “ q m.

A x
H in c, fumta chorda M m := r>/''(A y2 4 -A x 2) t =  j^ "V ^ (fiy 2 4*£X2) 4-p  A x 2

4 - q A x 3 4 - etc. pro certis coefficientibus p ,  q , etc. independentibus a

C c  2 A x
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A x  (84 -89 . §•)» fumtisque praeterea valoribus pro M q  et m q  juxta  

(462. g ) ,  erit

A y >  j ^ - / ( e y 2 +  £X2) +  p A x z - f  q A x 3- f  etc.

A  2 3
A y  < ““ / ( 6y * + e x * ) ± ^ ~ z  A * 2 +  *  A x 3i e t e .

Debet itaque effe per ( 1 3 1 .  § .)

e y " / ( e y z +  sx3‘).

470.  C o r o l l a r i u m .

Hinc pendet Re&ificatio datae curvae Z M X ,  quae inventione arcus 

j « = Z M  perficitur. Data nimirum aequatione ad curvam inter coordinatas 

y , x ,  quaeratur s y ,  fubftitutoque valore loco  s y  in exprefiione pro s y ,  
quaeratur a r c u s  /*. ope calculi integralis. Ceterum per fe Jiquet, poni

poffe « x  =  i ,  ve l  e y ; = i ,  cum x  vel y  inftar variabilis abfolutae poffit 

fpettari.

4 7 1 .  P r o b l e m a .

Fig. j. 6. D ata  aequatione ad curvam Z  M X  (5 .6 .  F ig .)  inter coordinatas xt=z A P ,  

y  : =  M P , invenire radium curvaturae pro punfilo M .

S o 1 u t i o.

1. D uttis  tangente T M  et normali M N  ad punftum M ,  cogitetur 

abfciffa x  =  A P  augeri incremento A  x  =  P Q ,  tum ducatur ordinata Q  m 

tangenti occurrens in q, et Mp parallela axi abfeiffarum V U ;  erit M p r = A x ,

2 3 3 44 
IVI q r =  A x / ( « y * +  i )  =  A x g (tt, et m q t =  -I- j e y  A x 2 +  a t f y  A x 3 4 - « eyA x4 
+  etc .,  confiderata abfciffa x  inftar variabilis abfolutae, quo fiat e x = z i  
(462. 469. § .) .

2. Sint m k ,  m v  perpendiculares ad tangentem T M  et normalem 

M N ;  erit M v = m k = r m  q. S i n T M  P ,  k q = m q C o f T M P :  ob (1 )  per 

(455. 469. §•) habebimus e rg o  in hypothefi variabilis abfolutae x ,  expo- 

nentisque s x : = l .

M v n =  4 - A x2 +  — ^ A x 3 - f  A x 4 4 - etc.
—  2 s y  s y  e y

k q - +  * y i X A x i + ' i 2 i l A l l J ± “ l z i 2 A x 4 ± e t c .—  2 s y  —  s y  e y  —  '
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3. Eft autem m v : = M k : = : M q i p k q ,  f i g n o — vel +  adhibito, prout 

curva concavitatem (5. F ig .)  vel co n v ex ita tem  (6. F ig  ) obvertit axi ab- 

feiffarum V U :  cum igitur haec ipfa conditio etiam in (2 )  locum  habeat, 

ob ( 1 )  per (462. § . ) ;  erit generatim per ( i )  (2)
Z  3 3

m v  =  f i / i A x - f  - — — A x 24------ —  A x 5 +  etc.
2 s /x e fi

4. Hinc demum (2 )  ( 3 )  pro certis coefficientibus K, L , M, etc. inde- 
pendentibus a A x  fiet

=  K A x - f L A x 2 - t - M A x 3 +  etc.
2 . IVI V _ L  „

Quam obrem , cum differentia A x r = P Q  continuo decrefcente 'etiam  

M v continuo debeat decrefcere , cumque fumma K A x  + L A x 2 -f M A x 3

4- etc. in hac hypothefi poffit valorem induere quovis dato minorem (76. § .) ,  
neceffarium e ft ,  u t ,  admiffa poffibilitate radii curvaturae pro pun& o M,

is fit ob (435. § . )  tM  =  -- £ " —  •

+ g y
472.  C o r o l l a r i u m  1.

Quodfi igitur r “ tM  denotet radium curvedinis in punfto M  datae 

curvae, ad quod dufta fit ordinata y r = M P ;  erit generatim

__ Cgya - f i ) ^
2. Z

,  - — e y  —  g y

Si enim data c u r v a , ’ ut Z M X  in (5. F ig . ) ,  concava fuerit ex  parte
Z

axeos abfciffarum V U ;  erit s y  valoris negativi (461. § . ) ,  proinde fiet 
2,

—  e y  valoris pofitivi: fi vero illa fit convexa e x p a r te  axeos abfciffarum,
X

ut Z M X  in (6. F i g . ) ;  erit quidem e y  valoris pofitivi (4 6 1 ,  §•)» proinde

— e y  valoris n ega tiv i,  fignum tamen —  haud aliud hic indicabit, quam 

radium curvedinis r = t M  h o c  cafu, non verfus axem abfciffarum V U ,  

fed in partem oppofitam puntti M cadere (471. §.).

473* C o r o l l a r i u m  2.
Circulus curvedinis in quovis pun & o M datae curvae radio praecedente 

defcriptus osculabitur arcum Mm interne vel externe inM  (4 7 1 .4 3 5 .4 3 3 .  §•).

C A  P U T  Viti. 20 5
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474.  C o r o l l a r i u m  3.

Ha&enus abfciffam x  inftar variabilis abfoiutae fpe£lavimus, n egle& a -
2

que exponente differentiali e x =  1 et ejus quadrato e x 2 lo co  ——
s x  e kz

Z

retinuimus e y ,  e y  (4 7 1 .  § .  1. 2. n.) : quodfi ergo  indeterminatum veli­

mus relinquere, quaenam variabilium pro abfoluta fumenda fit;  fcriptis

g v  £ v  2
exponentibus — , — -  l o c o  e y ,  e y  in (472. tum redutta expref-

S  X  S  X .

fione radii r p e r  (410. § .  2. Schol.)» erit

(e y 2 +  e x2)^ eu?  „ „
t - — 5------ £-------- =  £— a--------  (4^9- §•)•

e y e x —  e y e x  e y e x — e y e x

475. C  o r o l l a r i u m  4.

Fig*1?* Q u ia ,  fi abfciffa x  ad ordinatam y  ut fun&io ad variabilem abfolu-
2

tam referatur, debet fieri £ y : = : i ,  et £ y = o j  erit in ea hypothefi 

( 474- §0
_ ( e x 2 + 1 ) *   e p?

r »——• —— _  — a *
e x  e x

476.  P r o b l e ma *

Fig. 14. D ata  aequatione ad curvam Z M X  (14 . F ig .)  inter ejus coordinaias 

x t =  A  P ,  y : = M P ;  invenire dijl antias perpendiculares centri curvedinis de­

biti pun&o M  ab axibus coordinatarum  V U ,  D E .

S o 1 u t i  o.

S it  IVI N  n o rm a lis ,  et in hac centrum m  circuli curvedinis debiti

pun& o M ,  r o p ~ z  vero et m q ~ A p ~ u f m t  diftantiae ejus perpendi-

culares ab axibus V U , D E  coordinatarum x ^ :  A P ,  y  M P ; er it ,  ob

„  „  r . P N  (r —  M N ) y  r y  
curvedinis radium r =  m M ,  P p =  - g l T ’ z  ~  ~ ~ m T ^  ~ m 7 T  ~ y ’

r P N
hin c u - = x +  quodfi ergo fumantur valores pro radio r ,  normali

M N ,  et  fubnormali N P  .per (474’ 456. § .)  fiet
e y ( e y 2 + e x 2) £ x r « y 2+ « x 2)

u ^ = x +  \  ---------- z  = — -------------- - —  y-
- e y e x — e y e x  e y e x  —  e y e x
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477.  C o r o l l a r i u m  r,

Data aequatione ad curvam Z M X  inter ejus coordinatas x ^ A P  et
2 .

y n r M P ,  poterunt y  et s y ,  * y  per x  determinari, quo ip fo p o te ru n t

'etiam u =  A p ,  z r r : m p  exp rim i per x :  hac ergo ratione poterunt deter­

minari duae aequationes inter u, z ,  x, ex quibus, eliminando variabilemX* 

unicam aequationem inter u et z  licebit derivare (477; §0*

4 7 H* C o r o l l a r i u m  3.

Si cogitentur radii curvaturae Z R ,  M 'm ', M m  ,  M "m " 'd e b it i  fingulls 

pun6Us datae curvae Z  M X ; jacebunt omnia centra R , m', m, m" in linea 

curva R m S ,  cujus natura per naturam curvae Z M X  perfe&e eft deter­

m inata, ita  u t ,  data aequatione ad cu-rvam Z M X  inter ipfius eoordinaf 

tas x : = A P ,  y ~ M P ,  ex hac ipfa aequatione per (476. 477. § .)  poffit elici 

aequatio ad curvam R m S  inter ejus coordinatas u ~ A p ,  z = m p .

4 7 9 .  C o r o l l a r i u m  3 .

Aequationes in (476. § .)  dant per (474. 469. § .)  u ~ x +  T-^ ~  , et
eu.

— y t  ft fumas su. et multiplices per e x ,  s z  vero ducas in «y,
e/x J

f
illudque produ&um ab> hoc fubtrahas j obtinebis s z s y  —  e u e x  — -------

B fit

( e y i x —  e y e x }  —  (ey^ +  e x 2) ,  u n d e ,  ob (474. 469. § .)  prodit s z s y
e u  _  g y

—  £U £X ^=0, e t  — —  —  — —  • 
e Z ex.

480. T h e o r e m a  

Radius M  m circuli curvedinis debiti punffo M  datae curvae Z M X  tan­

g it  curvam R m s  centrorum curvedinis fingulis curvae Z M X  punffis debi­

torum  (478. §•) *n punffo m , aequaturque Jummae R m  - f  R Z  arcus R n j  
et radii Z R  curvedinis punfto extimo  Z, debitu

D e m o n / l r a t i  o.

1. T a n g a t  re f la  nm arcum R m  in m ; debebit elle T a n g n m  p =  -* -̂,
e z

et  C o t  a N p t r : C o t M N TP  =  (455* §•)♦ igitur erit angulus n m p

complementum anguli m N p  ad unum reftum  (479. § . ) ,  quod eft impoffi- 

b i le , quin tangens n m coincidat cum radio curvedinis M  m.

C A  P  U T  VIIL 20J
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2. D ein d e ,  aequatione pro z  in (479. §.) differentiata, tum reftitutis

valoribus pro e/u e t  r e x  (474. 469. § . ) ,  obtinebitur «r —  ; hinc.
ex

ob f i y ^ i ^ - ( 4 r 9 - § - ) »  adeoque s fi == ~ ~  / ( 6U* +  6 2*) per (469. § .>

erit g r : = / ( £ z *  +  s u 2) exponens differentialis arcus R m  (469. §.). E t  

ideo debet effe r = R m - f  Conft: cum autem pro arcu R m r = o  radius cur- 

vedinis r = M m  fiat r p = R Z ;  debet effe conft Z R ,  et r = M m ^ R m  

+  Z R .
4 8 1 .  T h e o r e m a .

E t  vicijjim , fi curva R r a S  talem fitum  refpeftu datae curvae Z M X  

habeat, u t , dufta ad quodcunque punftum  m tangente M m , haec aequetur 

arcui R m aufto tangente Z  R ; erit quaevis ejusmodi tangens M m radius 
circuli curvedinis debiti punfto  M  datae curvae Z M X , proinde centra omnium  

circulorum  curvedinis fingulis punftis curvae Z M X  debitorum jacebunt in 

curva Z m S .
D e m o n f t r a t i o .

1. Cum per hypothefim M m  tangat curvam R m s  in m ,  pro n — L Ap>

z = m p ,  t i ^ R m , x ^ A P ,  y ^ = M P ;  erit Tang Nmp =  C o t  M N P ^ = : ~  :
sz.

Z & u
tangens N m =  —  e f i ,  e t  fubtangens N p  =  per (455.456. 469. §.).

A , r. M m . s u  , .  u e f i  —  M m e u
2. Adeoque erit P p =  — — — , hinc x s r : -----— ---------- —  ♦ porro

IVT m £ z  —  7. e u
Y ' e j*

3. Quodfi e r g o ,  pro M m ~ k ,  hinc s k z= eju., ob M m  =  R m + Z R

per hyp o th efiu , fumas e x  et e y  in ( 2 ) ,  reperies, ob e ^ ^ z r ^ e z ^ - f - e u 2),

e y __e'u
quotientem —  —  —  •

4. Eft itaque C ot M N  P : =  ob (i)>(3)» quod nequit fubfiftere quin 

fit M N  normalis ad punftum  M  curvae Z M X  (455. § .) .

5. Radius curvedinis debitus pun fto  M  coincidit ergo cum M m ;  eidem 

vero radio aequari reftam M m , fic poteft oftendi. Si capias exponentem

&  V  & IX?*
differentialem « y  in ( 2 ) ,  obtinebis ob (3) k = M m =  — - — -----------

ef i ez .  —  e z e f i
- . y  . ,  Eft
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Eft autem per (3)  ■ ; £X,----- — , unde diiTerentiando produ-
£,« /  (gy-  4" e x zj  r

£ ' 2
2 2 ( « y s x — € X s y ) e V 6 . t t 2 , . .

cftur e/Lisz —  £ Z £ , « , ~ - ^ ---------------- 7 1— 7—  • “ oc Jg!tur vaiore fub-
( e y 2 -f-s x2) 2

(tituto in praecedenti expreffione pro k  obtinebitur radio curvedinis in 

pun & o M  ^474 §.).
4 8 2 .  D e f i n i t i o .

Si linea abfciflarum V U  (15. F ig.)  tangat datam curvam R S i n R ,  fu- f ig . r j.  

maturque pars ejus conftans Z R ,  tum cogitetur ad quodvis punctum m 

ejusdem curvae duci tangens M m  —  R m - f R Z ,  nimirum aequalis fummae 

arcus Rtn et reftae conflantis Z  R; jacebunt punfta extima M omnium tan­

gentium  in certa curva Z M X ,  cujus Evolutam  vocant curvam R m S .  Si, 

in q u iu n t,  concipiatur curvae R m S  filum Z R m S  ita adplicari, ut 

ejus pars Z R  eandem in R tangat;  tum cogitetur extremum Z  aequabiliter 
verfus X  progredi, ut femper pars fili M m  curvam deferens in rectam pro- 

tenfa f i t , quae curvam in m ta n g a t; curva R S evolvatur in lineam reftam 

determinatam per ejus tangentem X S  =  R S - f - R Z ,  pun&umque Z  genera­

bit curvam Z M X :  ob hanc ipfam caufam vocant curvam R m S  evolutam, 

et Z M X  curvam evolutione prioris genitam.

4 8 3 .  C o r o l l a r i u m  1 .

In evoluta R m S  curvae Z M X  jacent centra omnium circulorum cur- 

vedinis fingulis punftis curvae Z M X  debitorum, ita ut, fi ad quodcunque 

pun6tum m evolutae  ducatur tangens M m curvae Z M X  in M occurrens, 

pun&um m debeat effe centrum , et M m  radius circuli curvaturae debiti 

pun tto  M (481* §•)•
/ 484. C o r o l l a r i u m  2.

Data aequatione ad curvam Z M X  evolutione alterius curvae R m S  g e ­

nitam inter coordinatas x n r A P ,  y t = M P ,  poterit,  ob (483*§-)> Pe r (47 *̂

47 7 .  478- §•) determinari aequatio ad evolutam R m S  inter coordinatas 

u ^ A p ,  z - m p .
485. C o r o l l a r i u m  3.

Cum fit tangens M m s = R m  +  Z R  radius curvedinis in puntto M cur­

vae Z M X  (483* §•)> erit quilibet arcus R m  evolutae R m S  algebraice 

rectificabilis, fi radius curvedinis in quovis pun&o M  curvae evolutione 

prioris genitae aequetur funttioni algebraicae.

Vulutnen J. D d  4 8 6. Pl‘0-
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4 8 6 . P r o b l e m a .

Data aequatione ad evolutam RmS inter ejus coordinatas R q = v ,  m q = t ,  

invenire aequationem ad curvam Z M X  evolutione prioris genitam inter ipftus 

coordinatas Z  P : =  x ,  M P =  y .

S o 1 u t io*

i .  Nimirum linea’ abfciflarum R Q  datae evototae R m S  'eft perpendi- 

cularis ad ejus tangentem V U  in R ,  quae lineam abfcilTarum pro curva 

Z  M X  evolutione prioris genita exhibet. Cum jam  fit tangens M m = m R  

- f Z R = r  radius curvedinis in punfto M r pofito arcu R m - s , et Z R = : a ;  

erit r =  s 4-a. Porro eft v : = R q = m p ,  et t = m q = R p  =  A p  —  a :  igl-

Cs +  a ) «x . ( s  4 - a ) 6 y
tur per (479. § .)  reperietur y  : = -----— —  —  v, e t x t = t - | - a — -— -  ■ ■■ •

3. Deinde t =  A p — a t = i r — a dat e t  —  e o ,  et v = R q : =  mp : =  z  dat 

e v ~ e z :  quamobrem r fi pro his valoribus per (480. § .  2. n.)  determines

e t ----- , obtinebis ex (1;

2 1 0  c  A  P U T Vin.

ip . a p

( s - f  a ) e v  t , ( s 4 - a ) e t
y  =  -77— r—;---- rr — Vr e t  x n = t 4 - a ------77— — ---- r - •

(£ c e V }  \ f  t1 +  t \ z)
♦

3. Propofita ergo  aquatione ad curvam R m S  inter coordinatas v r = R q ,  
t s = m q ,  determinetur « t  per s v :  hoc enim valore loco s t  in (2) fubfti- 

tuto obtinebuntur expreffiones pro y , x  per v ,  t, s :  e x  his demum aequatio­

nibus et aequatione inter v, t data licebit eliminare v, t,  eoque ipfo unam 

aequationem inter x  et y  inde derivare, quae tamen ab arcu s =  R m  haud 

liberabitur.

487. C o r o l l a r i u m .

Natura curvae Z  M X  pendet a reftificatione illius evolutae R m S :  fi 

arcus s ^ R m  fuerit funftio algebraica ordinatae m q = t ;  erit etiam aequa­

tio inter x, y  ad curvam Z M X  algebraica, transcendens v e r o ,  fi arcus 

s t = R m  aequatur funftioni transcendenti ordinatae m q : = t  (486. §.)•

488- P r o b l e m a .

5- Data aequatione ad curvam Z M X  (5. F ig.)  inter coordinatas x =  A P ,  

y — M P ;  invenire Jpatium  M P C Z  inter ordinatam  MP  et aliam  Z C  datam  

in dijlantia  C A  ab origine A  abfcijjarum.

S o l u -



S o l u t i o .

Sit fpatium M P C Z = S ,  quod inftar unius funftionis abfciffae x ^ = A P  

poteft fpeftari. Si abfciffa x ~ A P  capiat incrementum A  x — P Q ,  duca- 

'  turque ordinata Q  m, et M p parallela axi abfciffarum V  U, altera vero pa- 

rellela m l  ordinatae M P  occurrat in 1; erit fpatium P M m Q  —  A S ,  m p  

=  A y ,  M p t r r A x ;  hinc A S  > M p Q P  et fimul A S < !  I m Q P  pro qualibet 

differentia A x .  Habebimus igitur A S > y  A x  et fimul A S <  ( y - j - A y ^ A x ,  

unde ob (84* §•) per ( 1 3 1 .  § 0  obtinetur exponens differentialis e S = y « x ,  
cujus integrale aequabitur fpatio S.

489. P r o b l e m a .

D ata aequatione ad curvam A X  (16 .  17. F ig .)  inter ordinatas z : = B C F i g  16.17. 

ad datum punfitum C convergentes et angulos variabiles A C B  =  y ,  quadrare 

/efforem A C B ,  fe u  invenire ejus aream S.

S o l u t i o .

A n g u lu s  y = r = A C B  capiat incrementum B C D ^ A - y ,  et ex punfto  C  

radiis C B ^ z ,  CD  defcribantur arcus circulares B d ,  D b ;  erit D d r z z B b  

^ = A z  differentia ordinatae B C ^ z ,  et area feftoris B C D c z r  A S  differen­

tia areae S z = B C A  (17 .  l8- §•)•' fi ergo  ordinata z  fpeftetur inftar certae 

funftionis anguli y ; poterit poni A z c n a A y  - f  /3 A y 2 - f e fc. (8 4 .§ .) .

Iam vero patet, aream A S  feftoris B D C  pro quovis angulo A y  ita 

fe habere ad areas feftorum circularium B d C ,  b D C ,  ut debeat effe AS >  BdC 

et fimul A S  <  b D C  ( i 6 . F i g . ) ,  vel A S  > b D C  et A S <  B d C  ( i 7 . F i g . ) ;  

ea p ro p ter ,  cum fit £frcus circularis B d = r A y  , B C n = A y .  z ,  et b D ^ r A y . D C ,  

feu b D = A y ( z - | - A z )  in ( i 6 . F i g . ) ,  e t b D “ - A y ( z  —  A z )  in (17 .  F ig.)  per 

(5. § . 3 . Schol.);  debebit effe A S >  £ z 2 A y , e t A S < 3 ^ z 2 A y - f  ( z + £ ( « A y  

4-/3A ,yz 4*et c-))(a A /3A y 3- f  e tc .) ;  vel A S <5 £ z 2 Ay, e t A^* > f z z Ay

4. ( i  (« A y -f- /3 A y 2 +  etc.) —  z)  (a A  y2 +  /3 A y3 4 - etc.).

Eft igitur f iS^=-zZ2 €y (13 1 .  §.)  exponens differentialis areae S ,  cujus 

integratio  dabit idcirco ipfam aream S —  A B C .

4 9 0 . P r o b l e m a .

D ata aequatione ad curvam B P C  ( 18- Fig*)  inter ejus coordinatas rig. ig. 

x r = B a ,  y^ = zaP , cujus revolutione circa axem abfcijfarum A E  cogitetur g e­

nerari corpus rotundum B C D ; invenire foliditatem  ejusdem corporis.

C A P U T  VIII. 2ll
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S o l  u t i o»

Seftio  P m p n P in a perpendicularis ad axem A E  abfcindit fegmentum 

P B p n P m : =  S , quod inftar unius fun&ionis abfciffae x  =  B a  poteft fpe- 

ftari. Si itaque abfciffa x =  B a .augeatur incremento A x  =  a b ,  cogitetur- 

que per punftum b duci feft io  r e s c r  priori parallela; exprimet A S = T p s r  

partem totius corporis comprehenfam inter fettiones P m p n P  et r e s c r ,  

quae idcirco pro quavis differentia A x r r r a b  erit major cylindro bafeos 

F m p n P et altitudinis ab, fimul autem miuor cylindro bafeos r e s c r  et  

ejusdem altitudinis ab: igitur erit pro quavis differentia ab,

A S > P m p n P . A x  et A S <  r e s c r . A x .

Habet ae-tem feftio circularis P m p n P  ordinatam a P r r r y ,  et fe& io  

r e s c r  ordinatam r b = s b ; = r R 4 - P a : = s S 4 - p a : = A y - 4 - y  pro radio: pro 
ratione I : tt radii ad femiperipheriam debet igitur eile P m  p n Pz=7ryr2, et

r e s c r ^ = 7 r ( y - f  A y ) z . Adeoque habebimus etiam

A S  >  *  y 2 A  x et A S  < 7 r y 2 A x  +  2 7 r y A y A x - | - 7 r A y 2 A x .

Quare per ( 1 31 .  § .)  debet effe exponens differentialis g S : = T y * s x ,  

cujus integratio dat foliditatem fegmenti S ^ B P n p m P .

491.  P r o b i  em a.
In  eadem, tiypothefi (490. § . )  invenire fuperficiem rotundam fegm enti 

P B p n P m p .
S o l u t i o .

1. R efla  A F  tangat curvam B C  in P , et abfciffae B b =  Ba-f  ab:=rx-f-Ax 

refpondeat ordinata rb =  rR - f  Kb£=:rR 4 * P a t=  A y - f y ,  quae produfta occur­
rat tangenti A  F  in Q  : pofito igitur arcu B P = , i t  ponatur arcus P r i = A « .

2. Q u are ,  dum curva B C  fua re v d u tio n e  circa axem A E  corpus rotun­

dum C B D  g e n e ra t ,  concipi poteft arcus B P  generare fuperficiem rotun- 

dam fegmenti P B p ,  quae dicatur S ,  arcus ve ro  B r  fuperficiem rotundam 

fegmenti r B s ,  ita ut differentia A S  prioris fuperflciei aequari debeat fu- 

perfkiei rotundae partis hujus fegmenti interceptae inter fe&iones P m p n P, 

r e s c r  in punftis a, b ad axem A E  perpendiculares. *

3. In eadem hypothefi (2 )  generant pars P Q  tangentis A F ,  et chorda 

P o r  conos truncatos P p q Q P ,  P p o s r o P ;  pars vero Q r  ordinatae b r  

produftae in Q  intercepta inter tangentem et curvam generat annulum ra­

diorum r b ,  Q  b.

2 1 a C A P U T  Vllt.
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4. Eft aufcem pro quavis differentia A x  =  a b  abfciflae x =  B a  fuper- 

ficies rotunda A S  in (2) major fuperlicie rotunda coni truncati P o r s o p ,  

et fimul minor fumma fuperficiei rotundae coni truncati, P Q q  p ,  et fuper-

, ficiei planae annuli radiorum r b ,  Q b  in (3).

5. Superficies rotuuda coni truncati P o r s o p ,  fumta ratione i : r  ra­

dii ad femiperipheriam, eft n  (2y  +  A y )  P o r t=r r  (2y  +  A y )  A y 2 +  A x 2).

6. Superficies vero rotunda coni truncati P Q q p  eft 7 r ( 2 y - f A y  

+  r Q ) P Q ;  et fuperficies plana annuli radiorum r b ,  Q b  eft 'it ( 2 y +  2 A y  

• f Q O Q r .

7. Quam obrem , f T / * ( A y z - f  A x 2)  exprimatur per (4 6 g .§ .) ,  et r Q ,  

P Q  in (5)  (6) determinentur ut m q ,  M q  in (462. § . ) ,  obtinebimus ex

( 5 )  (6) (4 )  pro certis coefficientibus k, J, m , -------j;K, L, M, etc. fequentes

expreiiionesv

A  S I> ~ ~  A x /  ( e y 2 -f- «x2) +  k A x 2 4- l A x 34 - t n A x 4 -4- etc.

A S < A x / 1 ( « y 2 + «xa) - f  K  A  x2 - f  L A x T - f  M A x 4 - f  etc.

Per (13 1 .  § .)  eft itaque s S : = 27r y / ' 0 y 2 +  <? x2) s =  2 r y  eft  (469. § ,)  

Exponens differentialis functionis S aequalis fuper/iciei rotundae fegmenti 

P B p , cujus integratio dabit fuperficiem S.
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C A P U T  IX.
D E

Q U I B U S D A M  C U R V I S  S P E C I A T I M .

4 9 2 .  P r o b l e m a ,

,/fdmiJJa refolutione aequationum omnis ordinis, explorare fitum  curvae, ad 

quam data f it  aequatio inter ejus coordinatas x ,  y ,  refpettu axium  harum  . 

coordinatarum.
S o l u t i o .

x  y xy
1. Data ad curvam aequatio fit <x -f- +  "'A— 0 (443* § 0 * quae ita

fit comparata, ut pro vel  y = o  omnes term ini complectentes x c a fu

primo, v e l  y  cafu fecundo, fiant aequales nihilo.

2. Quaelibet ordinata y  exhibet diftantiam perpendicularem unius 

puniti  curvae ab axe abfciffarum; et quaevis abfciffa x  dat diftantiam ejus­

dem puniti  curvae ab axe ordinatarum aequalem diftantiae puniti axeos ab­
fciffarum, in quo ei infiftit ordinata y ,  ab origine abfciffarum (414. 4 1 1 .

447* §•)•

3. Fiat igitur in data aequatione ad curvam ordinata y : = o ;  abibit ea 

in aequationem determinatam a - f < p = o  ob ( 1 ) ,  per quam determinan­

tur abfciffae x ,  quibus refpondent ordinatae y t = o ,  in quarum idcirco 

punitis extim is curva axi abfciffarum occu rr it ,  eundemque fecat vel tan­

git (2). Quaevis ergo  radix realis aequationis x 4 -<p— o ,  pofitiva vel n e­

gativa,  dabit unam abfcilTam x ,  pofitivam vel negativam (413. § . ) ,  aequa­

lem diftantiae unius puniti axeos abfciffarum ab harum origine, in quo 

curva occurrit eidem axi: toties itaque occurret curva axi abfcillarum,
X

quot radices reales habuerit aequatio a  +  fi quae harum radi­

c u m  inter fe aequales fuerint, omnes pofitivae, ve l  omnes n egativae, in- 

d ic iu m e rit ,  totidem curvae ramos in uno eodemque punito occurrere axi
X

abfciffarum: fi autem omnes radices aequationis x - \ - Q ~ o  fuerint ima­

ginariae; fignum erit ,  nullum extare punitum in axe abfciffarum, in quo ei 

curva occurrat.

4- Sic



4. Sic  quoque pro  x ^ o  abibit data aequatio ( 1 )  in aequationem, de*
y

terminatam quae determinat ordinatas refpondentes abfciflis

x = o ,  ordinatas idcirco in origine abfcifFarum coincidentes cum axe ordina­

t a r u m ,  aequales diftantiis totidem' pun&orum hujus axeos ab origine ab­

fciflarum r in quibus ei curva occurrit (2 ) .  Quamobrem occurret curva axi 

ordinatarum in tot pun&is, quot radices reales inaequales habuerit aequa-
y

tio  u-\-fiz= :ot fi quae vero ejus radices reales fuerint aequales, om n esp o- 

fitivae, aut omnes n e g a tiv ae ;  determinabunt hae unum punftum in axe 

ordinatarum , in quo ei totidem rami curvae occ u rren t: fi autem omnes ra­

dices illius aequationis fuerint imaginariae; indicabunt e a e ,  nullum dari 

punftum  in a x e  ordinatarum ,  in quo ei curva polfit occurrere.

5. Denique fumatur quaecunque.determinata abfciffa x tr r  +  a pofitiva

vel n egativ a ,  abibit data ad curvam aequatio ( t )  in aequationem deter­
s a  ±ay

minatam x  <p +  ix —  o.. Quaelibet radix realis hujus aequationis, pofi- 

tiva vel  n e g a tiv a ,  dabit unam curvae ordinatam y ,  pariter pofitivam v e i  

n egativam , refpondentem abfciffae x — _ + ar quo Jpfb- determinabitur unum 

punftum curvae in diftantia x £ = a  ab axe ordinatarum et diftantia y  ab axe 

abcilfarum (2)* Si quae autem reales radices fuerint inter fe aequales,, omnes 

pofirivae vel  omnes negativae;, omnes unum tantum punftum curvae in 

diftantia t = a  ab axe ordinatarum e t  diftantia ab axe abfciffarum deter­

minabunt, in quo totidem curvae rami concurrent:  radices demum omnes 

imaginariae denotabunt, nullum curvae punftum jacere in diftantia x  —  4 - a 

ab axe ordinatarum.
493.  C o r o l l a r i u m ,  r.

Cum aequatio ad curvam inter coordinatas x ,  y  pro y : = o  nequeat elfe 

altioris ordinis, quam eft ipfa curva (442. §.)> nec ulla aequatio determi­

nata plures radices polfit habere, quam unitates exponens ordinis com ple­

b i t u r ,  ad quem ea pertinet (175 . § . ) ? perfpicuum e ft ,  nullam curvam pofie 

axi abfciflarum in pluribus punftis occurrere, quam unitates continentur i t  

exponente ordinis, ad quem curva fpeftat;  fieri tamen poffe, ut aliqua c u r ’ ., 

e i  in paucioribus p u n ft is ,  alia vero in nullo punfto occurrat (492. § .3  n),

4 9 4 * C o r o l l a r i u m  2*

Omnis refta, quemcunque illafitum refpe&u datae curvae habeat, poteft 

fumi p ro  axe abfciffarum (412. § . ) :  impoffibile ergo  e ft ,  ut aliqua refta

datae
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datae cuicunque curvae iu pluribus punftis occurrat, quam unitates habet 

exponens ordinis, ad quem curva pertinet (449. 493. §.)*

4 9 $ .  C o r o l l a r i u m  3*

Re f t a ,  quae per punftum curvae 2fHe'x, ^plex, aut generatim ntttplcx 

tranfit,  cenfenda eft curvae eo ipfo in 2 ,  3, aut generatim n punftis occur­

rere (440. § . ) : quare, cum poffibile fit, reftatn per punftum ntuplex curvae 

ita ducere, ut illa adhuc per aliquod aliud ejusdem curvae punftum tranfeat, 

curvae idcirco ad minimum in punftis numero r.-f-i occurrat, impofiibiie eft, 

ut aliqua curva aut ntuplex punftum liabeat (44o.§.),  cujus index n exponen­

tem ordinis, ad quem curva pertinet (442. § . ) ,  exaequet aut fuperet, -aut 

bina habeat punfta multiplicia, e. gr. punctum mtuplex et aliud rtu p lex, 

quorum indices m-}-r fimul exponentem ordinis curvae fuperent (494. §•).

4 9 6 .  C o i o l l a v i  u n i  4.-

Curvae fecundi ordinis non poliunt habere punfta multiplicia, con- 

fequenter nec cufpides, neque nodos (442. 441. 495. §.) .

4 9 7 .  C o r o l l a r i u m  5.

Curva, ad quam datur aequatio inter coordinatas x ,  y  habebit ramum 

juxta  axem ablciffarum in indefinitum excurrentem, fi abfciiiis x ultra cer­
tum valorem a indefinenter credentibus femper aliquae ordinatae y ,  

omnes pofitivae vel omnes u egativae,  refpondeant: et fi hae continuo

fuerint m in o res; erit linea abfciJlarum afym ptotus ejus rami (492. §. 5. n. 

ct 437* §•)•
498.. C o r o l l a r i u m  6»

Si data ad curvam aequatio fic fit com parata ,  ut determinatae alicui 
abfciffae x ~ k  ordinatae y  reales, una vel  plures, abfciftis vero x r ; k + e

quantitate e quomodocunque parva auctis aut minutis ordinatae tantum 

imaginariae refpondeant; habebit curva unum vel plura puncta in diftantia k 

ab axe ordinatarum ita fejunfta a reliquis ejusdem curvae partibus, ut nul­

lus arcus curvae in iis punftis initium poffit fu m ere, aut terminari (492. g.

5. n . ) : punfta ejusmodi conjugata vocantur.

499. C o r o l l a r i u m  7.

T a n g e n s  ad punftum conjugatum curvae eft imaginaria; et reale cur­

vae pu n ftu m , cui non nifi imaginaria tangens refpondet, debet eJTe conju- 

/gatum (498- 4*5- §0*
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500. P r o b i  e m a.

D a ta  ad curvam aequatione Z z= :o  inter coordinatas x ,  y , determinare 

filum  tangentis et fubtangentis pro dato pitnffo.

S o l u t i o .

1. Sit U V  (19. 20. J i g . )  axis abfeiffarum, et illarum origo  punftum Fig. *s> 

A  vel B. Pun6lum c u rv a e ,  ad quod tangens du&a cogitetur, lit M, deter­

minatum per ordinatam pofitivam vel negativam P M ,  et abfciffam pariter 
pofitivam aut negativam A P  vel B P  (413. § .) .  '

2. Cum data aequatio Z ~ o  com ple&atur fun&ionem  Z  duarum varia­

bilium y , ' x ,  erit ? e Z  -\-xe Z = o  ( 1 4 1 .  § - ) ; ig itu r ,  fi fit * s Z z = A e y  et

xg Z = B s x ,  habebimus ~ 'V ■ —  ■ ^

C A P U T  IX. 5 i 7

«x A

3. Iam v e r o ,  per hypothefin, datur pun&um  contadlus M ,  cis vel 
trans axem abfciftarum U V  ( i ) ,  unde per fe elucetV tangentem T M  cafu 

primo c i s ,  et cafu fecundo trans axem abfeiffarum U V  cadere. Attenda­

tur porro ad exponentem differentialem e y  ex dat^aequatione Z  —  o  de­

rivatum ( 2 ) :  fi enim is pro data abfciffa x =  A P ,  vel x  =  B P ,  et ordinata 

y — M P ,  utraque abfolute fpeftata , pofitivum valorem h a b e a t , vel uega- 

t i vum,  conflabit eo ipfo , crefcente abfciffa x X : A P  vel  x ~ B P  ordina, 

tam y  =  M P  crefcere cafu prim o, et decrefcere cafu fecundo (444. § . ) ;  

confequenter jacebit tangens T  M cum fubtangente T  P ad eandem partem 

ordinatae M P ,  ad quam jacet origo abfeiffarum A  vel B ,  cafu primo, ad 

partem vero oppofitam cafu fecundo (418- §•)•

4. Q uam ob rem , quo fitus tangentis et fubtangentis refpeflu  axeos ab­

feiffarum U V  ordinataeque M P perfe6le definiatur, determinari debet ad­

huc magnitudo abfoluta angulorum M T P ,  T M P :  hi autem determina­

buntur per ( 455- §•)> fi» fpeftata magnitudine abfoluta abfeiffae x et ordi­

natae y ,  exponens differentialis s y  (2) pro illis abfeiffis, pro quibus cre- 

fcentibus decrefcunt ordinatae ( 3 ) ,  cum fignis contrariis fumatur ( 454-SO* 

ita ut fiat

T a n g M T P  =  G o t T M P = - i ~ ^ ;  

T a n g T M P ^ C o t M T P  — H~ ey t

figno —  pro eo cafu adhibito, quo « y  fuerit valoiis negativi (3).

Vohmtn T, E e  S c h o -



S c h o I i o n.

Fig. i ,  E xe m p lo  fit circulus ( i . F i g . )  radio r z =  A C  defcriptus» Si diameter 

A B  fit axis ,  et A  origo  abfciffarum; erit y z t = 2 r \  —  x 2, aequatio ad cir-
T r - •• x j  s x

cu lu m , eaque dabit e y  = -----— ------ E xp refiio  haec retinebit fua figna,

fi etiam — -sy  loco y  fumatur: cum enim e y  ex y = H h ^ ( 2 r x — * 2)

nafcatur; debebit u t iq u e , fumta or d i na t a — y ,  fumi e t ia m — e y .  Quare, 

cum hoc cafu abfciffae negativae locum non habeant, crefcente abfcilfa po- 

fitiva x “ A Q  ufque x : = A C : = r  habtbit e y  valorem pofitivum , eodem 

ve ro  crefcente ultra x ~ A C ^ =  r obtinebit e y  valorem negativum : hinc 

ergo  per (3 )  colrig im us, tangentem U P  et U q  cum fubtangente U  Q  pro 

quovis pun fto  P, q primi quadrantis A D  et quarti A E  ad eandem cum 
origine abfciffarum A  partem ordinatae cadere; tangentem vero V p  et V M  

cum fubtangente V m  pro quolibet punfto p, M fecundi quadrantis D B  et 

tertii B E  ad partem ordinatae ei oppofitam cad e re ,  ad quam jacet origo  

abfdffarum A .  Quodfi demum m denotet angulum ad U  vel V ,  fub quo 

tangens fecat axem et n delignet angulum ad P ,  q ,  M ,  vel p ,  fub 

quo tangens occurrit ordinatae, habebis per (4) fequentes expreffiones, 

figno —  pro fecundo et tertio  quadrante adhibito, ob x = A m > r ,

T a n g m ^ = +  - — —~  • T a n g n ~ +  V

21 8 C A  P u  T  IX.

y — r — x
Pro abfciflifi u  a centro C computatis effet aequatio ad circulum

y,z —ZTz —  ua f hinc ey v= z— -  — -  : erit igitur e y  pro omni abfcilfa et or.

clinata valoris n ega tiv i ,  unde fequitur per ( 3 ) ,  tangentem cum fubtangente 

pro quovis circuli punfto cadere ad partem ordinatae ei oppofitam, ad quam 

jacet centrum C fumtum pro origine abfciffarum: per (4) autem , retenta

praecedente literarum m , n figr.ificatione, habebimus T a n g  tn ~  etv # y
T a n g  u Plura exempla in fequentibus fe fponte offerent,

5 0 1 .  C o r o l l a r i u m  1.

Cognito  fitu tangentis et fubtangentis (5C>o.§), innotefcet eo ipfo 

fitus normalis et fubnoVmalis (420. §  ). Normaiis nimirum cum f^bcormali 

femper cadit «d partem ordinatae illi oppofitam, ad quam cadit tangens 

euin fubtangente: quodfi ergo  immediate ex  data ad curvam aequatione
Z  — O



Z  =  0 flicias differentiando exponentem differentialem e y  (500. § . 2. n .), 

habebit is pro datis coordinatis, abfolute confideratis, valorem pofitivum 

ve l  negativum , qui indicabit, normalem cum fubnormali cafu fecundo ad 

eandem partem ordinatae, ad quam jacet  origo abfcifTarum, et cafu primo 

ad partem illi cppofitam cadere (500. § . g .n .) .

502. C o r o l l a r i u m  3.
Dato fitu tangentis,  fubtangentis, norm alis ,  et fubnormalis

501. §.)» determinabitur per (456. § . )  magnitudo abfoluta harum linea­
r u m,  m o d o ,  fpe&ata magnitudine abfoluta coordinatarum, e y  pro illis ab- 

fc i f lis ,  pro quibus crefcentibus decrefcunt ordinatae, pro quibus idcirco 

« y  valorem negativum induit (444 §.)> cum figuis contrariis fumatur 

(454- §•).
S c h o l i o n »

Sic  e. gr. in (500. § . S c h o l .) ,  fi abfciffae a vertice diametri compu*
• • r v  v 2

ten tu r,  erit in circulo tangens +  "r , fubtangens ~— “—  * ubi

f i g n u m —  adhiberi debet eo determinato cafu , quo fit x > r :  fi autem
r V

abfcifiae com putentur a ce n tro ,  debebit elfe tangens — , et fub-

y z
tangens — — •

03. C o r o l l a r i u m  3.
Si aequatio ad curvam Z = o  det y e Z 4- xfiZ  =  A e y 4 - B e x  : =  o  Fig. 19.20.

e x  e y
(5C0. §. 2. n.), ntque A  =  o  ve l  B = : c ,  adeoque ~  — 0 vel 7 7  =  o  ; 

erit cafu primo T a n g  T M P  (19. 20. F i g . ) , et cafu altero T a n g  M T P  

aequalis n ih ilo;  primo igitur cafu erit tangens perpendicularis ad axem 

abfciffarum U V ,  e t  cafu altero perpendicularis ad ordinatam, proinde 

parallela axi U V .
504. C o r o l l a r i u m  4.

V eru m  fieri poteft, ut utraque pars > «Z et xeZ  aequationis differentialis eZrrro 

aequetur n ih ilo , quo cafu fiet - f -? L = = J L  (503. § . ) :  h oc  cafu aequatio

eZ ^=:o  ad determinandum fitum tangentis haud fufficiet. Sumatur idcirco 

fecunda aequatio differentialis e Z ~ o ,  adeoque >«Z +  2 ye .xs Z - f - xe Z : = o  

(15 2 .  §.)» feU A  e y 2 4- 2 B e y  e x  +  C e x 2 ^ = o ,  fi fit y s Z  r s A e y 2, ye .xe Z
z

s = B e y e x ,  e t xe Z ; = C e x 2: hinc enim nafcetur aequatio quadratica

E e ,  - £
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— h * r r  “  4 *  — r  = o ,  cuius binae radices exhibebunt duos v a le ­
te 1 C e y  1 e y z .

g x
res pro —  ~  T a n g T M  P (500. §. 4* n )• Si utraque radix fuerit realis,

binae tangentes in M  pertinebunt ad binos curvae ramos in M concurren­

t e s ,  punitumque M erit duplex (440. § . ) :  et fi hae radices inter fe aequa*

les fint, unica tangens in M ad duos ramos fefe in M tangentes pertinebit: 

quodfi autem ambae radices fuerint imaginariae; erit M punitum conjugatum 

curvae (499. § .) .

505» C o r o l l a r i u m  5 ,

E t  generatim , fi ex data ad curvam aequatione Z t r r o  per ( 1 5 2' 153 §0
determinentur fucceflive aequationes difierentiales e Z ~ o ,  e Z ~ o ,

e Z = ^ 0  , — -  — e Z  o , fjnguiae vero partes fingularum aequationum

pro dato curvae punito  deprehendantur aequari n ih i lo ; fumatur aequatio 

differentialis ordinis proxime altioris e Z z = o ,  u n d e ,  fingulis partibus e x -
r

ponentis e Z  per (153. § .)  determinatis, tum per potentiam e y r et coeffi­

cientem potentiae g x r divifis,  nafcetur aequatio rti ordinis formae
* S x  s  x 2, s  x r

a 4 - ;3-------  ̂ y — - -j------------- — -------j- ~ o .  Quodfi jam omnes radices hu-e y  e y 2 1 s y r 1
jus aequationis fuerint reales, exhibebunt eae totidem valores reales pro

e x
tangente —  anguli  T M P ,  quo cafu idcirco numero r tangentes ad

totidem curvae ramos in punito M concurrentes pertinebunt, punitum- 

que M erit rt u p l x  (440. § .) :  fi autem omnes radices fuerint imaginariae j 

erit M punitum conjugatum (493. §.)•* in genere demum pro n radicibus 

realibus ejusdem aequationis erit M punitum ntuplex  (440. § .) .

5 0 6 . C o r o l l a r i u m  6.

Hinc patet,  qua ratione liceat explorare, an cu rv a ,  ad quam datur 

aequatio Z ^ = o  inter indeterminatas coordinatas x ,  y ,  punita multiplicia 

habeat, quave ratione coordinatae x ,  y ,  quibus ea punita refpondeant, 

poflint determinari. Sumta nimirum prima aequatione differentiali e Z  

r = iVs Z -4- xe Z ^ o  (152. § .)*  fiat yf Z = o ,  xe Z ~ o ,  ficut eft Z — o, 

tum e x  und trium harum aequationum exprimatur valor alterutrius coor- 

'diuatae x ,  y ,  isque fubftituatur in reliquis duabus aequationibus : quoties 

enim hae aequationes communes aliquas radices habuerint; toties poterunt

per
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w  :

per has radices determinari coordinatae x ,  y ,  quibas refpondent punfla 

m ultiplicia: utrum vero haec punttu fint duplicia, vel triplicia etc. per 

(504. 505. § 0  licebit invefligare.

N 5 0 7 .  C o r o l l a r i u m  7.

Ubicunque adfunt cufpides feu puncta reflexionis, aut punfta flexus 

contrarii, vel n odi, adfunt eo ipfo punfta multiplicia (441. § . ) : qu°dfi 

ergo certo c o n fle t ,  curvam , ad quam datur aequatio, nulla habere punfra 

multiplicia (504. 505. 506. conflabit eo ip fo ,  eandem curvam nec 

cufpides habere, neque pun&a flexus contrarii, vel nodos. E x  eo  tamen, > 

quod aliqua curva puntta multiplicia habeat, haud fequitur, eandem quo­

que cufpides vel punCta f le x u s  contrarii,  aut nodos habere (440. 4 4 i . §  ).

S c h o l  i o n .

Peculiariter idcirco debet invelligari, utrum datum curvae punfrum 

multiplex fit cufpis ,  pun£lum flexus contrarii, vel nodus. Verum has 
aliasque complures difquifitiones genera les , quae, nifi uberius, quam fieri 

fo le t ,  exponantur, tyronem  facile in errorem inducunt, inta&as relinque­

m u s,  ne ab inftituti ratione nimiopere abducamur: iis itaque fubftituemus 

adplicationem praecedentis theoriae ad peculiares quaspiam curvas,  alge- 

braicas et transcendentes, quarum aliquae in fequentibus erunt ufui.

5 0 8 .  D e f i n i t i o .

Inter curvas algebraicas maxime memorabiles funt Seffiones conicae.

C u rv a, cujus naturam exprimit aequatio y z ^ r:p x  inter coordinatas x , y  

reftam que conflantem p ,  vocatur P arabola, et p ejus Faram eter.

5 0 9 . C  o r o l l a r i u m  1.

Sit V U  (21. F ig .)  a x is ,  et A origo abfciffarum, D E  autem axis or- rig. 2i. 

dinatarum; refpondebit in parabola cuivis abfciffae pofitivae x " A P  du­

plex ordinata y = d h v ^ p . A P  (§08- §•) ,  una pofitiva, puta y ~ M P ,  et 

altera negativa y  =  P m ,  priori aequalis, utraque eo m ajo r,  quo major eft 

abfciffa x ^ A P ;  abfciifis autem negativis x = :  —  A e  non aliae quam ima- 

ginariae ordinatae y : =  ^  —  p Ae rcfpondebunt (508 § . ) :  et pro abfciffa 

x ; =  A P ; = 0  fiet etiam ordinata y  == M P =  o  (508 § ) •

' 5 I 0 » C  o r  o l l a  r i u m  2.

Parabola conflat ergo  duobus ramis» A R ,  A S  in origine abfciffarum » 

A  concurrentibus, qui juxta axem abfciffarum V  U  in indefinitum excur-

E e  3 runt,
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#

rtont, eo magis ab eo recedentes, quo m agis verfus U  producuntur. L inea 

ve ro  abfeifiarnm V U  bisfecabit omnem chordam IVI m ei perpendicularera, 

et ideo dividet illa fpatium M A m  in duas partes A M P ,  A m P  congruen­

t e s ,  proinde inter fe fimiles e t  aequales (509. §.). Eapropter appellatur A  

V ertex  parabolae, A U  autem eft ejus Diam eter ab/oluta, et in fpecie 

A x is  (438- §•)'
511» C o r o l l a r i u m  3..

Si ex vertiee A ad quodcunque parabolae punftum M ducatur refta 
AM; erit AM2= M P 24- A P2 : igitur A M2= :(p - fx )  x (508. §.)

513.  C o r o l l a r i u m  4.

T a n g en s  T  M (vel T  m) ad quodvis parabolae punftum  M (vel tn) 

cum fubtangente T  P debet jacere ad eandem partem ordinatae IVI P  (vel 
m P ) , ad quam jacet ejus v e r t e x  A  ; n o r m a l i s  v e r o M N  (vel m N) cum

fubnormali N P cadet ad partem oppofitam (508. 500. §.  3. n.) 501. § . ) :  po- 

fita abfciffa x =  A P , et ordinata yr=:M P, obtinebuntur per (508. 456. 

455- §•) fequentes exprefliones pro ta n g en te ,  fubtangente, normali et 

fubnorm ali,  fituque harum reftarum refpeftu  axeos et ordinatae.

T M = / ( p x  +  4 x 2) ;  T P i = 2 x ;  M N = / ( | p * 4- p x ) ;

N P = i p ;  S i n M T P = C o f T M P = = Y ^ - ^ ~ - ' ) -  

513.  C o r o l l a r i u m  5.

Subnormalis parabolae eft conftans, nimirum aequalia femiparametro; 

fubtangens vero aequatur duplae abfciflae; et tangeus in vertice A  fit per- 

,pendicularis ad axem A U  (512. §.):

514.  C o r o l l a r i u m  6.

Pro arcu ^ = A M ,  c um fit g x  = = -2- ^ (508.  § . ) ;  erit p e r (4 6 9 .5 .)

t  —  / ( p 2 +  4 y 2)» un de, integrando per (289. §•) reperietur arcus

/ x t= Z  +  C  pro q u av is . abfciffa x ^ A P ,  qui pro x  =  0 ,  debebit pariter 

aequari n ih ilo , quo ipfo valor conftantis C  poterit  definiri (238. §.)•

233 C A  P  U  T  IX.
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515.  C o r o l l a r i u m  7.
2

Si quaerantur exponentes differentiales g y ,  e y  pro £ x : = i  ex
2

( 5 ^ 8  §•)» habebit « y  v a l o r e m  p o f i t i v u m ,  e t  e y  valorem n e g a t i v a m ,  p r o  

q u a v i s  abfciffa x ^ = A P :  in p a r a b o l a  e r g o  crefeentibus abfcilfis c r e l c u n t  

o r d i n a t a e  ( 4 4 4 .  § . )  ( p r o u t i  i d  j a m  e x  5 0 9 .  § .  elueet); e t  in quovis punfto 

M o b v e r t i t  p a r a b o l a  c o n c a v i t a t e m  a x i  abfcillarum A U  (461. §•);  radins 

v e r o  c u r v e d i n i s  i n  q u o l i b e t  p u n f t o  M  c o n t i n e t u r  fequenti e x p r e i T i o n e  

( 4 ^ 2 .  § . ) ,  f itq u e, pro x r r r o ,  in vertice A  aequaLis f e m i p a r a m e t r o , .  adeo­

que a e q u a l i s  fubnormali (5 13 .  §-.).

( p  +  4 \Y£

C A P  U T  IX. 2i3

2 p*

516.  C o r o l l a r i u m  £•
Dato radio curvedinis r =  M m  (15 .  F ig .)  pro indeterminato punfto M Fig. 15. 

parabolae Z M X  invenietur aequatio per (484- §•) *d ejus evolutam R m S  

(482. § . ) ,  quae, cum femper fit Z R  +  R m = : r = :  expreffioni algebraicae 

variablis x  (5*5- §-) ? erit algebraice rectiilcabilis, ita  ut quivis arcus fu> 

turus fit R m = r — Z R .

517.  C o r o  l lstriu 111 9.

P ro  fpatlo parabolico A M P  =  S ( 2 1 .  F ig .)  erit e S =  *■' - 3-  ($c8- r iS-8T> 

488- §•)> b in e, cum pro x “ A P = o  debeat fieri S =  A M P  — o ,  inve­

nietur S —  A  M P —  y 3 (247. 2-38. § .)  == | y  x  (5 c g .  S ) 5- <F®tia*n 

5 ^ = A M P  aequatur ergo  duabus tertiis rcftanguli M d A P .

5 1 8 .  C o r o  i i  a r i  u m  i o*

Si pro x —  B a ,  y  =  a P  ( 1 8 - F ig .}  arcus B P  parabolae revolvatur Fig. i* 

circa axem B K ;  nafcetqr conoides paraboiicum B P p  =  S r eritque ejus 

foliditas S t= -i-7 rp x 2 (490 508- §•) • fed etiam fuperficies rotunda ccnoi- 

dis B P p  per C5°8 49I *S») op e calculi integralis facile determinabitur.

S i  9. D e f i n i  t  i o .

Focus parabolae eft punftum a x e o s ,  cui inftflit ordinata ft mi para- >

metro aequalis»

520. Co-



520. C o r o l l a r i u m  r .

Fig. ar. Si F  (21. F ig.)  fupponatur effe focus parabolae, et ordinata y  “  Q F

—  pro A F  =  E  diftantia foci a vertice A  (519 . § ) ;  debebit effe 

£ p 2 — p E  (508. §•) ,  unde obtinetur E  =  £ p ,  et  p V = 4 E .

52 1. C o r o l l a r i  u m 2.

In parabola dat 2 E  fubnortnalem (520. 513.  § . ) ,  quadratum ve ro  cu- 

juslibet ordinatae eft y 2: = : 4 x E  (520. 508- §.)• Q uam obrera, dufta e x  

foco F  ad quodcunque parabolae punftum M refta  F  M ,  cum fit 

F M = / ( M P z - h F P i ) ,  fiet F M  =  x + E ^ A P  +  A F .

522.  C o r o l l a r i u m  3,

Si praeterea ducatur refta  M d  parallela a x i  A U ,  quo' fiat angulus 

d M T = F T M ;  er it ,  ob F  T  = :  F  M ( 5 2 1 .  513. § .)»  etiam angulus 
F M T  =  F T M  =  d M  T :  tangens T M  bifiecat igitur angulum d M F .

5 2 3 .  P r o b l e m a .

Invenire aequationem ad parabolam inter abfcijjas u =  M n  in refta 

M L  a x i  A U  parallela a punfto M ,  cujus dijlantia  M P — a ab axe data  

f i t ,  computatas t  et ordinatas q n r = z  tangenti T M  parallelas.

S o l u t i o .

1. Pro ordinata orthogona y ^ z q q 1 et abfciffa x r = :A q x erit y = a - f  qr, 

et x r = A P  +  u +  nr .

2. Eft  autem A  P =  —- (508. § . ) ,  T P  =  T M  s =  / ( p 2 +  4 a2) 

per (512. § •) ;  hinc, ob .fimilitudinem triangulorum q n r ,  M T P ,  fiet
|)Z  ___ 2 » Z  ___

q i , _  7 (Pa +  4 ai ;  C n r  _̂ ' / C p z +  4 a2)

^  Per ( 2 )  determinabitur y  et x  in ( 1 ) ,  atque his valoribus in 

(5^S- §■) fubftitutis obtinebitur feqnens aequatio.

z , _ ( r l ± i £ ) 0 = 0 .

5 2 4 .  C o r o l l a r i u m .

Cuivis abfciflae u — M n refpondet duplex ordinata, tina pofitiva 

z r r n q ,  et altera negativa z : = : n p ,  priori aequalis: refta  M L  axi A l T 

parabolae parallela biftecat igitur omnem chordam q p  tangenti ad M

paral-
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parallelam; confequenter omnis r e f la  M L  eft una diameter parabolae, 

ficut ad o m n e  pun&um  M una tangens T M  poteft duci (438 §.)•

5 2 5 .  D e f i n i t i o .
b2 x b2 x a .

C u r v a ,  cujus naturam exprimit aequatio y 2 —  — --------- ^7— inter c o ­

ordinatas x , y ,  rcftasque conftantes a, b vocatur Eilipfis.

5 2 6 .  C o r o l l a r i u m  1 .

Sum to in axe abfeiffarum V U  (22. F ig .)  pun&o A pro origine a b fc i f  Fig* 2*. 

larum ; erit in eilipfi ordinata y ~ o  tam pro x  =» o  quam pro abfciffa 

pofitiva x r = a n = A B :  cuivis  autem abfciffae negativae x =  —  A r ,  et po- 

fitivae x t = A r ' > A B = a  refpondebit ordinata y  im aginaria: cuilibet de­

mum abfciffae pofitivae x n r A P  <  A B  —  a refpondebit duplex ordinata, 

una pofitiva y r = M P ,  et altera negativa v =  —  P m  priori aequalis, utra­

q u e ,  abfciffa x = A P  continuo crefcente , primum crefcens ufque dum 
fiat y — 1) C  =  C E  — pr o x — A C  =  |j A B  =  J a ,  tum decrefcens, ab­

fciffa crefcente ultra A C ,  ita ut ordinatae M P ; = m P  et Q p = q p  aequi- 

diftantes a medio punCto C  re f lae  A  B inter fe debeant effe aequales

(525- §•)•
527* C o r o l l a r i u m  2.

Si ducatur chorda m q  veJ M Q  parallela lineae abfeiffarum U V ,  et 

e x  punftis m, q ve l  M, Q  ducantur ordinatae m P, q p ,  vel M P, Q p ,  de­

bebit effe m P ^ = q p ,  et M P ^ = Q p :  ordinatae m P  et q p ,  vel M P et Q p ,  

jacent igitur in aequalibus diftantiis a medio punfto C  reftae A  B (526. § . ) ;  

confequenter refta  D E  in punfto C  ad A  B perpendicularis biffecat om ­

nem chordam m q  v e l  M Q  in n.

528. C o r o l l a r i u m  3.
E t  quaevis chorda m Q  tranfiens per medium pun6lum C  reflae  A B  

biffecatur in C. D uftis enim ordinatis Q p ,  m P  debebit effe C p = C P ,  

eoque ipfo etiam Q C = : m C :  fecus enim effet e. gr. C P  > C p ,  adeoque 

aliqua C a — C p j  hinc ordinata y ^ ? = q p r r = Q p  (526. §.)> proinde angulus 

« C y t ^ Q C p ,  quod eft impoffibile, quin Iit angulus « C y ^ P C m ,  pun- 
ftum que a  in P jaceat.

529. C o r o l l a r i u m  4.
Eilipfis continetur fpatio finito A D B E A ,  habetque quatuor Vertices 

A, B, D, E ,  et duos A x e s  A B : = a ,  D E t = b  in Centro C  fefe bilTecantes,
Voiumtv l .  j - f  quorum
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quorum quivis totam ellipfim in duas partes congruentes, inter fe fimiles 

et aequales dividit (526. 527. 528. 438* 439* § 0 : A B ~ a  vocant axem

principalem , feu transverfum , et D E = b  axem /ecundarium  feu conjuga­

tum (43^. §.).

530, C o r o l l a r i u m  5,

Pro Q p — y ,  A p s = x ,  C p : = u  erit x — £ a - f  u :  pro hoc ergo  va-
b2 u2

l o r e  loco x in (525. §.)  obtinebitur aequatio y 2: = £ b 2 --------—  ad ellip-

firn inter ordinatas y = r Q p  et abfeiflas u : = C  p a centro C computatas. 

v 5 3 1 .  C o r o l l a r i u m  6.

-1 Oj \  ) SX
In (525. §.)  eft e y  —  — - - — —  pofitivi vel negativi valoris,

2 \/ X
prout eft x - < ^ a  vel  x  > £ a ,  abfciiTis x r = A P  vel ~ A p  a vertice A  
computatis: tangens ad quodiibet pun<5tum eUipCeos cum fubtangente ca­

det ergo ad eandem partem ordinatae, ad quam jacet origo  A  abfciffarum,. 

vel ad partem oppofitam, prout pun£tum conta&us in primo quadrante A D  

aut quarto E A ,  vel in fecundo D B  aut tertio B E  jacuerit (500. § .  3-n.).

533* C o r o l l a r i u m  7.
r.. • ,  ,0  ̂ . 2 b U« U
Sic etiam ex (530. §>.) obtinebitur e y  =  —  pro qua­

vis abfcifta u a centro C computata valoris n eg a tiv i; unde per(5oo. §. 3. n.) 

fequitur, tangentem ad quodvis punftum ellipfeos cum fubtangente cadere 

ad partem ordinatae illi  oppofitam, ad quam jacet centrum C.

533. C o r o l l a r i u m  8*

Sumtis abfciffis u a centro com putatis, fi T  tangentem , s T  fubtan- 

ge n te m , N  norm alem , et sN fubnormalem d en o te t ,  obtinebimus ex (532.

502. §.). fequentes. exprefliones:

T  =  .

N =  ~ i “ / * ( a 4 —  4u2(a2 —  b2)); s N i =

2 * 6  c  A P u  T IX.

2 aa ^ "  a2

554. C o r o l l a r i u m  9.
Si tangens occurrat ordinatae in punfto contaftus fub angulo m , et 

axi transverfo A B  fub angulo n; habebimus ob (5^2. § .)  per '500. §.4.11.)  

pro magnitudine abfoluta horum angulorum fequentem formulam, quae eo

de ter-



'determinato cafu, quo fuerit u := o  vel u ^ l a  dabit cofmrro vel Sin n — i : 
nimirum tangens ad verticem axeos conjugati DE eft huic axi perpendicu- 
laris, et parallela axi trans ve rfo A B ; tangens vero ad verticem axeos 
transverfi AB eft eidem perpendicularis, et parallela axi conjugato D E.

2 b UCoi m s=s Sin n — - - h T — *
v (a4— 4U 2 (a*—  bz) )

5 3 5 .  C o r o l l a r i u m  1 0 .

_ _ _ sUi f  (?C’ —  4uJ(a2— b2)')Pro erit g u. —  — ^ a 4 — -------- per ^ 2' 469- § • );
quodfi ergo integraie hujus exponentis per (359-238-§') ita determinetur, 
ut pro u := o  flat quoque ^ =  0; obtinebitur arcus debitus ab-
fciflae u =  Cp; adeoque pro u C1 3 £ a obtinebitur quadrans elllp- 
feos DB.

5 3 6 .  C o r o l l a r i u m  I I .

Et pro S =  DCpQ erit per (488. 53o*§0 eS =  — -  e u v^(a* — 4u2);2 (l
hinc, quia debet fleri S =  D C p Q ~ o  pro u = rC p := o , inveniemus per
(289. 238. §•) S t= D C p Q  =  —  /'(a 2— 4U2) +  ~  A r c S in --  Quamob-

4 a o a
2 Urem pro utrr^a, quo cafu fit A r c S i n - ^ - —  ArcSin 1 obtinebitur

area quadrantis elliptici D C B ~ i * s - a I ) 7 r :  area igitur totius ellipfeos

A  D B E  A c = ^ a b 7 T  eft ad aream -----  circuli, qui fuper a xe  A B n m  trans-4 /
verfo tanquam diametro defcriptus c o g ite tu r ,  ficut axis conjugatus b ad

transverfum a.
537. C o r o l l a r i u m  12.

Si pro B a “ x ,  a P := y  arcus ellipfeos B P (18. Fig.) revolvatur circa
axem transverfum, generabit is fegmentum S =  B P p  fphaeroidis elliptici,

cujus genefis revolutione totius ellipfeos circa axem transverfum abfolvi.' <

tu r :  igitur per (450. 525. § .)  reperietur e S ,  unde integrando per {249.
it  b2

238 -§•) obtinebimus foliditatem fegmenti S =  B P p = =  (3 a x * —- 2 x3).
'  t - * r i i . ,

• • • • •  7T 2i DHinc pro xnrz^a invenietur foliditas dimidii fphaeroidis elliptici -—,
et foliditas integri fphaeroidis «

C A P U T  / X  22i
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538. C o r o l l a r i u m  13.

Sic per (491. 525* §■) ° P e calculi integralis quaeri poterit fuperficies 

rotunda cujuslibet fegm en ti,  et dimidii, integrique fphaeroidis elliptici 

( 537- §•)
5 3 9 .  D e f i n i t i ©.

Param eter  axeos transverfi a in ellipfi eft tertia geom etrice  propor- 
. _ b2

tionalis p.—  — -  poft axem transverfum a et conjugatum b*» pun&um v e r a

in axe  transverfo a ,  cui infiftit ordinata aequalis femiparametro £p vo ca­

tur Focus y et  hujus diftantia a centro ellipfeos E xcen tricita s , quam dein­

ceps litera c defignabit-

540. C o r o l l a r i u m  1.
Valor b2= r a p  (539. §■) Cubflitutus in (5 2 5 .  530. § . )  dabit fe q a e n teS  

aequationes ad ellipfim inter ordinatam y ,  et abfciffam x  a vertice a xeos 

transverfi a ,  abfciffamque u a centro computatam.

p x 2 p u2
y 2— p x — —  * y 2— i a P— —

5 4 1 .  C o r o l l a r i u m  a .

Pro' ordinata y r = ^ p  erit abtciifa , una pofitiva et altera negativa, 

u ^ + i ^ C a 2 —  b2) femper valoris realis ,  modo axis transverfus a fit 

major axe conjugato  b :  in hac hypothefi habebit.igitur ellipfis in axe

Fig. 23. transverfo A  B (23. F ig .)  duos focos F, f  in at qualibus a centro C diftan- 

tiis C F ,  C f ,  eritque excentricitas C F  2=  C f =  c z=z £ ^ ( a a — b2) per 

( 539- §•>
5 4 2 .  C o r o l l a r i u m  3.

Denotante E r = B f t = A  F  diftantiam cujuslibet foci f , F  a proxim o
i

vertice B , A ,  erit in ellipfi 4 c 2s = a 2— b2 ; E ^ r - ^ a — c ;  p p = a -------------

228 C A  P u  T  IX.

Cg ! \
E  —  — J  per (541. 539. §.)•

543. C o r o l l a r i u m  4.

Pofita ordinata M P r r ; y  pro abfciffa C P ~ u >  duftisque ad M  ex 

focis f ,  F  reftis  f M ,  F M ,  erit f  M ~  4~ ( y 2 4- (c 4 ~ u)2) > et F M r r  +

/ ( y 2 4 - ( c — u)2) :  fubftitutis itaque valoribus loco  y%  c2 e x  ( 5 3 0 .5 4 2 .§ .)

obti-



obtinebimus f  IVI —  Hb C ^ ^ ~ a ~ 0  et F M  =  +  ------ ~ r 0 ’ V e ­

r u m , quia pro u =  C A  =  ~a debet fieri fM  =  f A  =  c + l : a > F M  =  F A
a 2  C U

= r £ a  —  c ,  perfpicuura e ft ,  efle re ipfa f M = ~ ---- 1------—  et F M  =
2 a

a 2 c u . -

C A P  U  T  IX. 229

5 4 4 .  C o r o l l a r i u m  5.

In ellipfi eft fumma reftarum f M + F M  ex focis ad quodvis pnn- 

ftum  M duftarum aequalis axi a =  A B  transverfo (543. § •) :  eapropter 

eft refta  f D  =  F D  ex quovis foco ducta ad verticem axeos conjugati D E  

aequalis femiaxi transverfo A C “ | a .

545. C o r o l l a r i u m  6.

D ufta  ad punftum M tangente T S ,  quae axi transverfo A B  in T  OC* 
currat, debebit efle per (533. § . )

T A _ »2 — 2au — 4 c u  a2 4 c u
4 u  4U 4U

546. C o r o l l a r i u m  7.

Datis diftantiis pur.fti interfeftionis T  tangentis T S  et axeos trans- 

Terfi A B  in ellipfi a focis f , F , dataque ordinata M P t r r y  ad punftum con-
2 IVI P

taftus  , dabitur eo ipfo tangens T M  = — - —  / T F  . T f  per (545. ] 542.

533. §•>
547. C o r o l l a r i u m  8*

Dufta  ex  fo c o  F  parallela F m reftae f  M ; erit T F : F m ; = = T f : fM  

c a : 2 u  (5 4 5 . 543- §•)> Hinc fiet F m  =  T F  . —  t =  F  IVI ( 545* 543- §0  : 

et ideo erit quoque angulus F m  IVI — F  M m. Tangens cum reftis  ex utro­

que foco  ad punftum contaftus duftis comprehendit igitur in ellipfi an­

gu lo s  aequales f M S  et F M T ;  normalis M N  idcirco biffecat angulum 

f M F  (4 19  §.}.

548* C o r o l la r iu m  9 .
Aequatio ad ellipfim pro abfcitfis x  = A  P (22. Fig.)  a vertice A com- rig. 22.

2 2 
putatis (5 4 ° '  § )  dabit e y  et e y  per a ,  p ,  x ,  eritque c y  pro quavis ab-

fcifla x  valoris n egativ i:  ellipfis obvertit nimirum in quovis punfto M

F f  3 , conca.



concavitatem axi transverfo A E  (461. § .) ;  radius vero curvedinis in M  

comprehendetur ob (472. § .)  fequenti formula, ex  qua pro x  — o, et x  =  a 

obtinetur r =  £ p  radius curvedinis in utroque vertice A ,  B axeos trans*

a^ x--a
verfi A B ,  e t ,  pro x.—  - -̂a, r — — 7— — i a w —  radius Curvedinis in

2 p 2 , - P
utroque vcrtice D ,  E axeos conjugati.

r = 4 r 0 * + ^ (p~ a ) x l + 4r (a~ p )0 1 '

5 4 9 .  C o  r o 11 a r  i u m  10 .

F ig . 33, Pro recta F M ~ z  ex  foco F  ellipfeos ad pun&um  M fub variabili 

angulo y ^ M F  B dufta erit z t = - | a —  -2 ° U- (543.' § .) ,  et u —  C P  —  C F

-1- b2
—  F P = r c  —  z C o f y ,  hinc et (542. §  ) z t =  '' * qUodri £ rg°

I- b4 £ 7
ponatur area fe& oris  B I Y I F ^ S ;  e n t  s S  —  ^ _ ~ c C o f y J * Per (489- S  ).  

atque hic exponens differentialis per (333. § .)  integratus, ita ut pro 7 ^ 0  

integrale evanefcat, dabit aream B M F .

5 5 0 .  D e f i n i t i o .

t)̂  X K2
Cu rv a, cujus naturam exprimit aequatio y 2 = --------1----- —  inter co -

S 21
ordinatas x , y  et conftantes reftas a ,  b vocatur Hyperbola.

5 5 1 .  C o r o l l a r i u m  i .

Fig. 24. Sumta origine abfeiffarum in pun&o A  re& ae V U  (24. F ig.)  erit in 
hyperbola ordinata y  ; =  o  tam pro x = : o  quam pro abfciffa negativa 

x ~ — A B  — —  a": cuivis  porro abfciffae negativae x — — A v ,  exiftente 

A.v<3 A B  — a, refpondebit ordinata y  imaginaria; et cuilibet abfciffae tam 

pofitivae x — A p ,  quam negativae x =  —  A P ,  exiftente A P >  A B  — a, 

refpondebit duplex ordinata y ,  una pofitiva, y t = : Q p  cafu primo et y — M P  

cafu fecundo, altera vero negativa priori aequalis, y t= r -~ p q  cafu primo et 

y  —  — P m  cafu fecundo * utraque in indefinitum crefcetis, abfciffa co n ­

tinuo cre fcen te ,  ita ut ordinatae Q p J r n p q  et M P ^ P m  aequidiftan- 

tes a punftis A ,  B inter fe aequales fint (550. g .)

3 3 0  C A P U T  IX.

552. Co-



552* C o r o l l a r i u m  2.

H in c (5 5 1 .  §•) eadem ratione, qua id pro ellipfi demonftravimus 

( 527> 528* § 0 » e lu cet ,  omnem chordam M Q ,  m q  perallelam lineae ab- 

, fcilfarum V U  a refta D E  biflecari in n ,  fi D E  ad rectam A B  in punfto 

medio C fit perpendicularis; omnemque chordam Q r a  tranfeuntem per C  
biifecari in C.

5 5 3 .  C o r o l l a r i u m  3 .

H yperbola  extenditur per fpatium indefinitum, habetque quataor ra­

m os A R , A S ,  Br, Bs, quorum bini priores in punfto A , bini vero pofterio- 

res in B  concurrunt, tum illi et hi juxta lineam abfciflarum A B  in inde- , 

finitum excurrentes eo magis ab illa recedunf,  quo magis producuntur 

(551.  437. § 0 . Habet praeterea hyperbola unum A xem  A B : = a  definitae 

longitudinis, et duos Vertices A , B ; alter autem A x is  D E  priorem in 

Centro C  b iffecans, atque ad hunc perpendicularis, in fe indefinitae lo n gi­

tudinis C55 1 * 552 * 438- 439* § 0 » potefi: poni' =r;b. Hoc modo habebimus 
in h y p e rb o la ,  ficut in ellipfi, axem principalem  feu transverfum  A B ; = a ,  

et  fecundarium  feu conjugatum  D E  =  B.

554. C o r o l l a r i u m  4.

A x is  transverfus A B ,  utrinque produftus ,  dividit fpatinm inter quam­

vis chordam Q q  vel M m  ei perpendicularem arcumque Q A q  vel M B m  
interceptum  in duas partes co n g ru e n te s , ideoque inter fe fmiiies et ae­

q uales: chordae vero Q q ,  M m  aequidiftantes a centro C  et perpendi-

culares axi A B  abfcindunt fegmenta Q A q ,  M B m  congru entia , inter fe  

fimilia et aequalia (551. § ,) .

5 5 5 .  C o r o l l a r i u m  5.

P ro Q p  =  y ,  A . p s = x ,  C p =  u erit x  =  C p  —  C A  =  u —  i »  : hinc 

e t  ex (550. § . )  obtinetur aequatio y 2 =  ^ - —  |  b2 ad hyperbolam pro
1 a-

abfciffis a centro C computatis.

5 5 6 .  C o r o  l i a r i  u m  6 .

Prior aequatio (55o.^§.) pro abfciffis x : = A p  a vertice A  computa­

tis dat e y  =   ̂ x  +  xi y  ; et pofterior (555* S 0  pro abfciffis

u ^ C p a  centro C computatis dat e y  =  —  b q-£ - — T : utroque cafu
a y/ (4 u  ̂ — -a2) ’

eft
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eft ergo s y  pro omnibus abfciffis, tam p o fit iv is ,  quam negativis, qnibus 

reales ordinatae refpondent (55I; §•)> valoris pofitivi; unde per (500-

3. n.)  fequitur, tangentem cum fubtangente ad quodlibet punftum hyper­

bolae ad eandem partem ordinatae cadere, ad quam ja ce t  o r ig o  abfciffa- 

rum fumta in vertice A ,  vel centro C.

5 5 7 .  C o r o l l a r i u m  7 .

Sit T  tangens ad quodcunque hyperbolae punftum d u fta ,  s T  fub­

tangen s, N normalis, s N  fubnormalis, y  ordinata ad punftum co n taftu s ,  

u abfciffa a centro computata, m angulus inter tangentem et  ordinatam, 

et  n angulus inter tangentem et  a xe m  transverfum ; erit per (5 56 . 

$02. § .) .

T  =  u2 (b2 - f a 2) —  a4) ;  s T - -4 ” - ~  ;
2 b u v v  ̂ '  4 u

&  ^  >/f 4 u2 (b2 +  a*) —  a4) ;j, d a

Sin  ns=: C o fm  : =  ------z v  * 1
/  (4u<Hb2 +  sl2-) —  a4)

558* C o r o l l a r i u m  8. \

p ro fiet (557. S in n  t =  I ; tan­

gens ergo in vertice hyperbolae A  vel  B eit perpendicularis ad axem 

transverfum A B .

5 5 9 .  C o r o l l a r i u m  g .

Pofito hyperbolae arcu ^ : = A Q ,  obtinebimus pro abfciffis u : = C p
.. ,  c  r & \ £ u x/ ' ( 4 u2(aZ +  b2) — a4)

a centro computatis per (556. 469. § )  e p = z  — z , -------- -- :
V C4 a u — a J

quodfi igitur hic exponens differentialis ita integretur,  ut integrale 

fx—  A Q  pro u “ C A  =  -|a fiat aequale nihilo, unde conftantis pendet de­

terminatio (238- §•); obtinebitur arcus ^ = A Q  cuivis abfciffae u : = : C p  

debitus.

560 . C o r o l l a r i u m  i o *

Pro fpatio autem S ^ =  A Q p  habebimus per (555. 488. § .)  « S  

=  ~ £  u ^ ( 4 u 2 —  a2) :  invenietur igitur fpatium A Q p  cuivis abfciffae 

u =  C p  refpondens, fi e S  per (289. 238. § .)  llc integretur, uc pro 

u ^ C A ^ i a  fiat integrale S ^ A Q p  — o.

332 C A  P U T IX.
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561.  C o r o l l a r i u m  i f .

A rc u s  B P  (18 . Fig.)  hyperbolae, refpondens abfciflae x ^ B a ,  et or-

dinatae y  =  a P ,  revolutus circa axe m  transverfum B E  ( 553- §•) generabit
t  b2

conoidem byperbolicum P B £ ,  cujus foliditas S —  z “i f ( 3 a x 2 +  2 * 3) ope
O H

calculi integralis per (490. 550. 249. §.)  facile determinatur: fuperficiem 

autem eius rotundam S per (491. 550. § .)  pariter ope calculi integralis 
licebit determinare.

562.  C o r o l l a r i u m  12*

Si ad vertices A ,  B hyperbolae (25. Fig.)  ponantur perpendicula G H , 

g h  biffe&a i ta ,  ut dimidium cujuslibet perpendiculi A G ,  A H ,  B g ,  B h  

aequetur femiaxi conjugato £ b ,  tum per centrum C ducantur reftae L l1, 

L l l;  erit pro quavis abfcifla u^=CP> et ordinata y ^ = M P  in m produ&a, 

m P  =  — : igitur mP2 —  MPz =  £ b 2' (555. § . ) ,  et ideo m M =  ^

C A P U T  IX. as3

a _ 4(m P-fM P) '
Crefcente itaque abfcifla u “ C P  in indefinitum, decrefcet continuo tnM,

quin fit poflib ile ,  ut pro certa abfcifla u =  C P  fiat m M ^ O ;  quia fecus 

fieret etiam b2 =  0: rettae C L » C l , C L l ,  C l 1 funt ergo  afym ptoti ra­

morum A K , A k ,  B K 1, B k 1 (437. § . ) .

5 6 3 .  D e f i n i t i o .
b z

Param eter hyperbolae eft tertia geom etrice  proportionalis p=z; -----■

poft axem ejus transverfum a et conjugatum b : punftum axeos trans-

ve rf i ,  in quo ordinata aequatur femiparametro, eft F ocu s , et hujus diftan- 

tia a centro hyperbolae E xcentricitas  c.

564. C o r o l l a r i u m  I.

Per  (563* 55°* 555-S-) obtinebimus fequentes aequationes ad hyper- pig. 
bolam pro abfciilis x ~ A P  (26. F ig .)  a vertice A , * e t  aliis u = C P  a 

centro  C  computatis.

__ . p x 2 p u *
y * - P x + — • y2= ' - — i»p-

565. C o r o l l a r  i um 2.

PoCta ordinata y ~ l p  erit abfcifla u ; =  + -i;^(a2 - f  b2) per ($55. §.)» 

un a p of i t i v a ,  et altera negativa, priori aequalis: hyperbola habet ergo in 

axe transverfo A B  utrinque produ& o duos focos F ,  f  in aequalibus a 

Volumen l  G g  centro



centro C diftantiis C F , C f, quo fit «t excentricitas fit c ^ (a2 +  b2) 
per (563. §•)•

5 6 6 .  C o r o l l a r i u m  3.

Sit E ^ = F A ^ = f B  diftantia cujusvis foci hyperbolae a proximo ver- 

t ic e ;  erit 4 c 2; = a 2 - f b 2 J E  =  c — £ a ;  P —  "” ------ a s = 4 ""{»0 ^er

(565. 563. §•)•
567. C o r o l l a r i u m  4.

D uftis  e x  utroque foco  ad pnnftum  M hyperbolae reftis  f M ,  F M ,  

erit fM  =  +  \^(y2 +  ( c - f  u)2)  et F M  =  Hh / ’( y 2 +  (u —  c)2) :  per (555.

56 6 .§ .)  fiet ergo  f M t =  +  — a~ 0  Gt ^ ^ ~ C ~ ] ------ 0 *'

Cum autem pro u : = £ a : = C A  debeat fieri f  M =  f  A  =  c -f- £ a ,  et F M  

^ : F A ^ c — ! a ;  debet effe f M = : —  ---- et F  M £=: — 1------------- — .
2 a a 2

5 6 8 .  C o  r o  l i a r i  u m  5.

Differentia reftarum  f M  —  M F  ex focis hyperbolae ad quodvis ejus 

punftum  M duftarum aequatur axi transverfo A B ^ a .

5 6 9 .  C o r o l l a r i u m  6.

SI ad punftum M ducatur tangens T S  axi transverfo occurrens in T ,  

petanturque diftantiae hujus putidi a focis f ,  F ,  et vertice A ,  habebimus 

per ( 557- %■)

,  T A  =  2_ i £ = 2 i .  T F ~ ^ C" — —  j T f ~ — —
> 4 u 4 u * 4  u

5 7 0 .  C o r o l l a r i u m  7 .

Datis autem diftantiis T F ,  T  f , et ordinata y = r M P  ad punftum 

contaftus, dabitur tangens T M = ~  / T F . T f  (569. 557, §.).

. 571 .  C o r o l l a r i u m  8.

Ducatur ex  foco F  refta  f m  parallela alteri f M ,  erit T F ; F m = : T f :  

f M = a : 2 u (569. 567. § . ) :  erit itaque F  m : = T F .  —  =  F M (^569.56^.§.)J

proinde etiam angulus F r a M " F M m .  T a n g e n s  T M  dufta ad punftum 

M hyperbolae comprehendit cum reftis  f M , F M ,  ex  utroque foco  ad 

idem punftum d u ft is ,  angulos f M T , F M T  aequales: h inc, produfta 

fM in R, normalis MN biffecat angulum FMR C4X9* §0*
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5 7 2 .  C o r o l l a r i u m  9 .

Aequatio ad hyperbolam pro abfciflis x a vertice A  computatis (564. §.)
• /V • * 2r  ̂ 2.

dabit exponentes diirerentiales « y ,  « y  per x, a, p, eritque e y  pro quavis 

abfciffa valoris n ega tiv i:  l^ perb ola  obvertit idcirco axi transverfo A B  

concavitatem  in omnibus punftis (461. § .) ;  radius autem curvaturae pro 

quovis hyperbolae punfto poteft per (472. § .)  fequenti formula exprimi, 

q uae, pofita abfciffa x ; = o  vel x t = — a : = A B ,  utroque cafu dat r = | p  

pro radio curvaturae in utroque vertice A ,  B.

+  7 r ( P  +  a ) x * +  ^ - ( p  4- a ) x ) ‘

5 7 3 .  P r o b l e m a .

D a to  A ngulo d C A z = x ,  fu b  quo in ellipfi et hyperbola (27. 28. Fig.) Fig. t7 .it,  

chorda c d p er centrum C  tranfiens inclinatur ad axem transverfum A  B, 

invenire aequationem ad utramque curvam, inter abfcijjas C  m ~  v in eadem 
chorda a centro com putatas, et ordinatas z ? = n m  fu b  angulo n v C z=z/n 

„ ad axem  transverfum  A  B inclinatas.

S o 1 u t i 0.

1. Ordinata orthogona ad punftum n fit n p t = y  refpondens ab. 

fciffae C p  =  u ;  iit porro m s  parallela ordinatae n p ,  et m r  parallela 

a x i  B A : erit

y  —  r p - f n r  in Ellipfi et H y p erb o la ;

u ^ p s  —  Cs in Ellipfi,  e t u r = p s  +  C s  in Hyperbola.

2. Quare, cum fit r p ^ v S i n a ;  n r =  z S in /i , C  s ; = v  CoCx,  ps =  2 

C o f  /x, habebimus
y ^ = z S i n ^  +  v S i n a  in Ellipfi et H yperbola; 

u ^ z C o f ^ —  v C o f a  in E llipfi;  

u =  zC of,it  v C o f«  in̂  Hyperbola.

3. Si jam  hos valores fubftituas lo co  y ,  u in aequationibus ad elli- 

pfim et hyperbolam (530. 555. § . ) ,  obtinebis fequentem aequationem, ad­

hibitis fignis fuperioribus pro ellipfi, et inferioribus pro hyperbola.

- 2 _I_ 2 (az Sin^- Sin x  —  b2 C o f^  Cofoe) v z
Z az Sin,u2 +  bz Cof /t2

, 4 (a* Sin a2 +  b2 C u f  * 2)v z +  b* _
' 4 (a2 Sin /xz +  b2 Coi'fi2)

c  a p  c K r  i x .  235
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5 7 4 .  C o r o l l a r i u m  1 .

Du&a ad d tangente Td fupponatur ordinata Z —  n m  effe ei paral­
lela; erit angulus ,a = :n v C := d T C : quodfi ergo de fit perpendicularis

j  a r» r  t d e  __ d e  _________  ^in a  d e *  Sin a  Sin aad A B , fiet 77:— —  7;—r- , -p,— —  —;—— , hinc7̂ — —— rrr -—;———x— • 11 e Loip, Ce Coi x T e.C e - Co\ u. Coi «
Quamobrem, cum pro d e ^ r y , Ce =  u , fubtangenteque T e  per (530.

d e2 b2,533 • 55 5- 557- §•) debeat effe -- = r —~ ; erit in ellipfi et hyperbola
* v , V V &b2 Sin /a . Sin x „

—  C o l > ' . C o f « ’  et b .Col> C o r * : = a *  S i n *  Sin * .

575. C o r o l l a r i u m  2.
Pro ordinatis z =  n m tangenti T d parallelis abibit praecedens aequa­

tio (573- §•)> evanescente fecundo termino ob (574. §.)> in fequentem. 
Haec a u tetn  a e q u a tio  dabit pro qua libet a b fr iffa  v : = ; + : C t n  p o fit iv a  et  ne­

gativa duplicem ordinatam z ,  unam pofitivam, et alteram negativam priori 
aequalem: quaevis ergo chorda principalis dc per centrum ellipfeos aut 
hyperbolae tranfiens eft una Diameter ejusdem curvae, omnes chordas 
n N , n1 N1 tangenti ad punfrurn d parallelas biffecans (438- §■)•

, , 4 (a2 Sin a2+ . b2 Cof a2) v2 4 -̂a2 b2 
Z "• 4 f a2 Sin juz ~f~ bz Cofftz ) ' °*

576. C o r o l l a r i u m  3.

In ellipfi erit chorda ab diameter conjugata  diametri de, fi ab fit tan­
genti T d parallela C575- 438- §-): in hyperbola nulla datur chorda per 
centrum C tranfiens tangenti Td parallela; licebit tamen reftam ab pa­
rallelam tangenti pro diametro conjugata diametri cd hyperbolae fumere 
(575. 438- §•)• Itaque in ellipfi et hyperbola erit diameter cd aequalis 
duplo valori abfciffae v pro z = o ;  diameter autem conjugata ab aequari 
debebit duplo valori ordinatae z pro v := o :  quare, denotante n-diame­
trum cd, et m diametrum conjugatam ab; obtinebuntur ex (575* §•) fe­
quentes formulae pro iisdem diametris, fignis fuperioribus pro ellipfi, et 
inferioribus pro hyperbola adhibitis, nulla ratione habita imaginareitatis, 
qua diameter conjugata m hyperbolae afficitur, nnde nihil aliud fequitur, 
quam quod diameter conjugata nulli hyperbolae punfto occurrat, ficut id 
pofito u := o  in (555. § ) pro axe conjugato b aequatio ad hyperbolam in­
ter y ,  u oftendit.

m =
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a b  ab

^ (b2 Coi /t2 +  a2. Sin /t2 ^ (b2 Cofcc2 ^  a2 Siu a2)

577* C o r o l l a r i u m  4.
D ato  angulo a r = : d C A  inclinationis diametri d c  ad axem transver- 

fum A B  ellipfeos aut hyp e rb o lae ,  datisque axibus a, b poterit determi­

nari angulus / , i ~ A C a  inclinationis diametri conjngatae ab  ad axem A  B, 

e t  eo ipfo etiam angulus conjugationis a C d ^ = « - f  diametrorum c d ,  a b :  
«rit enim ob (574. § .)  in utraque curva

rpnnrT __ b2 b2 C o f  as
l a n g f i . —  - 7 7 - C o t x ;  S i n ^ r r :

\ f  (a4 Sin a 2 -f- b4 C o f  a 2,1

v~, » __ a2. Sin x
/ ( a 4 Sin «2 4* b4 C o f  «2)

578. C o r o l l a r i u m  $.
Hinc (576. 577. § .)  nafcentur pro diametris m ,  n ellipfeos et h yp e r­

bolae fequentes formulae I) I I ) ,  e t  e x  iis per (5 77. § .)  obtinebuntur 

form ulae III) I V ) .

,    t_ C o f  a   C o f a
I. m ^ = b  1/ -rn----- rr r--  j II . n ^ = b » /   -----—r - — ; r?

V Sin /x Sin (a  +  w) V Si n x  Sin ( x  +  p )
a b

III. m ti =  a b s = m n S i n ( * + / 0 -

5 7 9 .  C o r o l l a r i u m  6 .- 

Si valores pro Sin/t2 et CoCju,z e x  (5 77 . § . )  in (576. §.) fubftituan- 

t u r ,  tum pro ellipfi quaeratur fumma, pro hyperbola vero differentia 

quadratorum diametrorum conjugatarum na , m2; erit n2+ m 2= a 2+ b 2 
in ellipfi, et n 2— m2 =  a2 —  b2 in hyperbola.

580. D e f i n i t i o .
Binae curvae veterum, Cijfois et Conchois, offerunt exempla curvarum Fig. 29. 

algebraicarum tertii et quarti ordinis. Si fu p e rd a ta re & a  A n  ( 2 9 . Fig.) tan- 

qnam diametro d.fcribatur circulus A d n t A ,  et ad punttum n ponatur 

tangens pq  perpendicularis ad A n ,  t um,  abfciffis quibuscunque partibus 

aequalibus n a ,  n b  in p q ,  duftisque ex A  reftis  A a ,  A b  circuli peri- 

pheriam in c, d fecar.tibus, fiat A IVl =  c a ,  A m n r d b ;  curva, quae per 

pun & a M ,  m h oc  modo determinabilia tranfiverit,  erit CiJJuis,

G g  3 5 8 1 .  C o *



5 g i .  C o r o l l a r i u m  i .

P ro  coordinatis orthogonis A P = x ,  M P = y  erit in ciffoide 

A M at = c a 2 =  y 2- f x2' : cum igitur fit ca2 : an* =  a n 2 : A a 2 =  a n 2 : ( a n 2

+  A n 2) ,  et a n2 : A  na : =  M P* : A  Pa, proinde a n 2 = = — habebi ­

m u s ,  pro radio r ,  et diametro A n  — 2 r

hinc x 2 ( y : - j - ^ ) 1‘ : = 4 r i y 4 , et x y 2- f  x 3 — 2 r y 2.

Aequatio ad cifloidem erit itaque 

x 5 +  x y 2— 2 r y 2 =  o.

5 8 a t C o r o l l a r i u m  2.

x 3
Aequatio ad cifloidem dat y* =   ̂ _— : cuivis ergo  abfciffae n e­

gativae x = — A e  refpondet ordinata y  imaginaria: pro x t = o  autem,

fiet etiam ordinata y  —  o :  cuilibet porro abfciffae pofitivae x =  A P

m odo ea fit minor duplo radio 2 r — A n ,  refpondebit duplex ordinata, 

una pofitiva y ; = M P ,  et altera negativa y t =  —  m P  priori aequalis, utra­

que continuo crefcens, abfciffa x “ A P  indefinenter crefcente, ufque 

x ^ = A n  — 2 r ,  quo cafu induit ordinata y  valorem indefinite magnum.

583. C o r o l l a r i u m  3.

Q uam obrem , fi etiam in origine A  abfciffarum ponatur ad A  n per­

pendicularis pxq% continebitur tota ciffois inter perpendiculares p q ,  p I qI 

in indefinitum produftas, conftans duobus ramis A R ,  A S  ad diverfas 

partes lineae abfciffarum A  n jacen tibus, qui ex origine abfciffarum A  

egredientes juxta illarum axem A  n et perpendiculum p q excurrent in in­

definitum, ita ut i i ,  quo magis produfti  fuerint ,  eo magis fint receffuri a 

diametro A n ,  eo magis vero acceffuri ad perpendiculum, p q (582. §.)♦ pq 

eft itaque afymptotus ramorum A R ,  AS.

5 8 4 .  C o r o l l a r i u m  4.
j

Aequatio ad ciffoidem (581- §0  dabit pro y ,  ey, e y ,  fequentes ex -  

prefliones.

238 C A  P  U  T  I X .

e y : = ----------- ; e y i _  -----*
(2r —  x ) 2, x^(2r —  x)*

Quare,



Q o a r e ,  cum femper debeat effe x  < 2 r  (582. § . ) ,  patet,  utrumque 

exp onentem  differentialem s y ,  e y  pro quavis abfciffa x =  A P  habitu­

rum valorem pofitivum; unde e lu c e t ,  et ordinatas cre fce re ,  abfciilis 

cre feen tib us, et cifloidem convexitatem  in quovis pun fto  M ,  m obver­

tere  axi abfcilTarum A n  (444. 461. §.).

5 8 5 ,  C o r o l l a r i u m  5,

Per (584* 455« 456. § .)  poteft determinari tangen s, fubtangens, nor­

m a lis ,  et fubnormalis, fitu^que tangentis et fubtangentis pro quovis pun- 

f t o  M et m ;  tangens cum fubtangente, puta T M  vel T m  cum T  P, 

fem per cadet ad partem ordinatae, ad quam jacet o r igo  abfciflarum A  

( 584- 5CO. § .  3. n . ) ;  angulus vero  M T P ^ m T P  dabitur per T a n g  T  
\  '  ' ‘  ̂ * ■

( 500> g t 4. n j f fietque T a n g T ^ = o  pro x ^ A P ~ o :  
( 2 r  —  x ) *  /

linea abfciflarum A n  eft ergo  communis tangens ramorum A R , A S ,  et

pun & um  A  Cufpis ciffoidis (584- 441* §•)•

586. C o r o l l a r i u m  6 .
Si petas radium curvedinis pro quocunque p u n & o M vel m ciffoi- 

d is ;  invenies illum per (5 8 4 .4 7 2 .  § .)  f i g n o —  adfe& um , quod indicat,

ipfum jacere  in normali M N  vel m N ad partem adverfam t M  vel tm ,
i_ ^

lic  ut lit t M —  t m ~  —X ■ ^ - r------ —  • Radius curvedinis ad quod-
3 (2 r — x ) 2

vis  punftum  M ciffoidis eo minor eft ,  quo propius pun&um M accedit 

ad cufpidem A  ; et ideo curvedo cilloidis crefcit continuo verfus cufpi- 

detn A  (430. § .) .
587« C o r o l l a r i u m  7 .

R e& ificat io  ciffoidis ope logarithmorum poteft perfici. Si enim ponas 

2 r  —  x z = z ;  obtinebis ex (584. §■)

/ ' ( 2 r — z ) 3 2r3-J-3r2z —  z 3

P ro  quovis arcu debebit ergo  fieri per (469. § .)

' 2r3 4 - 3 r2z-— z 3 _2 , _ Z ( 2̂ + 3j 0
A
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/-/■ 2r3 +  3 r2z-— z 3 .  . A  x/(2r
tp  —  y  ----------------------------------------------------~3----—  ez*-f e z - y ^ :  r£Z . --

Integrale autem fi hujus exponentis differentialis licebit per 
(3 0 3 . § .)  perfe&e determinare.

. ' 588- Co-



5 8 3 .  C o r o l l a r i u m  8 .

Spatium vero S t r r A M P  refpondens datae cuicunque abfciffaext=: AP 
determ inabile eft per funftionera algebraico- trigonometricam. Erit enim

ob (584- §•) Per (488- §•) ^

x^ e x  „  6 x

g S = = / ( 2 r - x T 5 '“ , y 7 ( ^ r —  O ’

3 4 0  C A  P U T  / X

Q uam obrem  integrando per (302. § .)  inveniemus 

S =  C — ( l x ^  +  l r ^ ) v ^ ( 2 r  —  x) A rc  Sin X
2 r

V e r u m ,  cum pro abfciffa x = o  debeat fieri S =  M A P  =  o ,  e t  

A r c  Sin r
C c = £ v  r% adeoque

J* f ■ 2
x  — =  A r c S i n —  1 = — i r ;  erit C  —  i * .  —  ; =  o  , hinc

2 r* ^ .

S 7 = % r r  —  ( £ x - H r ) / ( 2 r x  —  x a)  +  —  A rc  S i n -

5 8 9 .  C o r o l l a r i u m  9 .

T o t u m  fpatium intra A n , A R ,  et n p  com prehenfum , ramo ciffoidis 

A R  in indefinitum p ro d u fto ,  obtinebitur ex  (588. § . )  p r o x  — A n  =  2r, 

nimirum S ^ l ^ r r 5 : hoc fpatium eft ergo  triplum areae femicirculi A  t n .

590. D e f i n i t i o .

Fi-r. 30. S i ,  datis duabus reftis  E £ ,  B a  (30. 31. 32. F ig .)  fub angulo re fto  in 

31. 3». D fefe interfecantibus, capiantur in refta  B a  partes B D  =  D A  =  br 

D C = &  determinatae lon gitudinis ,  ut fit b£=a (31. F ig .) ,  v e l b < a  (30. 

F ig.)  aut b >  a (32. F ig .) ,  tum ex pun fto  C  per quodvis punftum G  

reftae E F  ducatur refta C M ,  fiatque G M —  G N e r . B  D ~ D  A : = b ; jace­

bunt omnia hac ratione determinabilia punfta M , N in Conchoide. Pun­

ftum C vocatur Polus  conchoidis;  refta  vero conftans b =  BD  =  A D  eft 

ejus Sagitta  feu F a ra m eter , et E  F A x is  vel DireEfrix.

5 9 1 .  C o r o l l a r i u m  1.

Conchois conftat duabus partibus R B S ,  U A V  ad partes oppofitas 

axeos E F  jacen tib us,  quarum communis afym ptotus eft ipfe axis E F  

(590. 437- §•)•

> 592. Co-



592. C o r o l l a r i u m  2.

Si ex pun fto  M ad E F  et B a  ducantur perpendicula M Q ,  M P ,  erit 

M Q : M G t = C P : C M ^ = ( C D 4 - M Q ) i / ( M r z +  C P z) ,  adeoque M Q 2 : M G 2 

=  (C D -|-M Q )2 : ( D Q 2,-!-(CD -{-M Q )z) :  cum igitur fit C D  =  a, M G = B D  

^ = D A ^ = b ,  fi praeterea coordinatae orthogonae fiant M Q ~ y ,

habebimus pro aequatione ad conchoidem (590. § ,)

y 2 : bz =  (a +  y ) 2 : (x2 -J- (a - f  y )  2) ; 

y 4 +  2 a y 3- f  ( x 2 -f-az —  b2) y 2 —  2 ab 2 y — a2 b * := :o ;

( y  +  a) (y  4* a) Cy - f  b) (y  —  b) - f  x 2 y 2 s =  o.

593. C o r o l l a r i u m  3.

Natura conchoidis, quae ope praecedentis aequationis' poteft e x p lo ­

rari,  pendet a relatione inter conflantes rectas a , b ( 59°* §•)• Quidquid 
illae fint, aequales vel ir?aequaleF, deberet, ‘ pro y r = o ,  fieri a2b2~ o  

(592 § . ) ,  quod eft im polfib ile: impofiibile ergo eft, ut conchois axi E F  

in aliquo p u n fto  occurrat, eumque tangat vel fecet (591.  §.).

5 9 4 .  C o r o l l a r i u m  4.

Quodfi autem ponatur x “ o ,  na&etur aequatio ( y  +  a)Cy^-3)C y  +  b) 

( y  —  b) — o (5 9 2 §-) quatuor radicum realmm y z =  —  a, y  — — a, yt=z —  b, 

y ^ = b  (170 , 175.  § . ) :  conchois poteft ergo  fagittae (590. §.)  quater oc­

currere omni c a fu ; ter ex illa axeos E F  parte, ad quam polus C (590. § .)  

j a c e t ,  nimirum bis in diftantia a : = D C ,  adeoque in ipfo polo C ,  femel 

vero  in diftantia b n r r D A ,  et femel ex  parte oppofita axeos E F  in diftan­

tia b =  D D  (492. § . 4, r .) .  
y l

595. C o r o l l a r i u m  5.

Omnis conchois habet punftum duplex in ipfo p o lo  C  ( 594- 44°- §•)• 

Si eft diftantia poli ab axe major parametro, nimirum a z = C L )  > b  =  D A  

(30. F i g ) ?  punftum  duplex in polo C  eft conjugatum (498- §•)• S i v e r o  

eft a = I ) C ^ = b = D A  (31. F ig .) ;  punftum  duplex in polo C ( 594* §•) 
coincidit cum pun fto  extimo A parametri D A ,  eflrque idcirco A punftum 

triplex (440. §.). Si denique eft b =  D A  > a “ D C ;  punftum duplex in 

p o lo  C jacet in parametro D A  inter ejus punfta extima D , A  (32. Frg.).

Volumen I. H h  5 9 6 . C O -
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596. C o r o l l a r i u m  6#

E x  aequatione ad conchoidem (592. § . ) ,  fumto exponente differen- 

tiali s x z = -1 pro conflanti, nafcentur fequentes aequationes differentiales 

per ( 1 4 1 .  142. § .) .

Z  =  y 4 +  2 a y 3-f-(x2- f  a2 — b2) y 2 —  2 ab2y —  a2b2 =  o. 

s Z =  (2y3 +  3a y2 +  (x2 -f a2 — b2) y — ab2) e y -f x y2 £ x =  o.
(  ( 2 y 3 +  3 a y 2 +  ( x 2 +  a2 —  b2) y  —  a b 2) e y ' )

f Z  ( 6 y 2 +  6 a y  - f  x 2 -J- a2 —  b2) £ y 2 \  —  °*

4 x y e y e x  +  y 2 s x 2 J

597.  C o r o l l a r i u m  7.
• 8 V

Prima aequatio differentialis (596. § .)  dabit —— =  o  pro x c o  e t
'■* 6 X

y = b i = D B  (30. 31. 32. F ig . ) ,  quidquid fit a z = l ) C :  omni ergo  cafu h a ­

bebit conchois ad punftum B (594. §■) unam tangentem m n  parallelam 

axi E F  (503. §.)•

598- C o r o l l a r i u m  8*

Sed etiam pro x : = o  et y : = : —  b ~ D A ,  modo fit D A  > D  C = : a ,  ve! 

D  A  <3 D C  —  a (32. 30. F ig . ) ,  obtinebitur = = 0  ex  prima aequatione 

differentiali e Z t = o  (596. § . ) :  igitur etiam ad punftum A  conchoidfs 

(594 §•) dabitur una tangens p q  parallela axi E F  (503. § . ) t fi parame-

ter b fit major vel minor quam diftantia a poli C  ab axe E F .

599. C o r o l l a r i u m  9.
. £ y  o

Verum pro x =  o  et y  = —  a prodibit — -̂ =  - —- ex prima aequatione 

differentiali « Z t = o  (596. § . ) ,  unde pro fitu tangentis in punfto C  fetr

polo conchoidis nihil poteft colligi. Quam obrem  fumatur in fubfidium 
t 2,

fecunda aequatio differentialis s Z  =  o (596. § . ) ,  quae pro x ^ o  et

y “ — a ^ = D C  dabit

£ x2 b2 s x  . b2 x
----- —  —  --------- 1 > hinc ------- =  +  v  ( —I -------1 ) *e y*  a2 e y  —  V a2, J

Quodfi ergo  fit b = = D A < a ^ D C  (30. F ig .)?  erit tangens in polo 

C  tanquam punfto conjugato conchoidis (595. § .)  imaginaria (504. §.).  

Si vero fit b ; =  D A t = a ^ = D C  (31. F ig .) ;  debebit tangens in punfto du­

plici C ( 595- § )  effe perpendiculavis ad axem E F  (504. § . ) ,  et C erit
Cufpis

3 4 a C A P U T  IX.



Cufpis concboidis (441. § .) .  Si demum fit b =  D  A >  a t = D  C (32. F ig .) ;  

extabunt ad C binae tangentes u v ,  rs (504. § . ) ,  et C erit nodus con- 

choidis (44 1.  § ,) .

6 0 0 . D e f i n i t i o .

Exem pla  curvarum transcendentium (442. § .)  defumemus a quadra- Fig. j$. 

t r ic e ,  c y c lo id e ,  et ep icycloide. Si quadrans A  B (33. Fig.) circuli radio 

C B = : r  defcripti ,  et radius A C  dividantur in quibuscunque punitis E, P, 

fic ut fit B E : B A^=: C P : C  A , t u m,  d uito  radio C E ,  ex P ad A C  du­

catur perpendicularis P M  eidem radio in TVI occurrens; jacebunt omnia 

puncta M hoc modo determinabilia in Quadratrice dinojlratis A M D .

6 o r .  C o r o l l a r i u m  1.

P ro  arcu radio ^=1 inter crura anguli B C E  defcripto et z ~ C M ,  

erit C P ^ = z  Sin (p, B E z = r ( p ,  A B z = £ r r :  cum  igitur  f i t B E : B A  

t = C P : C A  (600. § . ) ;  erit <p : £ - 7 r = z  Sin (p : r ,  h i n c z  =  ™ r —  aequa­

t io  ad quadratricem inter ordinatas z = ; C M  ad punitum  C convergen-* 

tes et angulos variabiles <p =  B C E .

6 0 2 .  C o r o l l a r i u m  2.

Crefcente angulo B C E ,  adeoque etiam arcu crefcet quoque 

z  —  C M , et pro , anguloque B C E  r = B C A ^ = 9 o °  fiet z r r r r : — A C ;

quodfi autem decrefcat angulus B C E ,  dum fiat tam is quam arcus (f>z=.o\

fiet etiam S i n ^ ^ o ,  et  z = C M — C  D — ------  (601. §.),1 7T

603. C o r o l l a r i u m  3.

E x  (601. § .)  facile elicies aequationem inter coordinatas orthogonas 
y j = M P , x  =  C P :  erit enim

c« 2 r (p3 t = : z S i n  ( p = : ------•
1

__ n  2rCDCoC(P T X
y t = z  Cofcp — ------—  X C o t ------------------------

7r Sin (p 2r

6 0 4 .  C o r o l l a r i u m  4.

Pro his coordinatis invenies in (603. § .)  exponentem rationis diffe- , 

rentialis funitionis y
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SiniJ>Cof(P —  <P ^ Sin 2 <2>— (T>
* *  = ------ S i M ? --------! I = “ f ---------- * x '

Hinc manifeftum, fit ,  ob (59. § . ) ,  « y  femper habere valorem nega­

tivum : crefcentibus abfciffis x ^ = C P  decrefcui:t ergo  ordinatae y ^ M P

(444. § . ) ,  tangensque M T  ad punftum M cum fubtangente T P  jacet ad 

partem ordinatae M P  ei oppofitam, a i  quain jacet  or igo  abfcifTarum C  

(500. §. 3. n.); e t ,  fumto idcirco « y  cum fignis contrariis, obtinebis 

fubtangentem cum angulis M T P ,  T M P  per (500. § .  4 .n .) :  nimirum

^  p   r (p Sin 2 <p_____

x  (p— •j’ Siu 2 (p

T a n g M T P = : ^ = ^ | ^ — ; T * n g T M P  —

244 C A P U T  IX.

S in # 2, (p —  i  Siu 2 <|>

Pro angulo B C E “ o debebit fieri cp^=o, Siu<p —  o ,  S i n 2 < p ; = o :  
igitur pro tangente in D  erit T a n g T D P = ; o ,  ec fubtangens 

T F ^ T C  — O.
6 0 5 .  D e f i n i t i o .

FiS-34* Si diameter A B  (34. F ig .)  dati circuli perpendicularis fit ad reftam  

D E  in B ,  et per quodcunque illius punctum P ducatur M M X parallela 

reftae D E  peripheriam circuli in m, m* fecans, fic ut fit arcus A t n ^ A m 1, 
tum fiat Am =  m M =  A  n ^ ^ m *  M1 ; jacebunt omnia punfta M, M 1 hac 

ratione determinabilia in una c u rv a , quae Cyclois vulgaris feu Trochois 

vocatur.
6 0 6 .  C o r o l l a r i u m  1 .

Pro radio A C : = r  circuli genitoris, et A P  — x ,  M P ir r r y ,  erit 

y ~ m P = A J m  =  m P-f- A  m (605. §.)• autem m P s = / ( 2 r x — x 2)»
et tam m P  fiuus, quam A P ^ rr x  finus verfus arcus A n i :  quodli ergo 

huic fubftituas arcum radio t = i  inter crura anguli A C m  defcriptum per 

(5. §. 2. S ch o l .) , habebis fequentes aequationes ad cycloidem  inter c o o r ­

dinatas orthogonas x ^ A P ,  y r = M P .

X • 4
y ~ ^ f ( 2 r \  —  x 2) +  r Arc  Sin v —— ;

vel y z = f ( 2 r \ — x 2) + r  Arc Sin -----X—— »

6 0 7. C o r o l l a r i u m  a.
Pro x:=: A  B — 2 r erit y  = : B E ^ = r . A reSin  v 2 ~ n r =  fenviperiphe- 

riae A m B  circuli genitoris (6c6. § .) .
6 0 8 . C p -



6og. C o r o l l a r i u m  3.

Ordinata y  cycloidis femper eft imaginaria, tara pro abfciffa negativa 

x — — A p ,  quam pro pofitiva x  =  A q > A B ^ = 2 r  (606. § . ) :  tota cyclois 

continetur ergo  inter parallelas D E ,  d e  per pun&a extima diametri A B  

tranfeuntes.

609. C o r o  l l a r i u m  4.

Diilerentiatio prima et fecunda functionis y  in (606. §.)  dabit fe­
quentes exponentes differentiales :

, ' - 2 r  —  x 2 —  r
i y = , V - — ;

610. C o r o l l a r i u m  5.

Cum femper debeat effe x < 2 r  (6o8- §0  5 femper erit s y  valoris
2

pofitivi,  et s y  valoris negativi (609. §>.): tangens M T  cum fubtangente 
T  P pro quovis pun fto  M cycloidis  jacebit igitur cum  origine A  abfeif- 

farum x “ A P  ad eandem partem ordinatae m P  (50C. §. 3 -n .) ;  ipfa vero 

c y c lo is  obvertet concavitatem axi abfeiffarum A B  in quolibet punfto M 

(461. §•).

611. Corollarium 6.

Per (609. 500. § .  4. n.) invenientur pro fitu tangentis refpe& u ordi­

natae M P  et lineae abfeiffarum A B  fequentes ex p refl io n es:

T « n g M . T P  =  / ^ ^  ; T a n g T M P ^ / ' ~

P ro  x A B  =  2 r  erit tang M T P n r o ;  et pro x  = :  o fiet tang 

T M P ^ o :  tangens in E  vel A  eft igitur perpendicularis ad B E  cafa 

p r im o, ve l  A B  cafu fecundo.

6 f2 .  C o r o l l a r i u m  7.

Radius curvedinis in quolibet punCto IVI cycloidis  erit ob (609. 472* §•)  
aequalis functioni 2 ^ ( 4 , ^  —  2 r x ) ^ 2 . m B ,  nimirum duplae chordae 

m B : pro x ^ A P ~ o  erit itaque radius curvedinis in pun fto  A  aequalis 

quadruplo radio,  feu duplae diametri circuli g e n ito r is ,  nimirum ~  4 r
A C ; = 2  . A  B.
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613.  C o r o l l a r i u m  8.

Pro arcu ^ A M  per (469. 609. § . )  invenies exponentem differen-
y*  2' t”

tialem «x y  —£“ * 1 ig ltur arcus erit A  M ; = 2 ^ 2  r x. Hinc

pro x ^ 2 r ^ = A B  debebit effe A M E = 2 / " 4 t 2 =  4 r.

6 1 4 .  C o r o  l l a r i u m  9 .

E t  pro fpatio S ^ r A M P  habebimus ob (606. 488- §•) exponentem

differen tialem.
x

E S “ £ x / ' ( 2 r x — x 2) - f  r e x  A rc  Sin v —  •

Hinc fi altera pars integretur per (257. §  ) ,  prodibit

S =  r x A r c  Sin v - f -  + / , ' x / ( a r x - x *

A deoque per (289- 302. § .)  debebit effe

S ^ A M P ^ = i( r + x ) / ( 2 r x — x2)-|-r(x— |r)A rcSinv —  •
r

Quamobrem pro x = 2 r  obtinebitur fpatium A B E  =  r ( 2 r - £ r )  

A rc  Sin v 2 i = |  v  r2 triplum areae A m B  femicirculi genitoris.

6 1  5. C o r o l l a r i u m  10*

Ceterum facile e x  (605. § .)  co l l ig itu r ,  pun& um  A  diametri A B  per- 

cur furum cycloidem  A M E ,  fi circulus genitor  A m B m ‘ A  rotetur fuper 

re&a D E .

6 1 6 .  D e f i n i t i o .

Fig. 35. Si fuper peripheria E B F  (35. Fig.)  circuli radio C B  deferipti rotari 

cogitetur circulus A  b B a A  cum priori jacens in eodem plano; progre­

dietur pun&um extimum A  diametri A B  in curva A A r D ,  quam E picy-  

cloidem vulgarem  vocant.

617 .  C o r o l l a r i u m  1.

Si circulus genitor ab initiali fitu A b B a  perveniat ad fitum A IbIBIa1, 

ita ut diametri A B ,  a b  fitum A r Br, a1 br obtineant; erit arcus a * B : = a B  

r = a 1 BI : quodfi ergo ponatur arcus a1 B = :  a1 B1 u , et radius circuli g e ­

nitoris c B ^ = c I B I= : r ,  circuli ve ro , fuper quo ille rotatur, radius C B — R;

erit angulus ax C B ; = - ^ - ,  et angulus axc xB ‘ ;=:-“ - (5. §. 3. Schol.).
^ K 1
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618.  C o r o l l a r i u m  2,

Du£la ad quodcunque punctum A 1 epicycloidis  reFta C A1 =  v, 

cum fit A I c , =  r ,  C c ' e t  angulus A , cI C ^ = i 8 o °  —  B1 c1 C

i g o ' ------ —  (6 17 .  § . ) ;  habebimus per (5. §. 1. Schol. 36. F o r  m.)

v2 —  r2 4" (r -f- R)2 +  2 r (r -f- R) C o f  - »
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6 1 9 .  C o r o l l a r i u m  3.

P ro  coordinatis orthogonis x t = C P ,  y : = A * P  debebit ergo effe ob

(618. § 0

y  2 —  r2 - f  (r 4- R)* - f  2 r (r 4- R) C o f  ----- x 2.

620. C o r o l l a r i u m  4.
U bi circulus genitor  A b B a  fitum D M G N  obtinuerit, punfto A  in 

D ,  et B in G cad en te j  erit u ^ = B D t = : A a B ^ = : 7 r r :  igitur z ?' =  C D 2 

r2 4- (r 4- R)2 4- 2 r ( r4*R) £ o f  tc ( 6 i g . § . ) ;  adeoque, o b C o f 7 r ^ — l ,  erit 

z.2 =  C D z = z l l z ,  et z = : R .

621.  C o r o l l a r i u m  5.

D u ftis  ex  c 1 ad A * P ,  C P  perpendiculis c * q ,  c 1 p;  erit angulus

A * c T q ~  a1 c 1 B 1 4- a1 C  B =  — -----j-  ( 6 1 7 .  § . ) ,  et x r r C  P
r  * K

= ; C p 4 - c 1 q , y  =  A r P ^ = A , q 4 - c Tp: cum ergo fit 

C p  =  C c ' . C o f  a1 C B ^  (r  4- R) C o f
R r

c ’ q ^ A ’ 01. C o f  A ‘ 01 q =  r C o f  — {----

A , q 5= A l c1 . Sin A ’ c ’ q = r S i n  — j-

c l p : = C c \  Sin al C B : — : (r4 - R)  Sin
K

debebit efle

j t ^ O  +  R) C o f  -5 - +  r C o f  4 ± ^ _  . —  ;
K K r

r 4 - R u u
y  =  r Sin ^  • —  +  (r +  R) Sin - g - . .

622. C o-



6 22. C o r o l l a r i u m  6 .

E p icy c lo is  erit itaque curva algebraica, vel transcendens, prout 

radii r , R  fuerint commenfurabiles, vel incommenfurabiles. Si enim ra­

dii r ,  R fint commenfurabiles; dabuntur numeri integri k, 1, pro quibus fiet 

r k * r 1 r + R  __ k - f {
— -  —  - y -  bine R — j £- * et — jr— — — j------ : habebimus ergo in

(621; § )

x = ( r + R )  Cof — - • —  +  t Co f - k t '  • — •

24$ C A  P U T  IX.

Quamobrem licebit utrumque cofinum in hac aequatione per C o f —

u
exprim ere, et fi tum valor lo co  C o f e x  aequatione in (619. §.)  de­

terminabilis fubftituatur, determinabitur aequatio algebraica  inter x ,  y ,  

carens arcu u.

6 2 3 .  P r o b l e m a .

Exptoyare fitum  tangentis ad quod u is punftum  A 1 epicyeloidis.

S o l u t i o .

1.  Pro et  T habebi mus  ob (6 2 1 .  § .)  fe.

quentes aequationes:

x ^ =  (r -4- R ) C o f  (p +  r C o f/ t ; 

y  : =  r Sin fi (r - f  R) Sin Q>.

2. Si arcus u ~ B a '  crefcat, decrefcet x ^ C P ,  et crefcet y : = r A 1 P, 
unde fequitur tangentem A ’ T  cum fubtangente T P  cadere ad partem 

ordinatae A 1 P oppofitam il li ,  ad quam jacet  origo abfciffarum C  C500.

§• 3- n0*
3. E rit  autetn in (1 )  e x  =  ( r - f  R ) s C o f ^ - f  r e C o f . t t ,  et e y = r e  Sin

Jjc (r -f- R ) s Sin (P 1 feu e x m  —  S i n^e Cp —  r Sin ju£4u , et e y = r r

C o f  [i e fj. -J- (r +  R) Cof< pe(p: quodfi ergo ju x ta  ( 1 )  exponentes differen- 

tiales ety,  eu determinentur per e u ,  valorque pro e x  fumatur cum fignis 

contrariis; debebit effe per (500. g. 4.11.)

T , „ g  P A . T  =  l i  =  g j J J f g  =  T a n g  i  ( « + , ) . .

E t



E t  ob ( P - f u ^ r  2 ' 1 r ~— * u er^  r K

T a n g  P A ' T = T a n g £  • 2 r j ? « o .
r K

6 24*  C o r o l l a r i u m  1 .

Pro fitu tangentis refpeftu lineae abfciffarum, et normalis A4S re? 
fpe&u ordinatae erit ob (623. §.)

C . t A . T C ^ C o t P A .S  =  ^ | ^ -  =

5=  Tang \  T a n g i . - 2 rJ^ . u.

6 25 . C o r o l l a r i u m  2.
D u tta  chorda A* a1 , erit angulus ar A ’ c1 : =  £ A ’ c '  b1 ~  £ a’ c* B* 

r =  ~  (6 17 .  %.); ob  A ^ q c r : - ^ -  - f -  ~ ~  (6 21.  § .)  autem , erit c * A ‘ q

t = g o ° — habebi mus  ergo angulum a* A 1 q = a ‘ A l cI-|-c,A I(j[

C2 r +  R S  ~  ̂  . 2 r - f  R
J  u. Debet ergo  elle C o t a ' A ' q : = T a n g  s  — — —  • u.

A n g u lu s  intra chordam A '  a*„ et ordinatam A 1 ?  aequatur itaque angulo 

intra normalem A * S  et ordinatam A 1 P (624. § . ) ,  et ideo debet normalis 

A ’ S cum  chorda A* a* coincidere,  et  tangens A * T  effe perpendicularis 

ad chordam A 1 a*.
6 2  6 . P r o b i  em a.

R eftificafe arcum epicycloidis a “ A A 1.

S o l u t i o .

Determinatis juxta (623. § .  1., 3. n.) valoribus pro  e x ,  e y ,  [obti*

nebimus • m

e y 2 +  ex2 =  — e u2(2(i + S in  (pSinp. +  CoCQCofp'))

—  ^ + ? 2 L e u . . 3 ( , + c o f f r — <p»

= i L t S I  +  Cof

Volumen *  I i  Pe*

C J  P U T IX.  349
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Per (469- §•) erit erg o

i  +  C o f  —
r +  R _ r

— —  « U .  2 /  — X —

r  ~ r + R  r- n  ufeu 6XZZZ2 -rr—  $ U C o f  \  fc ----tt
K r

=  j u
R r •

E ft  ergo  arcus A  A *:= :&£=:. 4 ^ “^ )  S i n - ^ - - 4- C :  cumque pro ar­

cu  u = B ' a ' ^ : o  debeat fieri etiam arcus « ~ A A ' ^ o ,  et S in — — ^ = o ;
2 r

debet eiTe conftans C i = o *  hinc

4i>Cr +  R) ,s .n »
R 2 r

6 2 7 .  C o r o l l a r i u m .

Pro arcu n = B D = A  a B ^ = r tt» e r i t a = A A r D :  igitur  per (G26. § .)

A A » D - - ^ R> S i o t » = - ^ ± ^ -  
K K

6.2g. P r o b l e m a .

Invenire radium curvaturae pro quovis puncto A* epicycloidis.

S o l u t i o .

Per (623. § . 1. 2. n.) et (626. § )  determinabis radium curvaturae pro 

pttn&o A 1 fequenti calculo.

u r +  R
< P = - j r ;  ^ = - ^ 0 !

e u (Sin <p +  Sin fi) ;
K

<y s = " r,F "  * » ( C o f ^  +  C o f ^ ) ;

✓ t y 2



« y 1 + s x a = r  £U5 . 2 ( i 4 - C o f « p — JK>);

2 r-f-R
* x s =  ~ J r £ ~  6 u* ( r C o f $  +  Cf+ R ) C ° 0 0 »

* r-f-R
« y -------------p ^ - * u 2 ( r S in ( p 4 -C r + R ) S in / * ) ;

2 2.
s y  e x  —  s y s x = :

=  +  e u 5( i + S i n  <pSin;t +  Cof<f>ColV)

_ (2r +  R)Cr+RV iU, ( [ + C o r ,a _ (p)).

Per (474. § .} , U radius curvaturae in punfto A 1 vocetur Z , erit

'- •  2 ( 1 +  Cofr,et— <*>)))* _

_( 2 r + K j ( r +  ‘0 :  ̂a , ^  +  CoC(ft_ 9 )  y

  4 r C r -f- R) ^  1 +Cof(/u —  (?)
2 r +  K '  * 2

Confequenter eft 

_ l ^ ± R L  = j * ! ± + « L  C o f - -
a r - f R  v  2 2 r 4 - K  2 r

629. C o r o l l a r i u m  I.

Radium curvedinis pro p u n tto  A  obtinebis e x  (628. §.)*  pofito

arcu n t r B a ^ o ,  quo cafu fiet C o f - ^ — = r  C o f  o  =2. I  * igitur  radius
2 r

curvaturae in A  fiet  Zs=: —£ r
2 r + R

C A P U T  IX.  a ; t

ergo

Z =

I i 2 630. Co-
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6 3 0 .  C o r o l l a r i u m  2.

Radium vero curvaturae pro punfto D invenies e x  (628. § .)  ponendo 

arcum u : = B D : = A a B “ r7r, adeoque Cof-— -  = C o f ^ r = o :  quare rt-  

dius curvaturae in punfto D eft Z-  o.

E r r o r  c o r r i g e n d u s .

In 301. § .  pag. 130. debet pars prima feriei habere fa£tore»

2 f ( e t  4* # x}3 loco  2 - f  j i  x).
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